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R E F A C 

jjj TOUNG Mathematician may be* 
fur prized to fee the old ohjolcte Fle- 
mints of Euclid appear afrejh in Print j 
and that, too, ajter Jo many new Elements 
of Geometry as have been lately publijhed ; 
efpecially tbofe who gave us the Elements 
of Geometry, in a new Manner, would 
have us believe they have dcteSled a great 
many Faults in Euclid. Thej'e acute Phi- 
lofc phers pretend to have difeovered, thatTLu- 
clid’j DeJinitions are not perfpicuous enough', 
that his Demonjlrations are fcarcely evident ; 
that bis whole Elements are ill-difpofed ; and 
that they have found out innumerable F ni- 
fties in them, which had lain Lid to their 
Times. * 

But, by their Leave, I make bold to 
affirm, tlbt they carp at Euclid undeferv- 
edly : /;V his Definitions are dijlinbt and 
charffdTbeing taken from firfi Principhs, 
and oua mofi eafy and fimple Conceptions ■, 
and his Demonjlrations elegant, perfpicuous, 
and coucije, carrying with them J'uth Evi- 
dence, and Jo much Strength of ReaJ'on, that I 
am eajily indurjd to believe, that the Objcu- 
rity SuoUfb Jo often accttfe Euclid with, is 
rather to b. attributed to their own per- 
A 2 plexed 
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finition. And why might not the Author of\ 
the Elements give what Names he though] 
*yfft to Quantities, having fuch Rejpefye*, 
Surely be might ufe bis own Liberty, ami at 
cormngly has called them Proportionals. 

But it may be proper here to examine th 
Method whereby they endeavour to demd at 
Jlrate that Property : Which is by firfij 
fuming a certain Affe&ion, agreeing 
one kind of Proportionals, viz. Comment** 
rabies ; and thence, by a long Circuit, aim 
a perplexed Series of Concisions, do deduce 
that univerfal Property of Proportionals 
which Euclid affirms', a Procedure foreign 
enough to the juft Methods and Rules of 
Reafoning. They would certainly have done 
much better, if they had firjl laid down 
that univerfal Property by Euclid, and thence 
have deduced that particular Property agree- 
ing to only one Species of Proportionals. But, 
reje&ing this Method, they have taken the 
Liberty of adding their Demonjlration to 
this Definition of the fifth Book. Thofe who 
have a mind to fee a farther Defends of Eu- 
clid, may confult the Mathematical 3 
of the learned Dr. Barrow. 4 

As I have happened to mention , 
Geometrician, 1 muft not pafs by 
ments publiffjed by him, wherein , generally, 
he has returned the Conflrubiions and Demon-, 
flrations of Euclid himfelf k not having 
' omitted fo much as one Propojmpn. Hence, 
his Demonflrations become more flror.g and 
nervous, his Conftruftions more neat and 

elegant. 
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tie font, and the Genius ofthe antient Geo - 
i metricians more confptcuous , than is ufually 
fifpund'in other Boots of this Kind. To thjfi 
a he hi? padded fever a} Corollaries and Schama* 
Wjbiebfervt not only to Jborten the Dffmon- 
ration of what follow , hut sire like wife of 
je f* in other Matters. 

Si'tyNbtwith/ianding this, Barrow'x Demon - 
fixations are fo very Jhort, and are involved 
Pip fo many Notes and Symbols, that they are 
rendered obfcure and difficult to one not 
verjed in Geometry »■ There, many Propor- 
tions, •which appear confpicuous in reading 
EucKd himfelf, are made knotty, andfcarcely 
intelligible to Learners r hy his Algebraical 
Way of Demonjlration ; as is, for Example, 
.Prop. 13. Book I. And the Demonftrations 
•which be lays down in Book II. are Jlill more 
difficult : Euclid himfelf has done much bet- 
ter, in J hewing their Evidence by the Con- 
templations of F igures, as in Geometry flsould 
always be done. The Eelements of .allfci- 
ences ought to be handled after the tnoft finr[>le 
Method^ and not to be involved in Symbols , 
Notes h tpr obfcure Principles, taken elf ew here.. 

fjf K LS2$rQv/*s Elements are too Jhort , Jo 
are ifiofe of Clayius too prolix, abounding 
in Juperfluous Scholiums and Comments: 
For, in my Opinion , Euclid is not Jb obfcure 
as to want J'uch a Number of Notes, neither 
do I doubt, hut a Learner will find Euclid 
much eafier “than any of his Commentators. 
As too much Brevity in Geometrical Demon- . 

A 4 Jirations 
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f rations begets Obfcurity , fo too much fr 
lixity produces Tedioufhejs and Gonfufion . 

^ On thefe Accounts , principally 
thqtl undertook to publish the frf fxflooi 
gf Euclid, with the ntb and 12 tb, accor 4 
ing to CommandinusV Edition j the refi\ 
forbore ^ becaufe tbofe , frf -mentioned , <jf< 
fufficient for underftanding of mof Pbtrt'f 
the Mathematics now fumed. i«. 

Farther , for the Ufe of tbofe who are J| 
frous to apply the Elements of Geometry to 
Ufes in Life, we bane added a Compendium 
of Plane and Spherical Trigonometry; by 
Means whereof Geometrical Magnitudes are 
meafured, and their Ditnenfion expreffed in 
Numbers. 


J. K&iio,. 
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HEFACF, 

SHEWING, 

!T6$Usefulness and Excellency 
of this WORK. 

D R. KEILL, in his Preface, hath 
fufficiently declared how much 
eafier, plainer, and more elegant, 
the Elements of Geometry written by Eu- 
clid are, than thofe written by others j and 
that the Elements themfelves are fitter for 
a Learner, than thofe published by fuch as 
have pretended to comment on, fymbolize, 
or tranfpofe, any of his Demonfirations of 
fuch Propofitions as they intend to treat 
of. Then how mud a Geometrician be 
amazed, when he meets with a Trait *,oi 
the ift, 2d, 3d, 4th, 5th, 6th, nth, and 
lath Bojks of the Elements, in which 
are oim/ted the Demonfirations of all the 
Propditioiis of that moft noble univerfal 
Mathcgs, the 5th ; on which the 6th, 1 ith, 
and iath, fo much depend, that the De- 
monftration of not fo much as one Propo- 
fition, in them, can be obtained without 
thofe in the £tth ! 

r 

* Vidt the laft Edition of the Engltfl) Tacquet. 

Tho 
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The 7th, 8th, and 9th Books, t$pat of 
fuch Properties of Numbers which arcpr " 
ceflary for the Demonftration 
which treats of Incommenfurables p&mrf 
13th* 14th, and 15th, of the fi vcPi^m c 
Bodies. But though the Dodrineof 
menfurables, becaufe expounded infjip an “ 
the fame Plane, as the firft fix 
were, claimed, by a Right Order, TOkj e 
handled before Planes interfered by Plan^. 
or the more compounded Doctrine of So- 


lids; and the Properties of Numbers were 
necefiary to the Reafoning abopt Incom- 
menfurables ; vet, becaufe only one Pro- 
pofition of thefe four Book, viz. the ift of 
the 10th, is quoted in the nth and 12th 
Books ; and that only twice, viz. in the 
Demonftration of the 2d and 16th of th*e 


1 2th ; and that ift Propofition of the 19th 
is fupplied by a Lemma in the 1 2th ; and 
becaufe the 7th, 8th, 9th, 10th, 13th, 14th, 
and 1 5th Books have not been thought (by 
odr greateft Mafters) necefiary to be read 
by fuch as defign to make Natural Philo- 
fophy their Study, or by fuch as dwuld ap- 
ply Geometry to practical Dr. 

Keill, in his Edition, gave us only thefe 
eight Books, viz. the firft fix, and tne nth • 
and 1 2th. 


.And as he found there^as wanting a 
Treadle of thefe Parts of the Elements, 
as they were written by Euclid hinjfelf ; 

he 
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Tie published bis Edition without omitting 
apy of Euclid's Demonftrations, except 
twojflt’'^ of which was a fecond Demon^ 
ft/atioV of the 9th Propofition of the thjra 
hpok ; and the other a Demonftratipnof 
that Property of Proportionals called Con- 
verfiom ^contained in a Corollary to the 19th 
Propofition of the fifth Book ;) where, in- 
fle.d of Euclid's Demonftration, which is 
u^iverfal, moil Authors have given us only 
particular ones of their own. The firft of 
thele, which was omitted, is here fupplied: 
And that t which was corrupted is here re- 
ilored *. 

And fince fever al Perlons, to whom the 
Elements of Geometry are of vail Ufe, 
either are not fo fufficiently ikilled in, or 
perhaps have not Leifure, or are not wil- 
ling to take the Trouble, to read the Latin ; 
and fince this Treatife was not before in 
Englijhy npr any other which may properly 
be laid to contain the Demonilrations laid 
down by * Euclid himfelf } I do not doubt 
but the Publication of this Edition will be 
acceptable, as well as ferviceable. 

Such' Errors, either typographical, or in 
the Schemes, which were taken Notice of 

in the Latin Edition, are. corre&ed in this. 

./ 

Vide Page 55?' 107. of Euclid s Works, publifhed 
by Dr. Gregory, 


A S 
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As to the T rigonometrical T radt, annexed 1 
to thefc Elements, I find our Author, ay 
Well as Dr. Harris , Mr. CafwfDrityLt. 
Hornes, and others of the Trigonometrical 
^. 7 rh|rs, is miftaken in fome of me So-* 
lutions. 


That the common Solution of the 
Cafe of Oblique Spherics is falfe, I 
demonstrated, and given a true one. 
Page 318. 



In the Solution of our 9th and 10th 
Cafes, by our Authors called thfe ift and 
2d, where are given and fought oppofite 
Parts, not only the afore-mentioned Au- 
thors, but all others that I have met with, 
have told us, that the Solutions are ambi- 
guous; which Doftrine is, indeed, fome- 
times true, but fometimes falfe : For fome- 
times the Quceftum is doubtful, and fome- 
times not ; and when it is not doubtful, 
it^s fometimes greater than 90' Degrees, 
and fometimes lefs : And fure I fball com- 
mit no Crime, if I affirm, that no Solution 
can be given without a juft Dif^p&ion of 
thefe Varieties. For the Solution o^thefe 
Cafes , fee Pages 320, 321. / 


In the Solution of our 3d and 7th Cafes , 
in other Authors reckoned ffie 3d and 4th, 
Where there are given two aides, and an 
Angle oppoiite to one of them, to find the 
3d Side, or the Angle oppofite to it ; all the 

Writers 
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Writers of Trigonometry, that I have met 
with, who haye undertaken the Solutions 
of tj&fil two, as well as the two following 
Cafestyy letting fall a Perpendicular, wlhrcr 
is undoubtedly the fhorteft and befVMc 
thod for finding either of thefe $yafita> 

have told us, that the^g^Jof the 

Vertical Angles, or Bafes, {hall be the 
fought Angle or Side, according as the Per- 

falk {whh°n! i } which cannot 
be knowjn, unlcfs the Species of that un- 
known Angle, which is oppofite to a given 
Side, be firft known. 

, Here they leave us firft to calculate that 
unknown Angle, before we fhall know 
whether we are to take the Sum or the 
Difference of the vertical Angles or Bafes 
for the fought Angle or Bafe : And in the 
Calculation of that Angle have left us in 
the Dark as to its Species ; as appears* by 
the Obfervations on the two preceding 
Cafes* 


pendicular 


The Truth is, the Quajitum here, as 
well as in the two former Cafes > is fome- 
times doubtful, and fometimes not ; when 
doubtful, fometimes each Anfwer is lets 
than 90 Degrees, fometimes each is greater ; 
but fometimes one lefs, and the other 
greater, as in the two laft-mentioned , 
Cafes . When it is not doubtful, the 

fitum 



Mr. Cunn’j P RE FA C E t 

fitum is fometimes greater than 90 Degrees,' 
and fometimes lefs ; all which DiftinQions 
Nmay be made without another QpatVtion, 
©f\he Knowledge of the Species of tuax un- 
known Angle, oppofite to a givdn Side 
or, which is the fame Thing, the Falling 
of the Perpendicular within or without. 
For which, fee Pages 323, 324. 


In the Solution of our ift and 5th Cafes , 
called in other Authors the 5th and 6tfi ; 
where there are given two Angles, and a 
Side oppofite to one of them, to find the 
third Angle, or the Side oppofite to j> ; 

they have told us, that *^ e |[)j^ rence J 

of the vertical Angles, or Bafes, according 

as the Perpendicular falls ^ without 

be the fought Angle or Side j and that it 
is known whether the Perpendicular falls 
within, or without, by the Affe&ion of the 
gitfen Angles. 


Here they feem to have fpoken as tho’ 
the Quafitum was always determined, and 
never ambiguous ; for they have here de- 
termined whether the Perpendicular falls 
within or without, and thereby whether 
they arc to take the Sum or the Difference 
of the vertical Angles or Bafes for the 
fought Angle or Side. . 


But, 


I 
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But, notwithftanding thefe imaginary 
DeteFjninations, I affirm, that the Quce- 
fitum % ^iac a , as in the two Cafes laft-men-/ 
tioned, is fometimes ambiguous, and fom 
times noF , and that too, whether the Per- 
pendicular falls within, or whether it falls 
. without. See the Solutions of thefe two 
Cafes in Page 322. 


The Determination of the 3d Cafe of 
Oblique Plane Triangles, fee in Page 
224. 


Sam. Cunn. 


Adver- 
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*^HE Reader is now prefented with arthore cor- 4 
^■^red Edition of this Work, than any hitherto 
extant 5 for, not only many Typographical errors had 
by Duress crept into it, but there were many Omif- 
fio ts and Miftakes, even in the Firft Edition, the * 
grcuicr Part of which have been conftantly adhered to, 
in the five fubfequent ones. Upon the Application 
of the Proprietors for a Revifion of this Work, the 
Revifor was favoured, by Mr. John Robertfon , F. R. S. 
late Matter of the Royal Mathematical School in CbriJFs 
Hofpital, with an imcileaved Copy of the firft Edition 
thereof, in which area great Number of Additions 
and Corredions of Mr. Curin'* own Hand- writing, 
defigned (as may Ic fuppofed) to have been inferted 
in a Second Edition ; but probably, prevented from fb 
being, either by his Death, or fome other Accident: 
All thefe Alterations have been carefully made, in this 
Edition, and feveral more Errors, even in that Edi- 
tion which had efcaped Mr. Cunn’s Notice, and have 
been continued in the following Editions, are in this 
cor reded. 

After thefe Amendments had been made, in the 
printed Copy of the Sixth Edition, the Revifor care- 
fully perufed the fame, and redified great .Numbers of 
ftlfe References to the Plates, and fome Errors in the 
Plates themfelves (for they are not thei fame with 
thofe annexed to the Firft Edition): But the moil 
flagrant Typographical Errors appeared in the Alge- 
braic Series, given in the Treatifes on Trigonometry 
and Logarithms, and demonftrated in the Appendix; 
for the greateft Part of thefe werefo badly dj/pofed, as. 
to be unintelligible, even to thofe who underftand the* 
Subjed; thefe are here rendered intelligible, and the 
Whole now is (as the Revifor apprehends) in fuch a 
State, as the feveral Authors of the Work and Appen- 
dix would have chofe to have put it into, had they been 
alive fo to do. 
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ELEMENTS. 


BOOK. I. 


DEFINITIONS. 

I. A POINT is that which bath no Parts 

or Magnitude. 

II. A Line is Length , without Breadth. 

III. The Ends ( or Bounds) of a Line are 
Points. 

iy. A Right Line is that which lietb evenly be- 
tween its Points. 

V. A Superficies is that which hath only Length 
and Breadth. 

VI. The Bounds, of a Superficies are Lines. 

VII. A plane Superficies is that which lietb even- 
ly between its Lint:. ’ 

""III. A plant Angle is the Inclination of two 
Lines to one another in the. fame Plane, which 
• • touch each other , but do not both lie in the fame 
Right Line. 

IX. If the Lines containing the Angle be Right 
ones , then the Angle is called a Right-lined 

Angle. 

X. When one Right Line, fianding on another 
Right Line, makes Angles on either Side tbere- 

B of* 
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cf t equal between tbemfelves, each ef thefe equal 
Angles is a Right we ; and, that Rigbt, L4ne, 
which /lands upon the ether , is caffo/hy Pcr- 

Kpendicular to that whereon it Jlanas. j ‘ __ 

xi An Obtufe Angle is that which Js greater. . 
than a Right one. 

Xil. An Acute Angle is that which is lefs than a 
Right one. 

XIII. A Term {or Bound) is that which is the 
Extreme of any Thing . 

XIV. A Figure is that whicb.is contained under 
one or more Terms. 

XV. A Circle if a plain Figure , contained under 
one Line y called the Circumference •, to which 
all Right Lines , drawn from a. certain Point 
within the Figure , are equal. 

X VI. And that Point is called the Centre of the- 

Circle. 

XVII. A Diameter of a Circle is a Right Line' 
drawn through the Centre y dftd terminated on , 
hath Sides by the Circumference , and divides 
the Circle into two equal Parts. 

XVIII. A Semicircle is a Figure contained under 
a Diameter , and. that Part of the Circumfe- 
rence of a Circle cut off by that Diameter. 

XIX. A Segment of a Circle is a Figure contained, 

under a Right Liney and Part offthe Circum- 
ference of the Circle [which is cut off by. that 
Right Line . j v ' 

XX. Right lined Figures are fuch as are con- 
tained under Right Lines. « 

XXI. Tbree-ftded Figures are fuch as are con- 
tained under three Lines. 

XXII. F our -Jided Figures are fucb as are con- 
tained under four Lines. 

XXIII . Many- fided Figures are* tbofe that are 
contained under more than four Right lines. 

\ XXIV, 
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XXIV. Of three-fided Figures that is an Equi- 
lihjral Triangle,' vohitb bath three equal Sides . 

XXyt 7 hat an Ifofceles , or Equicrural one.. 

* . which bath only two Sides equal. ? 

“XXVI. tyd a Scalene one, is' that, which %tb 
three unequal Sides. 

XXVII. Alfa of three-fided Figures, that is a 
Right-angled Triangle , which bath a Right 

Angle. 

XXVIII. That an Obtufe-anglcd one, which bath 
fin Obtufe Angle. 

XXIX. And that an Acute-angled one, which 
hath three Acute Angles. 

XXX. Of four-fidtd Figures, shat is a Square, 
wbofe four Sides are equal, and its Angles all 
Right ones. 

XXXI. That an Oblong, or Reftangle, which 
is longer than broad ; but its oppofite Sides are 

. equal, and all its Angles Right ones. 

XXXII. That a Rhombus, which bath four 
equal Sides, *but not Right Angles. 

XXXIII. That a Rbomboides, wbofe oppofite 
Sides and Angles only are equal. 

XXXIV. All Quadrilateral Figures , befides 
tbefe , -ate called Trapezia. , 

XXXV. Parallels are fucb Right Lines, in the 
fame Plane, which, if infinitely produc'd both 
Ways, would never meet. 

, / 

Postulates. 

I. RANT that a Right Line may be drawn 
firm any one Point to another. 

II. That a finite Right Line may be continued di- 
rectly farwttrds. 

III. And that a Circle may be deferibed about any 
Centre with any Dijlance. 

> ? B 2 . AXIOMS. 
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AXIOMS., 

I. Xf'tf INGS equal to one and the fampTbing, \ 
■*' are equal to one another. * 

II. If to equal Things are added equal Things^ 
the Wholes will be equal. 

III. If from equal Things equal Things be taken 
away, the Remainders will be equal. 

IV. .If equal Things be added to unequal Things , 

the Wholes will be unequal. • 

V. If equal Things be taken from unequal Things , 
the Remainders will be unequal. 

VI. Things which are double to one and the fame 
Thing , are equal between themfelves. 

VII. Things which are half one and the fame 
Thing , are equal between themfelves. 

VIII. Things which mutually agree together , are 
equal to one another. 

IX. The Whole is greater than its Part. 

X. Two Right Lines do not contain a Space. 

XI. All Right Angles are equal between them- 
felves. 

XII. If a Right Line , falling upon two other 
Right Lines , makes the inward Angles on the 
fame Side thereof , both together , lejs than two 
Right Angles , tbefe two Right Lines , infinitely 
produc'd , will meet each other on {hat Side 
where the Angles are lefs than Right ones. * 

Note, When there are feveral Angles at one Point, 
any one of them is. exprefs’d by three Letters, of 
which that at the Vertex of the Angle is plac’d in 
the Middle.’ For Example j in the Figure of Prop. 
XIII. Lib. I. the Angle contain’d under the Right 
Lines AB, BC, is called the Ang|p ABC; and 
the Angle contained under the Right Lines AB, 
•'B E, is called the Angle ABE. 

* ' PRO. 

* vide prop. 2$. 4 . \ 
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Proposition i. 


5 


Problem. 

» 

To defcribe an Equilateral Triangle upon a given 
finite Right Line . 

L E T AB be the given finite Right Line, upon 
which it is required to defcribe an equilateral 
Triangle. 

About the Centre A, with the Diftance A B, de- 
fcribe the Circle BCD*; and about the Centre B, * p ofl. 3. 
with the fame Diftance BA, -defcribe the Circle 
ACE*; Jnd from the Point C, where the two 
Circles cut each other, draw the Right Lines C A, 

C B f. + Pc P • * 

Then becaufe A is the Centre of the Circle D B C, 

AC (hall be equal to AB J. And becaufe B is the t Dt f* z 5< 
Centre of the Circle CAE, BC dial) be equal to 
B A : But C A hath been proved to be equal to A B ; 
therefore both CA and CB are each equal to AB. 

But Things equal to one and the fame Thing, arc 
equal between themfelves *, and confcqucntly ACis*^ 1. 
equal to CB; therefore the three Sides CA, AB, 

B C, are equal between themfelves. 

And fo, the Triangle B AC is an Equilateral eiy % 
and is dejermd upon the given finite Right Line A B ; 
which was to be done. 


Proposition ii. 

Problem. 

jit a given Point to put a Right Line equal to a 
Right Line given. 

T E T the Poiftt given be A, and the given Right 
"*“* Line BC ; it is required to put a Right Line at 
the Point A, equal to the'given Right Line B C. 

B 3 Draw 



6 Euclid's Ej,ewpnt£. 

• p*ft. i. Draw the Right Line A C from the Pointvi to C 

t i of this, upon it defcribe the Equilateral TriangW D AjC t 5 
J %?. a. produce D A and D C direflly forwards ter E G t ; 

about the Centre C, with the Diftance B G, vi^fcribe 

• Pop. 3. Circle B G H * 5 and about the Centre D, with 

tfih Diftance D G, defcribe the Circle K p L. 

Now becaufe the Point C is the Centre of the Circle 
+ Def. 15. B~G H, B C will be equal to C G f ; and becaufe D 
is the Centre of the Circle K G L, tlie Whole D L 
will be equal to the Whole D G, the Parts whereof 
DA and DC are equal) therefore the Remainders 
t **' V AL, CG, are alfo equal %. But it has been demon- 
ftrated, that B C is equal to C G 5 wherefore both AL 
and B C are each of them equal to C G. But Things 
that are equal to one and the fame Thing, are equal 

• Ax. u to one another* ; and therefore like wife AL is equal 

to B C 

Whence, the Right Line AL is put at the given 
Point A, equal to the given Right Line B C 5 which 
was to be done. 

PROPOSITION III. 

Problem. 

Two unequal Right Lines being given* to cut off a 
Part from the greater , equal to the leffer . 

T ET AB and C be the two unequa^Right Lines 
^ given, the greater whereof is A B; it is required 
to cut off a Line from the greater AB equal to the 
leffer C. 

Put * a Right Line A D at the Point A;* equal to 
the Line C ; and about the Centre A, with the JDi- 
fiance A D, defcribe a Circle D E F f. 

Then becaufe A is the Centre of the Circle D EF* 
AE is equal to AD 5 and fo both AE and C are 
each equal to ADj whereof A E is likewife equal 
toCj. V 

And fo, there is cut off from A B the greater of two 
given Right Lines AB and C, a Lin) A E equal to the 
leffer Line C $ which was to be done* 


* 2. 9/ 1 Bit, 

I *#- 3. 

t Ak» 1. * 


PRO- 




Euclid’ s Elements. 
OPOSITION IV. 


Theorem. 


^ * 
there are two Triangles that have two Sides ft 
the ont^qual to two Sides of the other , each' to 
each , and the Angle contained bythofe equal Sides 
in one Triangle equal to the Angle contained by 
the correfpendent Sides in the other Triangle 
then the Bafe of one of the Triangles Jhall be 
equal to the Bafe of the other, the whole Triangle 
equal to the whole Triangle , and the remaining 
Angles of one equal to the remaining Angles of the 
other , each to each, which fubtend i he equal Sides. 


1 


“I E T the two Triangles be A B C, D E F, which 
have two Sides AB, AC, equal to two Sides 
DE, DF, each to each, that is, the Side AB equal 
to the Side D E, and the Side AC to DF j and the 
Angle B A C equal to the Angle E D F. 1 fry, that 
the Bafe BC is equal to the Bale E F, the Triangle 
ABC equal to the TrianglcDEF, and the remain- 
ing Angles of the one equal to the remaining Angles 
of the other, each to its correfpondent, fubiemlmg 
the equal Sides; viz. the Angle ABC equal to the 
Angle DEF, and the Angle ACB equal to the An- 
gleDFE. 

For the Triangle ABC being rp plied to D E F, fo 
as the Poiri; A may co-incidc with D, and the Right 
Line A B with D E, then the Point B will co iitcide 
with the Point E, becaufe A B is equal to I) E. And 
fince AB co-incide%with D E, the Right Lute A C 
likewife/rtrill co-incide with the Right Line DF, bc- 
cdu&4ne Angle B A C is equal to* the Angle E D F. 
JVlierefore alfo C will co-incide with F, becaufe the 
Right Line A C is equal to the Right Line D F. But 
the Point Bco-incities with E, and therefore the Bafe 
BC co-incides with the Bafe E F. For, if the Point 
B co-inciding with E, and C with F, rhe Bafe BC 
does not co-incidc with the Bafe EF ; then two Right 
Lines will contain a Space, which is impoflible*. * ***• ,0 * 
Therefore, the Bafe B C co-incides with the Bafe E K, 
and is equal thereto ; and confcqaentfy the whole Tri - 
f B 4 angle 
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angle ABC will coincide with the whole Triangle 
DEF, and will be equal thereto ; and the remaking 
f fa 8. Angles will coincide with the remaining Anglesey and 
will be equal to them, viz. the Angle ABC tyrnl to 
'iije Angle D E F, and the Angle A C B equal to tbf 
Angle D F E ; which was to be demonftr^d. 

PROPOSITION V. 

Theorem. 

The Angles at the Bafe of an Ifofceles Triangle 
are equal between themf elves : And , if the equal 
Sides be produced , the Angles under the Safe 
Jhall be equal between themfelves. 

T E T AB C be an Ifofceles Triangle* having the 
Side A B equal to the Side AC; and let the 
equal Sides AB, AC, be produced direftly forwards 
to D and E. I fay, the Angle A B C is equal to the 
Angle AC B, and the Angle C B D. equal to the An- 
gle BCE. 

For afliime any Point F in the Line B D, and from 
* ? ofi&u a E cut oft the Line AG equal * to AF, and join 
FC, GB. 

Then, becaufe AF is equal to AG, and AB to AC, 
the two Right Lines FA, AC, a»e equal to the two 
Lines GA, AB, each to each, and contain the cbm- 
1 4 of tbit. nion Angle FAG; therefore the Bafe F C \% fequal + 
to *hc Bafe G B, and the T riangie A F^C equal to 
the Triangle AGB, and the remaining 1 Angles of 
the one equal to the remaining Angles of the other, 
each to each, fubtending the equal Sides, viz. the An- 
gle A C F equal to the Angle A B G ; ard ttv\ Angle 
AFC, equal to the Angle AG B. And becabfi^he 
Whole A F is equal to the Whole A G, and the Part* 
j Ax. 3 , A B equal to the Part A C, the Remainder BF J is 
equal to the Remainder C G. But F C has been 
proved to be equal to GB; therefore the two Sides 
t B F, F C, are equal to the two Sides C G, G B, 
.each to each, and the Angle BF C equal to the Angle 
CGB-, but they have a common BafcjB C. There- 
foie alfo the 

han^e'C.Vil}*, and the remaining A. njries o£ the one 

pmial 
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equal to me remaining Angles of the other, each to 
eacm which fubtend the equal Sides. And fo the An- 
gle F LlC is equal to the Angle G C B ; and the Angle 
B C K equal to the Angle C B G. Therefore, becaufe 
tfee whole Angle AB G has been proved equal to the 
/wliole An^JeACF, and the Part CBG equal to 
B C F, the remaining Angle ABC will be * equal to • <*• 3* 
the remaining Angle A C B ; but thefe are the Angles 
at the Bafe of the Triangle A C B. It hath likewife 
been proved, that the Angles F B C, G C B, under the 
Bafe, are equal ; therefore, the Angles at the Bafe of 
JfofalesTriangles are equal between themfclves ; and tf 
the equal Right Lines be produced , the Angles under the 
Baje.will be alfo equal between themfelves j which was 
to be demonftrated. 

Coroll Henqe every Equilateral Tiiangle is alfo EquU 
angular. 

PROPOSITION VI. 

Theorem. 

If two Angles of a Triangle be equal then tie 
Sides fubt ending the equal Angles will be cqiul 
between themfelves . 

WT ABC be a Triangle, having the Anjh* 

^ A BTC equal to the Angle AC JJ. L fay, the on.jc 
A B is likewife equal to the Side A C. 

For if A B be not equal to A C, let one of them, « • 

AB, be the greater, from uhich cut off B I) equal t > 

A C f, andjoin D C. Then, bccaufc JB D is equal t<* f • tj — 
A C, amHJ C is common, I) 13, B C, will hr. rqual 
toA j&f C B, each to each, and the Ar.nlc D1JC 
-etfual to the Angle ACB, from the Hyp^hefis ; 
therefore D C is equal J to the Bafe A 3, and 

the TriangW^^BC equal to the Triangle. ACB, a 
Part to the Whole, which is abfurd ; therefore A U is 
not unequal to AC, and confcqucntly is equal to it. 

Therefore, if two Angles of a Triads be equal hz~ 
tween themfelvesX the Sides juhtmding the equal A/.l 
are likewife equal between themfelves ; which was to l*e 
demonflrated. f' 
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Cortll. Hence every Equiangular Triygle is^ alft 
Equilateial. 

PROPOSITION Vllf r 

Theorem. 

On the fame Right Line cannot he conftituted two 
Right Lines equal to two other Right Lines , 
each to each % at different Points , on the fame 
Side , and having the fame Ends which the fir ft 
Right Lines have . 

O R, if it be poffible, let two Right Lines .AD, 
* D B, equal to two others A C, CB, each to each, 
be conftituted at different Points C and D, towards 
the fame Part C D, and having the famj Ends A and 
B, which the firft Right Lines have, fo that C A be 
equal to A D, having the fame End A, which C A 
hath ; and CB equal to DB, having the fame End B. 

Cafe i. The Point D cannot fall in the Line AC; 
for inftance at F : For then (AD that is) A F would 
not be equal to A C. 

Cafe 2. If it be faid that D falls within the Triangle 
ABC ; draw CD, and produce BD, BC, to F, and E. 
Now, fince AD is affirmed to be equal to AC, the 
Angle A D C is equal to the Angle A C D * ; and 
f ElH’ contingently the Angle AC D is greater thaif 

Moreover E C D is greater than A CD, therefore 
Is C D is much greater than F D C. But it is alfo faid, 
that B D is equ<*l to B C, and fo the Angle E C D is 
• 5 cf this, equal to F D C * ; whereas it hath been proved to be* 
much greater, which is abfurd : Therefore D doth 
not fall within the Triangle. \ 

Cafe 3. Suppofe D fell without the TriangluABC} 
join C D. 

Then, becaufe A C is equal to AD, the Angle 
t 5 tbit. A C D will be equal f to the Angle and con- 

frqueatly the Angle A D C is greater than the Angie 
BCD; wherefore the Angle B D C will be much 
greater than the Angle BCD. Again, becaufe C B 
j$ equal to D B, the Angle B D C wifi be equal to the 
Angle BCD; but it has been proved to be much 
greater, which is impoffible. Therefore, m the fame 
4 \ Right 
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Right* Line cannot be conjiituted two Right Lina equal 
to rvo other Right Lines y each to each 9 at different 
Point*, on the fume Stdc 9 and having the fame Ends 
which* *be firjl Right Lines have ; which was to be 
dcmonftrated. 

PROPOSITION VIII- 
Theorem. 

If two Triangles have two Sides of the one equal 
to two Sides of the other , each to eacb 9 and the 
Safes equal, then the Angles contained under 
ihe equal Sides will he equal . 

T ET the two Triangles be A B C, D E F, having 
^ two Sides, AB, AC, equal to two Sides DE, 

D F, each to each, viz. A B equal to D E, and A C 
to DF ; and let the Bafe B C be equal to the Bafe 
E F. 1 fay, the Angle B A C is equal to the Angle 
E D b « 

For, if the Triangle AB C be applied to the Tri- 
angle DEF, fo that the Point B may co-incide with E, 
and the Right Line BC with EF, then the Point C 
will co-incide wi$h F, becaufe B C is equal to EF. 

And lb, fince BC co-incides with EF, BA and AC 
will likewife co-incide with ED and D F. For if 
the Bale BC Ihould co-incide with E F, and at the 
fame 'I$jnc-the Sides BA, AC, (hopld not co-ir:cidc 
with the Sides ED, D F, but change their Pcfitic*?, 
as E G, G F, then there would be conftituted on the 
fame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at feveral Points, on fpr 
fame SidlJ having the fame Ends. But this is proved 
to t^titherwife f \ therefore it is impofliblc for the t 7 :'•« J - 
r SUles BA, AC, not to co-incide with the Sides ED, 

DF, if the Bafe BC co-incides with the Bale EF ; 
wherefore they will co-incide, and confequcnlly rhe 
Angle BAC will co-incide with the' Angle EDF, 
and will be equal to it. Therefore, if two Triangles 
have two Sides of the one equal to two Sides of the other , 
each to each , arid the Safes equal % then the Angles con- 
tained under th% equal Sides will he equal $ which was 
to be demonft^ated* 


PRO- 
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j r. 

PROPOSITION IX., 

Problem. 

To cut a given Right- lin'd Angle into tvoo equal 
Parti. 

T ETBACbea given Right-Iin’d Angle, which 
is required to be cut into two equal Parts. 
Aflume any Point D in the Right Line AB, and 
4- 3 cfiblt. cut off A E from the Line A C equal to A D + j 'join 
$i of tbit. DE, and thereon make J the Equilateral Triangle 
D E F, and join A F. I fay, the Angle B AC is cut 
into two equal Parts by the Line A F. 

For, becaufe AD is equal to AE, and AF is com* 
mon, the two Sides DA, A F, are equal to the 
two Sides A E, A F, and the Bafe D F is equal to the 
J S of tbit. Bafe EF ; therefore % the Angle DAF is equal to 
the Angle EAF. Wherefore, a given Right- lin'd Angle 
is cut into two equal Parts j which was to be done. 

PROPOSITION X. 

Problem. 

* To cut a given finite Right Line into tdo equal 

Parts. 

J^E T AB be a given finite Right Line, .required to 
Wwbe cut into two equal Parts. y 

* i of tht. Upon it make * an Equilateral T riangle ABCL and 

■j. 9 f tbit, bifed f the Angle A C 6 by the Right Line C 

fay, the Right Line AB is bifeded in the Point D. 

For, bcc.iufe AC is equal to C B, and CD is com- 
mon, the Right Lines AC, CD, are equal to the 

• two Right Lines BC, CD, and the Angle ACD 
J 4 of Abu. equal to the Angle BCD; therefore % the Bale A D 

■ is equal to the Bafe DB. And fo, the (Right Line A B 
is bifelted in the Point D ; which was ho be done. 


PRO- 
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'^PROPOSITION XI. 

Problem. 

fi draw a Right Line at Right Angles to ag'.vtn 
Right line, from a given Point in the fame. 

,T E T AB be the given Right Line, and C the given 
Point. It is required to draw a Right Line from 
the Point C, at Right Angles to A B. 

AflTume any Point D in AC, and make CE equal 
* to CD; and upon DE make f the Equilateral *3 «/'***• 
Triangle FDE, and join F C. I fay, the Right ^ lo f tblu 
Line r C is drawn from the Point C, given in the 
Right Line A B, at Right Angles to A B. 

For, becaufp D C is equal to C E, and F C is com- 
mon, the two Lines DC, C F, are equal to the 
two Lines EC, C F 5 and the Bafe D F is equal to 
the Bale F E. Therefore * the Angle DCF is equal # $ of tbh. 
to the Angle E C F ; and they are adjacent Angles. 

But when a Right Line, (landing upon a Right Line, 
makes the adjacent Angles equal, each of the equal j IC 
Angles is $ a Right Angle; and confcquently DCF, 

F C E, are both Right Angles. Therefore, the Right 
Line F C is drawn from the Point C at Right Angles to 
A B ; which was to be done. 

PROPOSITION XII. 

Problem. 

5 To draw ajRigbt Line perpendicular^ upon a gi4Qj) 
infinitpLiigbt Ltne % from a Point given out of it. 

T ET AB be the given infinite Line, and C the 
~ Point given out of it. It is requir'd to draw a 
Right Line perpendicular upon the given Right Line 
AB, from the Point C given out of it. 

Aflurne any Point D on the other Side of the Right 
Line A B ; and about the Centre C, with the Diftance 
CD, deferibe**! Circle EDG; bifrafEG in H, 
and join C G, OH, C E. I fay, there is drawn the 1 10 ** 

Per- 
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Perpendicular CH on the given infinite RigEtf Line 
A B, from the Point C given out of it. J 
For, becaufe GH is equal to HE, and HCjs com- 
mon, GH and HC are each equal to EH and HC, 
and the Bale CG is equal to the Bafe CE. Therefore 
J 8 tftiis. the Angle C H G is equals to the Arigle/C HE ; and 
they are adjaCerit Angles. But when a*Right Line, 
ftanding upon another Right Line, makes the Angles 
equal between thertifelv'es, each of the equal Angles 
* z?'/. ic. * s a Right one *, and the faid ftanding Bight Line is 
call’d a Perpendicular to that which it ftands on. 
Therefore, CH is drawn perpendicular^ upon a given 
infinite Right Line , froin a given Point out of< it j 
which was to be done. 


PROPOSITION XIII. 


Theorem. 

When a Right Line , ftanding upon a Right Ltne % 
wakes Angles , thefe Jhall be either two Right 
Angles , or together equal to two Right Angles . 


T? O R let a Right Line AB, ftanding upon the Right 
* Line C D, make the Angles C B A, A B D. I fay, 
the Angles C B A, A BD, are either two Right An- 
gles, cr both together equal to two Right Angles. 

* Dcf. ic. Fur if C B A be equal to AB D, they are fpach of 
t ii rftbit, tlicin Right Angles : But if not, draw f B E*from the 

Point B, at Right Angles to C D. Therefore the 
Angles CBE, EBD, are two -Right Angles : And» 
.j l^^ufc CBE is equal to both the Angles CBA, ABE, 
atom ; f|pthc Angle EBD, which is common j \nd the two 
J A *, t. Angles CBE, EBD, together* are J eqihJi to \he 

three Angles CBA. ABE, EBD, together/^&gajn, 
becaufe the Angle DBA is equal to the two Angles 
DBF, EBA, together, add the common Angle* 
A li C, and the two Angles D B A, A B C, arc equal 
to the three Angles DUE, E B A, ABC, together. 
But it has been proved, that the two Angles CBE, 
EBD, together, aae like wife equal to thele three An- 
gles : But Things that arc equal to im and the fame, 

* Ax i. are * equal between themfclves. 1 Therefore like wife 

the Angles CBE, EBD, together, wre equal to the 

Angles 
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Ang f JlHD B A, ABC, together ; but C B E, E R D, 
are t< 'o Right Angles. Therefore the Angles DBA, 
ABC,, are both together equal to two Right Angles. 
Whejefore, when a Right Lint, /landing ’upon another 
Right Line , makes Angles , thefe /hall be either two 
Right Angles, or together equal to two Right Angles i 
which was to be demonftrated. 

PROPOSITION XIV. 
Theorem. 

If " to any Right Line, and Point therein, two 
Right Lines be drawn from contrary Parts, 
making the adjacent Angles , both together, 
equal to tWo Right Angles , the faid two Right 
Lines will make but one fir ait Line. 

POR let two Right Lines B C, B D, drawn from 
contrary Parts to the Point B, in any Right Line 
• A ; B, make the adjacent Angles ABC, A B D, both 
together equal to two Right Angles. I fay, B C, 

B Dl, make but one Right Line. 

For if B D, C B, do not make.one ftrait Line, let 
C.B and B £ make one. 

Then, becaufe the Right Line AB Hands upon the 
Right L^ne CBE, the Angles ABC, ABE, together, 
will be equal * to two Right Angles. But the AivjtVs « 
ABC, A B D, together, are alfo equal to two Right 
Angles. Now taking away the common Angle ABC, 
the remaining Angle ABE is equal to the ren^^ 
ing Angb ABD, the lefs to the greater, whi^Bt 
impoftftie. Therefore BE, BC, are not one lira: t 
l.i.ie. And in the fame manner it is demonltrau-J. 
that no other Line but B D is in a ftrait Line wish 
CBj wherefore CB, BD, (hall be in one ftrait Line. 
Therefore, if to any Right Line , and Point there'.):, 
two Right Lines be drawn from contrary Parts , 
the adjacent Angles', both together, equal to two Right 
Angles , the Jaid two. Right Lines will make but one 
Jlrait Lint', wlHch was to bedemtnftrated. 
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PROPOSITION XV. 


Theorem. 

If two Right Lines mutually cut each other t the 
oppoftte Angles are equal 

T E T the iwo Right Lines A B, C D, mutually cut 
^ each other in the Point E. I fay, the Angle AEC 
is equal to the Angle DEB; and the Angle CEB 
equal to the Angle AED. 

For, becaufe*the Right Line A E, (landing on. the 
Right Line C D, makes the Angles C E A, AED; 
thefe both together (hall be equal* to two Right 
Angles. Again, becaufc the Right Line DE, (landing 
upon the Right Line AB, makes the Angles AE D, 
DEB; thefe Angles together are* equal to two Right 
Angles. But it has been proved, that the Angles CEA, 
AED, are likewife together equal to two Right An* 
gles. Therefore the Angles CEA, AED, are equal 
to the Angles A E D, D E B. Take away the common 
Angle AED, and the Angle remaining CEA is f 
cq ml to the Angle remaining BED. For the fame 
Reafon, the Angle CEB (hall be equal to the Angle 
D E A. Therefore, if two Right Lines mutually cut 
each other , the oppojite Angles are equal ; which was to 
be demonflrated. 

CorslL 1, From hence it is manifcft, that two Right 
Lines, mutually cutting each other, make Angles 
^thc Section equal to four Right Anglo?. 

W/. 2. All the Angles, conftituted about t^e fame 
Point, are equal to four Right Angles, 


PRO- 
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PROPOSITION XVI. 

Theorem. 

If me Side of any T riangle be produced , the out- 
ward Angle is greater than either of the inward 
oppofite Angles . 

T ET ABC be a Triangle, and one of its Sides 
BC be produced to 6. I fay, the outward 
Angle A C D is greater than either of the inward 
Angles C B A, or BAG. 

For bifc<a AC in E*, and join BE, which pro- • io •ftbiu 
duce to F, and make EF equal to B E f. Moreover, t 3 
join FC, and produce AC to G. 

Then, becaufe A E is equal to E C, and B E to 
EF, the two" Sides AE, EB, are equal to the two 
Sides C E, E F, each to each, and the Angle A E B 
f equal to the Angle FEC; for they are oppofite + i 
Angles. Therefore the Bafe A B is % equal to the 1 4 °f ***• 
Bafe F C ; and the Triangle A E B equal to the Tri- 
angle FEC; and the remaining Angles of the one 
equal to the remaining Angles of the other, each to 
each, fub'tending the equal Sides. Wherefore the 
Angle B A E is equal to the Angle E C F ; but the 
Angle ECD is greater than the Angle ECF; there- 
fore the Angle ACD is greater than the Angle BAE. 

After the -fame manner, if the Right Line BC be 
bifefted, we demonftrate thatVhe Angle BCG, and 
confequently its equal, the Angle ACD*, is greater * 15 oftBk% 
than the Angle ABC. Therefore, one Side of any 
Triangle being produced , the outward Angle is greater 
than either of the inward oppofite Ang^s ; which was to 
be demcnftrated. 

PROPOSITION XVII. 

Theorem. 

Two Angles of any Triangle together , bowfcever 
taken* are lefs than two Right Angles . 

T ET ABC b * a Triangle. I fay, two Angles of 
^ it together, Aowfoever taken, are left than two 
Right Angles. 

C For 
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For produce B C to D. t 

Then, hccaule the outward Angle ACD of the 
• *6 cftbh. Triangle A B C is gi cater * than the inwardfOppofite 
Angle ABC; if the common Angle AC B be<added, 
the^Anglcs ACD, ACB, together, will be greater 
than the Angles A B C, A C B, together : But A C D, 
f 13 ibis, ACB, are f equal to two Right Angles. Therefore 
A B C, B C A, are lefs than two Right Angles. In 
the fame manner we demonftrate, that the Angles. 
BAC, ACB, as alfo CAB, ABC, are lefs than two 
Right Angles. Therefore, two Angles of any "Triangle 
together , howfoever taken y are lefs than two Right An- 
gles \ which was to be demonftrated. 

PROPOSITION XVIII. 

Theorem. 

The greater Side of every Triangle fuhtends tie 
greater Angle . 

T ET ABC be a Triangle, having the Side A C 
^ greater than the Side A B. I fay, the Angle ABC 
is greater than the Angle B C A. 

For, beraufe AC is greater than AB, AD may be 
f 3 of t bis. made equal to AB J, and BD be joined. 

Then, becaufe A D B is an outward Angle of the 
16%/fWi. ^Triangle B D C, it will be * greater than the inward 
t 5 of this, oppoiite Angle D C B. But A D B is f equal to 
ABD ; becaufe the Side AB is equal to the Side AD. 
Therefore the Angle A B D is likewife greater than 
the Angle ACB; and confequently A'B C fliall be 
much greater than ACB. Wherefore, the greater Side 
of every Triangle fubtends the greater Angle y- Which 
was to be demonftrated. 


PRO 
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^PROPOSITION XIX. 

Theorem. 

The greater Angle of every Triangle [ub tends the 
greater Side. 

9 T E T ABC be a Triangle, having the Angle ABC 
^ greater than the Angie BC A. I fay, the Side 
AC is greater than the Side AB. 

For, if it be not greater, AC is either equal to AB, 
or Itffs than it. It is not equal to it, becaufe then the 
Angle ABC would be equal * to the Angle A C B ; * 5 of tbit. 
but it is not : Therefore A C is not equal to A B. 

Neither will it be lefs ; for then the Angle ABC would 

bef l c f s than the Angle ACB; but it is not. There- f iS cftbit 

fore AC is not lefs than AB. But likewife it has 

been proved not to be equal to it : Wherefore AC is 

greater than AB. Therefore, the greater Angle of 

every Triangle fub tends the greater Side ; which was to 

be demonftrated. 

PROPOSITION XX. 

Theorem. 

Kwo Sides of any Tri angle , bowfoever taken , are 
together greater than the Third Side . • 

T ET ABC be a T rvangle : I fay, two Sides there- 
of, howfoever taken, are together greater than 
the third Side 5 viz . the Sides BA, AC, are greater 
than the Side BC ; and the Sides AB, BC, greater 
than the Side A C 5 and the Sides BC, C A, greater 
than the Side A B. 

For produce BA to the Point D, fo that AD be 
equal to A C ; and join DC. # 3 *f tbiu 

Then, becaufe D A is equal to AC, the Angle ADC 
fhall be equal f to the Angle AC D. But the Angle t 5 °f tbi9% 
B C D is greater than the Angle A C D. Wherefore 
the Angle BCD is greater than the Angle ADC; 
and becaufe DGB is a Triangle, having the Angle 
BCD greater than the Angle B D C, and the greater 
C a Angle 
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1 1 9 of tbit . Angle fubtcnds t the greater Side ; the Side D IF will 
be greater than the Side 13 C. But D B is equal to 
BA and AC together. Wherefore the Sijjes BA, 
AC, together, are greater than the Side BC. 9 In the 
fame manner we demonftrate, that the Sides AB, 

BC, together, are greater than the SideCA; and 
the Sides BC, CA, together, are greater than the Side 
A B. Therefore, two Sides of any Triangle , howfoever 
taken , are together greater than the third Side ; which , 
was to be demonft rated. 

PROPOSITION XXL 

Theorem. 

If two Right Lines he drawn from the extreme 
Points of one Side of a Triangle Jo any Point 
within the fame , thefe two Lines fhall be left 
than the other two Sides of the Triangle , but 
contain a greater Angle . 

TfOR let two Right Lines BD, DC, be drawn 
* from the Extremes B, C, of the Side B C of the 
Triangle ABC, to the Point D within the fame. I fay, 

BD, DC, are lefs than BA, AC, the other two Sides 
of the Triangle, but contain an Angle BDC greater 
than the Angle B AC. 

For produce B D to E. 

. Then, becaufe two Sides of every T ri angle together 
* 20 cf this, are* greater than the third, BA, AE the two Sides 
of the Triangle ABE, are greater than the Side B E. # 
Now, add EC, which is common, and the Sides 
j9x 4. BA, AC, will be + greater than BE, EC. 

Again, becaufe CE, ED, the two Sides of the Tri- 
angle C E D, arc greater than the Side C D, add D B, 
which is common, and the Sides CE, EB, will be 
greater than C D, D B. But it has been proved, that 
BA, AC, are greater than BE, EC. Wherefore* BA, 
AC, are much greater than BD, DC. Again, becaufe 
t 16 tjthiu the outward Angle of every Triangle % is greater than 
1 the i:i\\3;d and oppofite one; BDC, the outward 
Angle of the Triangle CDE, fhall be greater than the 
Angle C E D. For the fame Reafon. C E D, the out- 
ward Angle of the Triangle A 13 E, is like wife greater 

than 
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than the Angle B AC; but the Angle B D C has been 
proved to be greater than the Angle C E D. Where- 
fore the Angle BDC (hall be much greater than the 
Angle B AC. And fo, if tivo Right Linej be drawn 
from the extreme Points of one Side of a Triangle to any 
Point within the fame , thefe two Lines jhall be lefs than 
the other two Sides of the Triangle , but contain a greater 
Angles which was to be demonftrated. 

PRPOSITION xxir. 

Problem. 

To aefcribe a T riangle of three Right Lines , which 
are equal to three others given ; But it is requi - 
Jite , that any two of the Right Lines taken to- 
gether he greater than the third \ hecaufe two 
Sides of a T riangle , howfocver taken, are to- 
gether greater than the third Side . 

T ET A, B, C, be three Right Lines given, two of 
which, any ways taken, are greater than the third; 
viz . A and B together greater than C ; A and C greater 
than B ; and B and C greater than A. Now it is re- 
quired to make a Triangle of three Right Lines equal 
to A, B, C : Let there be one Right Line D E, termi- 
nated at D, but infinite towards E ; and take J D F t 3 *f thU. 
equal to A, F G equal to B, and G H equal to C ; 
and about the Centre F, with the Pittance F 1), de^ • 
feribe a Circle DKL f ; and about the Centre G, with t 3 
the Pittance G H, deferibe another Circle KLH, 
and join KF, KG. I fay* the Triangle KFG is 
made of three Right Lines, equal to A, B, C ; for, be- 
caufe the Point F is the Centre of the Ciscle D K L, 

F K (hall be equal to F D J : But F D is equal to A ; 
therefore F K is alfo equal to A. Again, becaufe the 
Point G is the Centre of the Circle LKH, GK will 
be]; equal to GH : But G H is equal to C ; therefore J Def. 15. 
(hall G K be alfo equal to C: But FGis likewife 
equal to B; and confcquently the three Right Lines 
KF, FG, KG, are equal to the three Right Lines 
A, B, C. • Wherefore, the Triangle K F G is made of 
three Right Lines K F, F G, K G, equal to the three 
given Lines A, B, C, which was to be done. 

C 3 PRO- 
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PROPOSITION XXIII. 

Problem. # 

With a given Right Line , /zwi at a given Point 
in it, to make a Right-lin'd Angle equal to 4 
Right -lin'd Angle given . 

• 

T F T the given Right Line be A B, and the Point 
given thciein A, and the given Right-lin’d Angle 
DCE. It is requited to make a Right-lin’d Angle 
at th given P ..;i A, with the given Right Line AB, 
cquai to the Right- lin’d Angie DCE. . # 
APiimc tlx Points D and E at PScafure in the Lines 
C D, C J£, and rfiaiv D E ; then, o three Right Lines 
J it '/tbit, eqiiii to C D, D 1% ICC, make J a Tyangle AFG, 
io th it AF be equal to C D, A G to C E, and F G 
toJ)E. 

Then, becaufe the two SiJis DC, CE, are equal 
to the two Sides FA, AG, each to each, and the Bafe 
D E equal to the Bale F G ; the Angle D C E ihall be 
f 3 of tbis. | equal to the A ■ g’c FAG. Therefore, the Right - 
lin'd Ancle F A G is made, at the given Point A, in the 
given Right Line A B, equal to the given Right -lin'd 
cle DCE; which was to be done. 

PROPOSITION XXIV. 
Theorem. 

If two Triangles have two Sides of the cne equal 
to two Sines of the other , each to each, and the 
single of the cne contained under the equal 
Right Lines , greater than the ‘correfpondent 
Angle of the other 5 then the Bafe of the one 
will be greater than the Bafe of the other . 

T E T there be two Triangles A B C, D E F, hav- 
ing two Sides AB, AC, equal to the two Sides 
DE, DF, each to each, viz, the Side AB equal to 
the Side DE, and the Side AC equal to DF ; and 
let the Angle B A C be greater than the Angle E D F. 
I fay, the Bafe BC is greater than the Bafe E F. 

f». 


For 
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Vor becaufe the Angle B A C is greater than the 
Angle E D F ; make an % Angle E U G at the Point t *5 of tbit. 
D in tjie Right'Line D E, equal to the Angle B A C ; , 

andjnakefDG equal to cither AC or DF, and 1 3 'Ad- 
join E G, F G . 

Cafe 1. When EG falls above EF ; then, becaufe 
AB is equal to D E, and A C to D G, the two Sides 
B A, A C, are each equal to the two Sides ED, DG, 
and the Angle*B AC equal to the Angle EDG: 
Therefore the Bafe B C is equal J to the Bafe E G. 1 4 of tbit. 
Again, becaufe DG is ; equal to DF, the Angle DFG 
is f equal to the Angle DG Fj and fo the Angle t 5 */'*"• 
D F G is greater than the Angle EGF : And confe- 
quSntly the Angle E F G is much greater than the 
Angie EGF. And becaufe EFG is a Triangle, 
having the Angle EFG greater than the Angle 
EGF; and the greateft Angle fubrends || the greateft || 15 if tbiu 
Side, the Si 3 e E G (hall be greater than i!ie Side EF. 

But the Side EG is equal to the Side BC : Whence 
B C is likewife greater than E F. 

Cafe 2. When E G falls upon E F ; then E G is 
greater than E F : And confequently B C is greater 
than E F. 

Cafe 3. When E G falls below E F ; then D G, 

E G, are % together greater than D F and E F toge- 1 21 tfd.s. 
ther, and by taking away the equals D G, D F, there 
remains E G greater than EF +. Therefoie BC, t Ax* 5, 
which is equal to EG, will be alfo greater than E F. 
Therefore, if two Triangles have two Sides of the one - 
equal to two Sides of the other , each to each, and the Afigle 
of the one contained under the equal Right Lines , greater 
than the correfpondent Angle of the other ; then the Bafe 
of the one will be greater than the Bafe of the other \ 
which was to be demonllratcd. 




FRO- 
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PROPOSITION XXV. 

Theorem. 

If two Triangles have two Sides of the one equal 
to two Sides of the other , each to eacb y and 
the Bafe of the one greater than the Bafe of 
the other j they Jhall alfo have the Angles con- 
tained by the equal Sides , the one greater than 
the other . * 

T E T there be two Triangles ABC, DEF, having 
^ two Sides A B, AC, each equal to two Sides 
D E, D F, viz. the Side A B equal to the Side D E, 
and the Side A C to the Side D F ; but ttie Bafe B C 
greater than the Bafe EF; I fay, the Angle B A C 
is alfo greater than the Angle E D F. 

For if it be not greater, it will be either equal or 
lefs. But the Angle B AC is not equal to the Angle 
J 4 of tbit. EOF; for if it was, the Bafe B C would be % equal 
to the Bafe E F ; but it is not : Therefore the Angle 
B A C is not equal to the Angle E D F, neither will it 
+ 24 $ftbi$. be Jt-fler ; for if it fhoul J, the Bafe B C would be + lefs 
than the Bafe EF ; but it is not. Therefore the Angle 
B A C is not lefs than the Angle E D F ; but it has 
4 hkewife been proved not to be equal to it. Wherc- 
fore* the Angle B A C is neceflarily greater than the 
Angle E D F. //, therefore, two Triangles have two 
Sides oj the one equal to two Sides of the other , each to 
ea:h , and the Bafe of the one greater than the Bafe of 
the 01 Lr ; they Jhail alfo have the Angles contained by 
the equal Si.tcs, the one greater than the other ; which 
was to be demonftrated. 

* 7jb< wt r.vc,fy '/be fee* if*" « fj: 
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PROPOSITION XXVI. 


T 


HEOREM. 


If two Triangles have two Angles of the one equal 
to two Angles of the other , each to each , and 
one Side of the one equal to one Side of the other , 
either the Side lying between the equal Angles ? 
or which fub tends one of the equal Angles ; the 
remaining Sides of the one Triangle J hall be 
mlfo equal to the remaining Sides of the other 9 
each to his correfpondenrSide ; and the remain- 
ing Angle of the one equal to the remaining 
Angle of jhe other . * 


T E T there he two T riangles A B C, D E F, hav- 
ing two Angles ABC,-BCA, of the one, equal 
to two Angles 1) E F, EFD, of the other, each to 
each, that is, the Angle ABC equal to the Angle 
DEF, and the Angle BCA equal to the Angle EFD. 

And let one Side of the one be equal to one Side of 
the other, which firft let be the Side lying between 
the equal Angles, viz . the Side BC equal to the 
Side EF. I fay, the remaining Sides of the one Tri- 
angle will be equal to rhe remaining Sides of the 
other, each to each, that is, the Side A B equal to 
the Side D E, and the Side A C equal to the Sicle 
DF, and the remaining Angle BAC equal to the 
remaining Angle ED F. 

For if the Side A B be not equal to the Side D E, 
one of them will be the greater, which let be AB, 
make G B equal to D E, and join G C. 

Then, becaufe BG is equal to DE, and BC to EF, 
the two Sides GB, BC, are equal to the two Sides 
DE, EF, each to each ; and the Angle G BC equal 
to the Angle D E F. The Bafe G C is J equal to the J 4 of tbit, 
BafeDF, and the Triangle GBC to the Triangle 
DEF, and the remaining Angles equal to the re- 
maining Angles, each to each, which fubtend the equal 
Sides. Therefore the Angle G C B is equal to the 
Angle DF E. But the Angle DF E, by the Hypo- 

, thefts, 

rcwrw't'r pm}*- /V ■ 
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thefis, is equal to the Angle B C A ; and fo the Angle 
BC G is likewife equal to the Angle BC A, the left to 
the greater, which cannot be. Therefore A B^is not 
unequal to D E, and confequently is equal to it. And 
fo the two Sides A B, B C, are equal to the two Sides 
DE, E F, and the Apgle ABC equal to the Angle 
1 4 tftbii. D E F : And confequently the Bafe AC % is equal to 
the Bafe D F, and the remaining Angle B AC equal 
to the remaining Angle E D F. • 

Secondly, Let the Sides that are fubtended by the 
equal Angles be equal, as A B equal to DE. I fay, 
the remaining Sides of the one Triangle are equal to 
the remaining Sides of the other, viz . AC to DF, 
and B C to E F j and alfo the remaining Angle B A*C, 
to the remaining Angle £D F. 

For if B C be unequal to E F, one of them is the 
greater, which let be B C, if poflible, aiyl make B H 
equal to E F, and join AH. 

Now, becaufe BH is equal to EF, and AB to DE, 
the two Sides A B, B H., are equal to the two Sides 

DE, EF, each to each, and they contain equal Angles ; 

*4 Therefore the Bafe A H is £ equal to the Bafe D F ; 

and the Triangle ABH fhall be equal to the Tri- 
angle DEF, and the remaining Angles equal to the 
remaining Angles, each to each, which fubtend the 
equal Sides ; and fo the Angle B H A is equal to the 
t From ibt Angie E F D. But E F D is + equal to the Angle 
PC A $ and confequently the Angle B H A is equal to 
the Angle BCA: Therefore the outward Angle 
B H A of the T riangle A H C, is equal to the inward 
% 16 of tbit, and oppofite Angle BCA} which is% impoffible : 

Whence B C is not unequal to E F ; therefore it is 
equal to it. But A B is alfo equal to D E. Where- ' 
fore the two Sides AB, B C, are equal to the two 
Sides D E, E F, each to each ; and they contain equal 
Angles. And fo the Bafe A C is equal to the Bafe 

DF, the Triangle BAC to the Triangle DEF, and- 
the remaining Angle BAC equal to the remaining. 
Angle EDF. lf% therefore, two Triangles have two 
tingles equals each to each, end one Side of the one equal 
to one Side of the other , either the Side lying between the 
equal Angles, or which fubtends one of the equal Angles ; 
the remaining Sides of the one Triangle /hall be alfo equal 

the remaining Sides of the other, each to its correfpon- 

* dm 
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dent Side 9 and the remaining Angle of the one equal to the 
remaining Angle of the other ; which was to be demon* 
ftrated* 


* 7 . 


PROPOSITION XXVII; 


Theorem. 

* 

Jf a Right Line , failing upon two Right Lines , 
makes the alternate Angles equal between them - 
felves, the two Right Lines j hall be parallel. 

m 

T ‘ E T the Right Line E F, falling upon two Right 
■— Lines AB, CD, majce the alternate Angles AEF* 

E F D, equal between themfelves. I fay, the Right 
Line AB ft parallel to C D. 

For if it be not paraMel, A B and C D, produced 
towards B and D, or towards A and C, will meet : 

Now let theip be produced towards B and D, and 
meet in the^Point G. * 

■ Then the outward Angle AEF of the Triangle 
GEF is J greater than the inward and oppoiite An- 1 16 •ftbiu 
gleEFG, and alfo equal f to it; which is abfqrd. J * r§m tU 
Therefore A B and C D, produced towards B and D, 
will not meet each other. By the fame Way of Rea- 
foning, neither will they meet, being produced towards 
C and' A. But Lines that meet each other on neither 
Side, arel parallel between themfelves. Therefore f 35* 
A B is parallel to C D. Therefore, if a Right Line 9 
falling upon two Right Lines > makes the alternate Angles 
equal between themfelves , the two Right Lines Jhall be 
parallel j which was to be demonftrated. 


*RO- 
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PROPOSITION XXVIII, 
Theorem. 

If a Right Line, falling upon two Right Lines , 
makes the outward Angle withjthe one Line 
equal to the inward and oppofite Jingle with the 
other on the fame Side j or the inward Angles 
on the fame Side together equal to two Right 
Angles, the two Right Lines fhall be parallel 
between tbemfelves . 

T ET the Right Line EF falling upon two Right 
^ Lines AB, CD, make the outward Angle EGB 
equal to the inward and oppofite Angle G H D ; or 
the inward Angles B G H, GHD, on the fame Side 
together equal to two Right Angles. I fay, the Right 
Line A B is parallel to the Right L*ne CD. 

J From the For, becaufe the Angle E G B is % equal to the An^ 
5 * a f t L- s gk GHD, and the Angle E G B f equal to the An- 
5 1 * gle A G H, the Angle A G H fhall be equal to the 

Angle GHD; but thefe are alternate Angles. 
1 27 *f Mt* Therefore A B is % parallel to C D. 

Again, becaufe the Angles BGH, GHD, are equal 
f 13 of tbit, to two Right Angles, and AGH, BGH, are f.equal 
• to t^o Right ones, the Angles AGH, BGH, will 
be equal to the Angles BGH, GHD ; and if the 
common Angle BG H be taken from both, there will 
remain the Angle AGH equal to the Angle GHD; 
but thefe are alternate Angles. Therefore AB is pa- 
rallel to CD. If, therefore, a Right Line, falling up- 
on two Right Lines , makes the outward Angle with the 
one Line equal to the inward and oppofite Angle with the 
other on the fame Side, or the inward Angles on the fame 
Side together equal to two Right Angles , the two Right 
L ines fhall be parallel between t hemf elves ; which was to 
be 1 demoiillratcd. 

\ 

CtTcll.JJenct ttx. lit. 
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PROPOSITION XXIX. 

k 

Theorem. * 

If a Right Line falls upon two Parallels , it will 
make the alternate Angles equal between them - 
f elves 5 the ^outward Angle equal to the inward 
and oppofite Angle , 00 yiai* Safe* *0*/ /fo 
inward Angles on the fame Side together equal 
to two Right Angles . * 

T*.ET the Right Line EF fall upon the parallel 
Right Lines AB, CD. I fay, the alternate An- 
gles AGH,GHD, are equal between themfelves; 
the outward Angle E G B is equal to the inward one 
GHD, on the fame Side ; and the two inward ones, 
BGH,GHD, on the fame Side, are together equal 
to two Right Angles. 

For if AGH be unequal to GHD, one of them will 
be the greater. Let this be AGH; then becaufe the 
Angle AGH is greater than the Angle GHD, add the 
common Angle BGH to both : And fo the Angles 
AGH,BGH, together, are greater than the Angles 
BGH, GHD, together. But the Angles AGH, BGH, 
areequaltotwoRightones Therefore BGH, GHD, 1 1 toftbis* 
are lefs than two Right Angles. And fo the Li»>is A B, 

CD, infinitely produced f wdj meet each other ; but + 
becaufe they are parallel they will not meet. There- 
fore the Angle A G H is not unequal to the Angle 
GHD, Wherefore it is neceflarily equal to it. 

But the Angle AGH is fequpl ro the Angle EGB : 1 1 5 °f 
Therefore EGB is aifo equal tr. (t'd D. 

Now add the common Angie BGH; and ti. :n 
EGB, BGH, together, arc equal to BGH, GHD, to- 
gether ; but EGB, and BGH, arc equal to tv/o Right 
Angles. Therefore alfo BGH } and GHD (hall be 
equal to two Right Angles. Wherefore, if a Right 
Line falls upon two Parallels , it will make the alternate 
Angles equal between them fives ; the outward Angle 
equal to the inward and oppofite Angle , on the fame Side ; 
and the inward Angles on the ftme Side together equal to 
two Right Angles ; which was to be demenftrated. 

PRO- 
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Proposition xxx., 

Theorem. 

Right Lines , parallel to one and the /ante Right 
Line , are alfo parallel between them/elves . 

L E T A B and C D be Right Lines 9 , each of which 
is parallel to the Right Line EF. I fay, A B is 
alfo parallel to C D. For let the Right Line G K fall 
upon them. ' 

Then, becaufe the Right Line G K falls upon the 
j 19 tfthiu parallel Right Lines A B, E F, the Angle A G H is % 
equal to the Angle GHF j and becaufe the Right Line 
GK falls upon the parallel Right Lines EF, CD, the 
Angle G H F is equal to the Angle GKB+. But it 
has been proved that the Angle AGK is alfo equal to 
the Angle GHF. Therefore AGK is equal to GKD, 
and they are alternate Angles j whence AB is parallel 
f 1 7 of tbit, to C D f. And fo, Right Lines y parallel to one and the 
fame Right Line , are parallel between themfelves j which 
was to be demonftrated. 

PROPOSITION XXXI. 
Problem. 

To Jlraw a Right Line through a given Point 
parallel to a given Right Line . 

T ET A be a Point given, and BC a Right Line 
given. It is required to draw a Right Line thro* 
the Point A, parallel to the Right Line B C. 

Aflame any Point D in BC, and join AD; then 
t *3 make tan Angle DAE, at the Point A, with the 
Line DA, equal to the Angle ADC, and produce 
EA ftrait forwards to F. 

Then, becaufe the Right Line A D, falling on two * 
Right Lines BC, EF, ihakes the alternate Angles 
EAD, ADC, equal between themfelves, EF (hall be 
t *7 eftbiu t parallel to B 0 . Therrfore, the Right Line E AF 
is drawn thro 9 the given Point A, parallel to the given 
Right Line B C 3 which was to be done. 
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PROPOSITION XXXII. 

Theorem. 


If one Side of any Triangle be produced , tie out- 
ward Angle is equal to both the inward and op - 
pofite Angles ; and the three inward Angles of a 
Triangle are equal to two Right Angles . T 


T ETABCbea Triangle, one of whofe Sides B C 

, is produced to D. I fay, the outward Angle ACD 
is equal^to the two inward and oppofite Angles C AB, 

ABC ; and the three inward Angles of the Triangle, 
viz . ABC, BCA, CAB, are equal to two Right 
Angles. • 

For let C E be drawn % thro’ the Point C, parallel f 31 «//£/». 
to the Right Line A B. Then, becaufe AB is parallel 
to C E, and A C falls, upon them, the alternate Angles 
B A C, A C E are f equal between themfelves. Again, f 29 of tbiu 
becaufe A Bis parallel to CE, and the Right Line 
BD falls upon them, the outward Angle ECD is f 
equal to the inward and oppbftte one ABC; but it 
has been proved, that the Angle A C E is eqdal to 
the Angle BAC. Wherefore the whole outward 
Angle ACD is equal to both the inward and oppofite 
Angles. BAC, ABC. And if the Angle AC B, which 
is common, be added, the two Angles A C D, A Q B, 
are equal to the three Angles ABC, BAC, ACB ; but 
the Angles ACD, AC B, are {equal to two Right t *3 ’/'*”• 
Andes. Therefore alfo {hall the Angles ACB, CBA, 

CAB, be equal to two Right Angles. Wherefore, if 
one Side of any Triangle be produced , the outward Angle 
is equal to both the inward and oppofite Angles , and the 
three inward Angles of a Triangle are equal to two Right 
Angles ; which was to be demonftrated. 


Coroll. 1. Ail the three Angles of any one Triangle, 
taken together^ are equal to all the three Angles of 
any other Triangle, taken together. 

Corolh 2. If two Angles of any one Triangle, either 
feparately, or taken together, be equal to two Angles 
of any other Triangle ; then the remaining Angle 

of 
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of the one Triangle will be equal to the remaining 
Angle <?f the other. 

CorolL 3* If one Angle of a Triangle be a Right An* 

f ie, the other two Angles together make^one 
Light Angle. 

CorolL 4. If the Angle included between the equal 
Legs of an Ifofceles Triangle be a Right one, each 
of the other Angles at the Bafe will be half a Right 
Angle. , 

CorolL 5. Any Angle in an Equilateral Triangle is 
equal to one Third of two Right Angles, or two 
Thirds of one Right Angle. 

CorolL 6. Hence it appears, that if one Angle of any 
Triangle be equal to the other two, that is a Right 
one ; becaufe that the Angle adjacent to this Right 
one, is equal to the other two. But when adjacent 
Angles are equal, they are neceflarily Right ones. 

Theorem I. 

All the inward Angles of any Right-lin’d Fi- 
gure whatfoever, make twice as many Right 
Angles, abating four, as the Figure has 
Sides. 


Tp O R any Right-lin’d Figure may be refolved into at 
* many Triangles , abating two, as . it hath Sides. 
For Example , if a Figure has four Sides , it may be 
refolved into two Triangles: If a Figure hath five Sides , 
it may be refolved in three Triangles % if fix, into 
four ; and fo on. Wherefort {by Prop. XXXII.) the 
Angles of all thefe Triangles are equal to twice as many 
Right Angles as there are Triangles : But the Angles 
of all the Triangles are equal to the inward Angles of 
the Fignre. Therefore alt the inward Angles of the 
Figure art equal to twice as many Right Angles as 
there are Tri angle s, that is , twice as many Right 
Angles , takinffOffppy four , as the Figure bath Sides, 
W? W. D. 


The- 
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Theorem II. 

Alhfte outward Angles of any Right-lined Fi- 
gure, together, make four Right Angles* 

E 1 0 R the outward Angles , together with the inward 
o%es 9 mate twice as many Right Angles as the Ft* 
gyre has Sides ; tut from the loft Theorem, all the in r 
ward Angles , together, make twice as many Right An - 
gles, abating four, as the Figure hath Sides . Wherefore 
the outward Angles are , 0// together , 10110/ *0 /i#r Jog A# 

^1, w.w.a V 

jPROPOSITION XXXIII, 

• Theorem. 

Two Right Lines , which join two equal and par 
rallel Right Lines , towards the fame Parts , 
are alfo equal and parallel \ 

T E T the parallel and equal Sought Lines AB, CD, 
^ be joined, towards the fame Parts, by the Right 
£rines AC, BD. I fay, AC, BD, are equal and parallel. 
For draw B C. 

Then, becaufe AB is parallel to CD, and BC falls 
upon them, the alternate Angles ABC, BCD, are 
* equal. Again, becaufe AB is equal to CP, and f 
B C is common ; the two Sj&s AB, B C, are equal 
to the two Sides BC, CDf^put the Angle ABC is 
alfo equal to the Angle BCD ; therefore the Bafe AC 
is f equal to' the Rate B Q : And the Triangle A BC 
equal to the Triangle BCD; and the remaining An- 
gles equal to the remaining Angles, each to each, which 
fubtcod the equal §ides. Wherefore the Angle A CB 
is equal to the Angle C B D. And becaufe the Right 
Line BC, falling upon two Right Ljne^AC, BD, 
makes the alternate Angies AC B, HjBl equal her 
tween themfelves* AC is £ parallel s&fjpD, But it | 
has been proved alfo to be equal to it. Therefore, two 
Right Lines, which join two equal and parallel Right 
fines, towards the fame Parts, are alfo eouaf qndpQ- 
rgll*l i which to be demonftrated, 

Pcfi ft? 
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Defitt. A Parallelogram is a Quadrilateral Figure , each 
• ™ wbofe oppofite Sides are parallel. f ^ * 

PROPOSITION XXXIV/ 

Theorem. 

The oppofite Sides and oppofite Angles of any Pa - * 
rallelogram are equal j and the Diameter di- 
vides the fame into two equal Parts. 

T ET A BCD be a Parallelogram, whofe Di&me- 
^ ter is B C. I fay, the oppofite Sides and oppofite 
Angles are equal between themfelves, and the Dia- 
meter B C bifeds the Parallelogram. . 

For, becaufe AB is parallel to CD, and the Right 
Line BC falls on them, the alternate Angles ABC, 

* 29 »f /iii. BCD, are * equal between themfelves ; again, be- 
caufe A C is parallel to B D, and B C falls upon diem, 
the alternate Angles AC B, andCBD, are equal to 
one another. Whqpefore A BC, C B D, are two Tri- 
angles, having two Angles A B C, B C A, of the one, 
equal to two Angles BC D, CBD, of the other, each 
to each ; and lilcewife one Side of the one equal to one 
' Side of the other,- viz. the Side BC between the equal 

Angles, which is common. Therefore the remaining 
t ififttit. Sides (hall be f equal to the remaining Sides, each to 
each, and the remaining Angle to the remaining An- 

f le. And fo the Side 4 Vis equal to the Side CD, the • 
ide A C to B D, and the Angle B AC to the Angle 
> BDC. And becaufe the Angle ABC is equal to the 

Angle BCD, and the Angle CBD to the Angle 
A CBj therefore the whole Angle ABD is equgl to 
the whole Angle A C D : But it has been proved, that 
the Angle B AC is alfo equal to the Angle BDC.. 

Wherefote^ir oppofite Sides and Angus of any Pa* 
rallelogran^fifQeal between themfelves. , 

I lay, moreover, that the Diameter biiefis it. For 
becaufe A B is equal to C D, and BC is common, 
the two Sides A B, B C, are each equal to the two 
Sides DC, C B } and the Angle A B C 'is alfo equal 
to the Angle DCB,. ' Therefore the Bafe AC it 
too/M. ) equal to the Bafe the Triangle ABC is 
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equal to the Triangle BCD. Wherefore, the Dia - 
Ufgter t$ C bife&s the Parallelogram A £ D B ; which 
wl**to be demonftrated. 

P"R O P 0 S 1 1 1 O N XXXV. 

'Theorem. 

Parallelogram conjlituted upon tie fame Safe, 
and between the fame Parallels , are equal far 
tween tbemfelves . 

T- ET ABCD, EBCF, be Parallelograms con- 
ftituted ypon the fame Bale BC, and between 
the fame Parallels A F and B C. 1 fay, the Paral- 
lelogram ABCD is equal to the Parallelogram 
EBCF, 

For, becaufe A B C D is a Parallelogram) A D is 
* equal to B C ; and for the fame Reafon E F is equal # 34 »/'*'>• 
to B C ; wherefore A D (hall be + equal to E F ; but t *t 
D E is common. Therefore the whole A E is J equal X 4t* 
to the whole D F. But A B is equal to D C $ where- 
fore E A, A B, the two Sides of the Triangle ABE, 
are equal to the two Sides F D, DC, each to each ; 
and the Angle FDC * equal to the Angle EAB, the # *9 •f*bih 
outward* one to the inward one. Therefore the B^e • 

EB is f equal to the Bafe CF ? and the T riangle EAB 1 4 9 f tbih 
to the Triangle FDC. If the common Triangle 
D G E be taken from both, there will remain 1 the X 4*t 
Trapezium ABGD, e^ual tothe Trapezium FCGE; 
and if the Triangle G B C, which is common, be 
added, the ParaleJJogra m ABCD will be equal to 
thfi Parallelogram EBCF, Therefore, Parallelo- 
grams con ftituted upon the fame Bafe % and between the 
fame Parallels , are equal between tbeipfelves $ whiffy 
was to demonftwed. 
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PROPOSITION XXXAJI. 

Theorem. 

Parallelograms conftituted upon equal Boies , and 
between the fame Parallels , are equdTt between 
tbemfelves. 

L E T the Parallelograms A B C D, E F GjH, be 
conftituted up>n the equal Bafes BC, FG, and 
between the fame Parallels A H, B G. I fay, the 
Parallelogram A BC D is equal to the Parallelogram 
EFGH. 

For join BE, C H. Then becaufe B C is * equal 
to FG, and F G to E H ; B C will be lilcewife equal 
to EH i and they are parallel, and BE, CH, join them. 
But two Right Lines joining Right Lines, which are 
f 3) tfibu. equal and parallel, towards the fame Parts, are f equal 
and parallel : Wherefore E B C H is a Parallelogram, 
J ZS °f and is % equal to the Parallelogram ABCD; for it 
has the fame Bafe B C, and is conftituted between 
the fame Parallels BC, AH. For the fame Reafon, 
the Parallelogram E F G H is equal to the fame ParaL 
lelogram EBCH. Therefore the Parallelogram 
ABCD (hall be equal to the Parallelogram EFGH. 
And lo Parallelograms conftituted upon equal Bafes, and 
between the fame Parallels , . are equal between tbem- 
felves i which was to be dtmonftrated. 

PROPOSITION XXXVII. 

Theorem. 

Triangles conftituted upon the fame Bafe, and 
between the fame Parallels , are equal between 
tbemfelves. 

T ET the Triangles A BC» DBC, be conftituted 
upon the fame Bafe B C, and between the fame 
Parallels AD, BC. I fay, the Triangle ABC is 
equal to the Triangle DBC. 

For produce AD both Ways to the Points E and 
■31 cjtbiu F; End through B* draw * B E parallel to C A 3 and 
through C, C F, parallel to B D, 

5 
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Wherefore both E B C A, D B C F, are Parallelo- 
• grams | and the Parallelogram EBC A is* equal to * 
iJm Parallelogram D B C F ; for they ftand upon the 
fam^Bafe BC, and between the fame 'Parallels BC, 
jSF . But the Triangle ABC is f one half of the Pa- + 34 of tbit. 
fatklogsam EBCA, becaufe the Diameter AB bifefls 
its and t'He Triangle DBC is one half of the Paralle- 
logram DBCF, for the Diameter DC bife&s it. But 
Things that are^he Halves of equal Things, are % % Ax. 7. 
equal between themfelves. Therefore the Triangle 
ABC is equal to the Triangle DBC. Wherefore, 

Triangles conjlituted upon the fame Bafe % and between 
the fame Parallels , are equal between themfelves ; which 
was to be demonstrated. 


PROPOSITION XXXVIII. 

Theorem. 

Triangles conjlituted upon equal Safes , and be - 
tween the fame Parallels , are equal between 
themfelves. 

T ET the Triangles ABC, DC E, be conftituted 
upon the equal Bafes B C, C E, and between the 
fame Parallels BE, AD. J fay, the Triangle ABC 
is equal to the Triangle D CE. 

For, produce AD both Ways to the Points, G, H 5 
through B draw * B G parallel to C A ; and through # 3 * */ '*»«• 
E, EH, parallel to DC. 

Wherefore both G B C A, D C E H, are Paralle- 
lograms; and the Parallelogram G B C A is f equal t 3 6 °f tbiu 
to the Parallelogram DCEH: For they ftand upon 
equal Bafes, BC, CE, and between the fame Paral- 
lels BE, GH. But the Triangle ABC isjone half t z+oftbu. 
of the Parallelogram G B C A, for the Diame ter A B 
bifetfb it; and the Triangle D C E J is one half of 
the Parallelogram D C E H, for the Diameter DE bi- 
fefls it. But Things .that are the Halves of equal 
Things, are* equal between themfelves. Therefore * 7 * 

the Inangle A B C is equal to the Triangle D C E. 
Wherefore, Triangles conjlituted upon equal Safe and 
between the fame Parallels , are equal between themfelves ; 
which was to be demonftrated, 
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PROPOSITION XXXIX. 
Theorem. 

jjj#d/ T riangles conftituted upon the fame Sufc % 
on the fame Side , dr* in /A* fame Parallels . 

T ET ABC, DBC, be equal Triangles, confti- f 
tuted upon the fame Bafe B G, on the fame Side. 

I fav they arfc between the fame Parallels. For, let 
A D be drawn. I fay, A D is parallel to BC. 

4 31 tjtbiu For, if it be not parallel, draw* the Right Line 
A £ thro’ the Point A, parallel to BC, and draw £ C. 
t 37 9/ tbh. Then the Triangle ABC f is equal to the Triangle 

£ B C ; for it is upon the fame Bafe B C, and between 
the fame Parallels B C, A E. But the Triangle ABC 
XTrmBjp. is t equal to the Triangle DBC. 'Therefore the 
Triangle D B C is alfo equal to the Triangle EBC, 
a greater to a lefs, which is impoflible. Wherefore 
A £ is not parallel to B C : And by the fame Way of 
Reafoning we prove, that no other Line but AD is 
parallel to B C. Therefore A D is parallel to B C. 
Wherefore, equal Triangles conftituted upon the fame 
Safe, on the fame Side, are in the fame Parallel*^ 
Which was to be demonftratcd. 

PROPOSITION XL. 
Theorem. 

Triangles conftituted upon equal Safes , vU 
the Jame Side , are between the fame Parallels. 

L ET ABC, CDE, be equal Triangles, conftU 
tuted upon equal fiafes BC, CE. I fay, they 
are between the fame Parallels. For, let AD bp 
drawn. I fay, A D is parallel to B E. 

For, if it be not, let AF be drawn ¥ through A$ 
parallel to B E, and draw F f. 

f 3* Then the Triangle ABC is + equal to the Triangle 

F C E ; for they are conftituted upon equal Bafes, antj 
between the fame Parallels B E, AF. But the Tri- 
angle A BC is equal to the Tiiangle pCE, There- 

' ' ‘ " fa* 
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fore the Triangle DC£ (hall be equal to the Triangle 
FCE, the greater to the lefs, which is impoilible. 
Wherefore A F is not parallel to B E. And in this 
ntepner we demonftrate, that no Right Line can be 
parallel % BE, but AD. Therefore AD is parallel 
t'vBEL' And fo, equal Triangles conflituted upon equal 
Bafes % 6)2. the fame Side , are between the fame Parallels $ 
which was to be demonftrated. 

PROPOSITION XLI. 

Theorem. 

If a Parallelogram and a Triangle have the {am * 

Safe, and are between the fame Parallels , the 
Parallelogram will be double to the Triangle. 

T ET the Parallelogram ABCD, and the Triangle 
E BC, have the fame Bafe, and be between the 
fame Parallels, B C, A E. I fay, the Parallelogram 
ABCD is double the Triangle EBC. 

For join AC. 

Now the Triangle ABC is* equal to the Triangle • 37 »/'*»• 
EBC } for they are both conftituted upon the fame 
Bafe B C, and between the fame Parallels B C, A E. 

But die Parallelogram A B C D is f double the Tri- 1 34 '/ <*«• 
angle ABC, fince the Diameter AC bifedts it. Where- 
fore likewife it (hall bej double to the Triangle EBC. t *• 
If, therefore, a Parallelogram and Triangle have both 
the fame' Bafe, and art between the fame Parallels , the 
Parallelogram will be .double the Triangle ; which was 
to be demonftrated. 

PROPOSITION XLII. 

Teo^im. 

T 0 confiitute a Parallelogram equal to a given 
Triangle , in an Angle equal to a given Right- 
lined Angle. 

T ET the given Triangle be ABC, and theRight- 
■ ’ lined Angle D. It is required to conftitute a 
Parallelogram equal to the given Triangle ABC, in a 
Right-lined Angle equal to D. 

D 4 Bife& 
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* 10 of thiu Bife<a*BC in E, join AE, and at the Point E* 
t * iif tbit, in the Right Line EC, conftitutefan Angle CEF ^ 
t I* & tbiu ecjual to D. Alfo draw % AG thro’ A, parallel ro ECf 1 

slnd thro* C the Right Line CG, parallel toiE-^ 
Now FECG is a Parallelogram : And pecaufc 

• 38 pf tbit . BE is equal to EC, the T riangle ABE (hall ♦equal 

to the Triangle A E C ; for they (land uptm equal 
Bales BE, EC, and are between the fame Parallels 
B C, AG. Wherefore the T riangle f A B C is double 
to the Ttiangle AEC. But the Parallelogram FECG 
$4ipftbh. is alfo f double to the Triangle AEC; for it has the 
fame Bafe, and is between tfie fame Parallels. There- 
fore the Parallelogram FECG is equal to the Trian* 
gle ABC, and has the Angle C E F equal to the /tn-. 
gle D. Wherefore, the Parallelogram FECG is eon - 
Jlituted equal to the given Triangle ABC, in an Angle 
CEF equal to a given Angle D ; which wqj to be done* 

Proposition xliii. 

Theorem. 

In eVcfy Parallelogram , the Complements of the 
Parallelograms , that fiand about the Diame - 
ter y are equal between tbemfelves . 

T ET ABCD be a Parallelogram, tvhofe Diameter 
~ is D B ; and let F H, EG, be Parallelograms 
Banding about the Diameter B D. Now A K, KC, 
are called the Complements of them : 1 fey, the Com* 
plement AIC is equal to the Complement KC. 

For fince A B C D is a Parallelogram, and BD Is 
$4 of tbit. the Diameter thereof, the Triangle A BD is * equal 
to the T riangle B D C. „ Again* bccaufe H K F D is 
a Parallelogram, whofe Diameter is DK, the Tri'an* 
gle HDK (hall * be equal to the Triangle DFK; and 
for the feme Reafon the Triangle K B G is edtial to 
the Triangle K E B. But fince the Triangle BE R is 
equal to the Triangle BGK, and the Triangle HDK 
to DFK; the 1 riangle BEK, together with the 
Triangle H D K, is equal to the Triangle BGK, to- 
gether with the Triangle DFK. But the whole Tri- 
angle A B D is likewise equal to the whole Triangh* 

BDC« 
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> feDC. Wherefore the Complement remaining, AK, 
will be equal to the remaining Complement KC. 
There^re, in every Parallelogram , the Complements of 
tit Parallelograms that Jland about the Diameter , art 
' equal between themfelves ; which was to be demon* 
fiiarei 

PROPOSITION XLIV* 

Problem. 

To apply a Parallelogram to a given Right Line , » 
equal to a given Triangle , in a given Right- 
lined Angle. 

T E T the Right Line given be A B, the given Tri«? 

angle C, and the given Right-lined Angle D. It 
is required to*the given Right Line A B, to apply a 
Parallelogram equal to the given Triangle C, in an 
Angle equal to D. 

Make the Parallelogram B EFG equal tothe*Tri- *4 % of thin 
angle C, in the Angle EBG, equal to D. Place BE in 
a ft rail Line with A B, and produce FGto H, and 
through A let A H be drawn f parallel to either G B, f 31 of tbit, 
or FE f and join HB. 

Now, becaufe the Right Line H F falls on the Pa- 
rallels AH, EF, the Angles AHF, HFE, are t equal t *9 •/*&»» 
to two Right Angles. And fo B H F, HFE, are lefs 
than two Right Angles ; but Right Lines making lefs 
than two Right Angles, with a third Line* being in&* 
nitely produced, will meet * each other. Wherefore * dtx. 12. 
H B, F E, produced, will meet each other ; which let 
be in K, through which • draw KL parallel to E A, # 31 of tbit, 
or FH, and produce AH, GB, to the Points Land M. 

Therefore H L K F is a Parallelogram, whole Dia- 
meter is H K ; and AG, ME, are Parallelograms 
about H K j whereof L B, B F are the Complements. 

Therefore LB is f equal to BF. But BF isaIfo+43 
equal to the Triangle C. Wherefore likewife LB (hall 
jbe equal to the Triangle C; and becaufe the Angle 
GBE is J equal to the Angle ABM, and alfo equal to ( of tbit. 
the Angle D, the Angle ABM (hall be equal to the 
Angle D. Therefore, to the given Right Line A B is 
applied a Parallelogram , equal to the given Triangle C, 
and the Angle ABM, equal to the given Angle D \ which 
■"Vas to be done. 


PRO* 
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PROPOSITION XLV. 


Proble 


To make a Parallelogram equal to a given R/gM*~ 
lined Figure , in a given Right-lined Atfgle. 


L ET A B C D be the given Right-lined Figure, 
and E the Right-lined Angle given. It is re- 
quired to make a Parallelogram equal to the Right* 
lined Figure A B C D, in an Angle equal to E. 
tftkiu Let DB be join :d, and make* the Parallelogram 
FH equal to the 7 '< iangle ADB, in an Angle Hl£F, 
equal to the given Angle E. 

f44 of this. Then to the Right Line G H apply t the Paralle- 
logram GM, equal to the Triangle DBG in an 
Angle GHM, equal to the Angle E. 1 

Now, becaufe the Angle E is equal to HKF, or 
GHM, the Angle HKF {hall be equal to G H M 9 
add K H G to both ; and the Angles HKF,KHG # 
are, together, equal to the Angles KHG, GHM. 
%wftKt. But HKF, KHG, are{, together, equal to two Right 
Angles. Wherefore, likewife, the Angles KHG, 
GHM, (hall be equal to two Right Angles : And 
fo, at the given Point H in the Right Line G H, two 
Right Lines K H, H M, not drawn on the fame Side, 
make the adjacent Angles, both together, equal to 
* 14 tftkii, two Right Angles ; and confequently K H, HM *, 
* n\ake one ftrait Line. And hecaufe the Right Line 
HG falls upon the Parallels KM, FG, the alternate 
Angles M HG, H G F, are {equal. And if HGL 
be added to both, the Angles MHG, HGL, toge?- 
ther, are equal to the Angles HGF, HGL, together. 
•igofthii' Bui the Angles MHG, rlGL, are* together equal 
to two Right Angles. Wherefore, likewife, the An- 
gles HGF, HGL, are together equal to two Right 
Angles; and fo, FG, GL, make one ftrait Line. 
And fince K F is equal and parallel to HG, as like- 
1 3 0 */ , * , ‘ wife HG to ML, KF ftiall be f equal and parallel 
to ML, and the Right Lines KM, FL, join them. 
1 33 •/ thtn Wherefore KM, FL, arc {equal and parallel. There- 
fore K F L M is a Parallelogram. But fince the Tri- 
angle A B D is equal to the Parallelogram HF, and 

the 
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*o tne wnole rural leiogram tkr L>M. i herefore, the 
F^allmgram KFLM» made equal to the given Right- 
lined Figure ABG D, in an Angle F K M, equal to the 
given Angle E; which was to be done. 

Corell. It is manifeft from what has been faid, howto 
apply a Parallelogram to a given Right Line, equal 
to a given Right-lined Figure in a given Right* 
Jined Angle, 


PROPOSITION XLVI. 


Problem. 

To defcribe a Square 'upon a given Right Line. 

T ET AB be the Right Line given, upon which it 
^ is required to defcribe a Square. 

Draw * AC at Right Angles to A B from the Point * ttt/tUi. 
A given therein } make + AD equal to AB, and thro’ t j »/'*<>. 
the Point D draw J D E parallel to A B ; alfo thro’ t ** ♦/<*»»» 
B draw B E parallel to A D. 

Then A D E B is a Parallelogram ; and fo A B * is * 34 '/ 
equal to D E, and A B to B E. But B A is equal to 
AD. Therefore the four Sides BA, AD, BE, ED, 
are equal to each other. 

And fo the Parallelogram AD EB is equilateral: 

I fay, it is likewife equiangular. For, becaufe the Right 
t>ine A D falls upon the Parallels AB, D E, the An* 

f les B A D, A D E, are t equal to two Right Andes, t *9°/ '#*• 
iut, BAD is a Right Angle: Wherefore ADE is 
alfo a Right Angle; but the oppofite Sides and oppo- 
site Angles of Parallelograms are t equal. Therefore, J 34 . •/<*;»» 
each of the oppofite Angles A B E, B E D, are Right 
Angles ; and cpnfequently ADBE is a Redangle: 

But it has been proved to be equilateral. Therefore, 

it it neceffarify a * Square , and it deferibed upon the • Dtf, j«h 

Right Line AB; which was to be done. 

Conll. Hence every Parallelogram that has one Right 
Angle, is a Rectangle. 

PRO- 
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PROPOSITION XLV1J. 

Theorem. 

In any Right-angled Triangle , the Square defcribed 
upon the Side , fubtending the Right Angle , is 
equal to both the Squares , defcribed upon the 
Sides* containing the Right Angle. 

T ET ABC be a Right-angled Triangle, having 
the Right Angle B A C. I fay, the Square, de- 
fcribed upon the Right Line BC, is equal to both^the 
Squares, defcribed upon the Sides BA, AC. 

* 4 6 eftbis . For, deferibe * upon B C the Square B D E C, and 

on BA, AC, the Squares GB, HC ; and through the 
tl 31 tf Mu Point A draw \L parallel to || BD, or<CE; and let 
AD, FC, be joined. 

f Dtf. 30. Then, becaufe the Angle BAC, B AG f f are Right 

ones, two Right Lines AG, AC, at the given Point 
A, in the Right Line BA, being on contrary Sides 
thereof, making the adjacent Angles equal to two Right 
J 14 of this. Angles. Therefore C A, AG, make J one ftrait 
Line, by the fame Reafon A B, A H, make one ftrait 
Line. And fince the Angle D B C is equal to the 
Angle F B A, for each of them is a Right one, add 
ABC, which is common, and the whole Angle 
•A. a. DBA is* equal to the whole Angle FBC. And 
fiqce the two Sides A B, B D, are equal to the two 
Sides F B, B C, each to each, and the Angle DBA 
f4 efibit. equal to the Angle FBC; the Bafe AD will bc + 

. equal to the Bafe F C, and the T riangle A B D equal 
to the Triangle FBC: But the Parallelogram BL 
1 41 of this, is J double to the Triangle A B D ; for they have the 
fame Bate D B, and are between the fame Parallels 
B D, A L. The Square G B is J alio double to the 
T riangle FBC; for they have the fapie Bafe F B, 
and are in the fame Parallels F B, G C. But Things 

• At. 6. 1 that are the Doubles of equal Things, are* equal to 

each other. Therefore the Parallelogram B L is equal 
to the Square GB. After the fame manner, AE, 
B K, being joined, we prove that the Parallelogram 
C L is equal to the Square H C. Therefore the whole 
Square BDEC is equal to the two Squares GB* HC. 
But the Square BDEC is defcribed on the Right Line 
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BC, and the Squares GB, HC, on BA, AC. There- 
fore tb^Square BE, defcribed on the Side BC, is equal 
to the Squares'defcribed on the Sides BA, AC. Where- 
\fore, in any Right-angled Triangle , the Square defcribed 
uponthe Side, fubt ending the Right Angle , is equal to both 
the Squares defcribed upon the Sides % containing the Right 
Angle\ which was to be demonftrated. 

PROPOSITION XLVIII: 

Theorem. 

If a Square defcribed upon . one Side of a Triangle % 
be equal to the Squares defcribed upon the other 
two Sides of the faid Triangle \ then , the Angle 
contained by thofe two other Sides is a Right Angle f 

T F the Square, defcribed upon the Side B C of the 
Triangle ABC, be equal to the Squares, defcribed 
upon the other two Sides of the Triangle BA, AC; 

I fay, the Angle B A C is a Right one. 

For, let there be drawn A D from the Point A, at 
Right Angles, to A C ; JLikewife make A D equal to 
B A, and join D C. 

Then, becaufe PA is equal to A B, the Square de- 
fcribed on DA will be equal to the Square defcribed 
on A B, And adding the common Square defcribed 
oh AC, the Squares defcribed on DA, AC, are equal 
to the Squares defcribed on BA, AC. But the Square 
defcribed on DC is * equal to the Squares defcribed 
on D A, A C ; for D A C is a Right Angle : But the * 47 1 ftbih 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square defcribed on D C is equal to 
the Square defcribed on B C ; and fo the Side C D is 
equal to the Side C B. And becaufe D A is equal to 
AB, and AC is common, the two Sides DA, AC, are 
equal to the two Sides BA, AC ; and the Bafe D C is 
equal to the Bafe CB. Therefore the Angle DAC is 
(equal to the Angle BAC; but DAC is a Right An- 
glej and fo BAC will be a Right Angle alfo. If, 
therefore, a Square defcribed upon one Side of a Tri- 
angle, be equal to the Squares, defcribed upon the other two 
Sides of the faid Triangle , then the Angle, contained by 
thefe two other Sides 9 is a Right Angle-, which was to 
"Jkc demonftrated, 
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DEFINITIONS. 

I. TfVERT Right-angled Parallelogram is 
■*“' / aid to be contained under two Right Lines , 
comprehending a Right Angle. 

|I. In every Parallelogram , either of thofe Par 
rallelograms, that are about the Diameter t to • 
gether with the Complement s, is called a Gno- 
mon. 
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PROPOSITION. I. 

Theorem. 

If tbirebe two Right Lines , and one of them be 
divided into ayy Number of Parts ; the Rect- 
angle comprehended under the whole Line and 
the divided Line, Jhall be equal to all the Rect- 
angles contained under the whole Line , and the 
feyeral Segments of the divided Line . 

L E T A and B C be two Right Lines, whereof 
B C is cut or divided any how in the Points 
D, E.j I fay, the Redangle contained under 
the Right Lines A and B C, is equal to the Redan* 
gles contained under A and BD, A and D E, and A 
and EC. 

For, let* B F be drawn from the Point B, at Right • n. i. 
Angles, to B C; and make f B G equal to A ; and let f 3. x. 
JGH be drawn thro* G parallel to BC : Likewife let i 3*- »• 
% there be drawn D K, E L, C H, through D, E, C, 
parallel to B G. 

Then the Redangle BH, is equal to the Redangles 
BK, DL, and EH 5 but the Redangle BH is that con- 
tained under A and BC ; for it is contained under GB, 

B C ; and G B is equal to A ; and the Redangle B Jw 
is that contained under A and BD; for it is contained 
under G B and B D ; and G B is equal to A ; and the 
Redangle D L is that contained under A and DE, be* 
caufe D K, that is, B G, is equal to A : So likewife 
the Redangle EH is that contained under A and EC, 
Therefore the Redangle under A and BC is equal to 
the Redangles under A and BD, A and DE, and A 
and E C. Therefore, if there be two Right Lines given , 
and one of them be divided into any Number of Ports , 
the Rectangle comprehended under the whole Line and the 
divided Line , Jhall be equal to all the Rectangles contained 
under the whole Line , and the feveral Segments of the 
divided Line , which was to be demonftrated. 


PRO- 
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0 

t 

BROPOSITION «./ 

Theorem* 

If a Right Line he any bow divided, the Ref tan * 
glee contained under the whole Line, and each 
of the Segments, or Parts, % are equal to the 
Square of the whole Line . 

T ET the Right Line A3 be any how divided in the 
•*“* Point C. I fay, the Rectangle contained under 
AB and BC, together with that contained under AB, 
and AC, is equal to the Square made on AB- 
• #6. v. For let the Square A D EB be deicribed • on A B, 
and thro’ C let C F be drawn parallel to A D or B E. 
Therefore AJ£ is equal to the Redangles AF and CE. 
But AE is a Square defcribed upon AB; and AF is 
the Redangle contained under B A and AC; for it is 
contained under PA and AC, whereof AO is equal to 
AB ; and the Redangle CE is contained under AB and 
BC, iince BE is equal to AB. Wherefore the Redangle 
under AB and AC, together with the Redangle under 
AB and B C, is equal to the Square of A B. There* 
fore, if a Right Line be any bow divided, the Re£i angles 
contained under the whole Line, and each of the Segments, 
or Parts, are equal to the Square of the whole Line ; 
which was to be demonftrated, 

PROPOSITION III. 

Theorem, 

If a Right Line he any bow cut, the ReHanglg 
contained under the whole line, and one of its 
Parts, is equal to the Kelt angle contained un- 
der the two Parts, together with the Square 
of the fir jt- mentioned Part. 

JET the Right Line AB be any how cut in the 
■ Point C. I fay, the Redangle under A Band 
B C is equal to the Redangle under A Cand B C, to* 
jgether with the Square delpribed on BC, 

Ff>K 
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FV defcribe * the Square CDEB upon BC ■, pro* * 
duce aD to F and let A F be drawn f thio* A, pa- t 
rallel to C D or B E. 


Then the Redangle A E fllall be equal to the two 
NRedangles AD, CE: And the Redangle AE is that 
contained under A B and B C ; for it is contained un- 
der rtB and B E, Whereof B E is equal to B C : And 
the Redangle AD is that contained under AC and 
9 C B, fince D C IsIbquAl to C B : And D B is a Square 
defcribed upon B C. Wherefore the Redangle under 
AB fend BC is equal to the Redangle under A C and 
C B, together with the Square defcribed upon B C. 
Therefore, if a Right Lint be any hew cut , the Re£i- 
angbo contained under the whole Line , and one of its 
Parts , it equal to the Rectangle contained under the two 
Parts , together with the Square of the firjl- mentioned 
Part i which vyas to be demonftrated, 


4 ? 
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PROPOSITION IV. 

Theorem. 

If a Right Line be any bow cut , the Square which 
is. made on the whole Line, will be equal to the 
Squares made on the Segments thereof, together 
with twice the Redangle contained under the 
/ Segments. 

ET the Right Line AB be any how cut in C. 9 • 

-*- J I fay, the Square made on A B is equal to the 
Squares of AC, C B, together with twice the Red- 
angle contained under AC, CB. 

For * defcribe the Square A D E B upon A B, join * 4®- r* 
BD, and thro* C darwfCGF parallel to AD or B£j t }»• <• 
and alfo thro* G draw H K parallel to A B or D E. 

Then, becaufe CF is parallel to AD, and BD (alls 
upon them, the outward Angle BGC (hall be % equal t >9- *• 
to the inward and oppoOte Angle AD Bj but the 
Angle ADB is * equal to the Annie ABD, fince the • $• *■ 
Side B A is equal to the Side AD. Wherefore the 
Angle C G B is equal to the Angle G B C ; and fo the 
Side BC equalfto the Side CGj but likewife the t *• *• 
Side C B is t equal to the Side GK, and the Side CG t S4 ' z> 
to BK. Therefore GK is equal to KB, and CGKB 
£ » 
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is equilateral. I fay, it is alfo Right-angled ; fod be- 

• caufe CG is parallel to B K, ana C B tallaonfthem, 
t a 9 * «• the Angles KBC, GCBf, are equal to two Right 

Angles. But KBC is a Right Angle. Wherefore^ 
GCB alfo is a Right Angle, and the oppofite 
CGK, GKB, mall be Right Angles, Thee 
CGKB is a Redangle. But it has been proved 
equilateral. Therefore CGKB is a Square deferibed 
upon BC. For the fame Reafon HF is alfo a Square * 
1 34. 1. made upon HG, and (becaufe HG is equal to ACf) 
it is equal to the Square of A C. Wherefore HF and 
CK are the Squares of AC and CB. And, becaufe 

* 43* i, the Redangle AG is * equal to the Redangle GE^and 

AG is that which is contained under AC and CB ; for 
G C is equal to C B ; therefore G £ fliall be equal to 
the Redangle under A C, and C B. Wherefore the 
Redangles AG, and GE, are equal to twice the Red- 
angle contained under AC, and CB ; and HF and CK, 
are the Squares of AC, CB. Therefore the four Fi- 
gures HF, CK, AG, GE, are equal to the Squares of 
AC and CB, with twice the Redangle contained un- 
der AC and CB. But HF, CK, AG, GE, make up 
the whole Square of AB, viz. A DEB. Therefore the 
Square of A B is equal to the Squares of AC and CB, 
together with twice the Redangle contained under AC 
and C B. Wherefore, if a Right Line be any how cut , s 
the Square which is made on the whole Line 9 will be equal 
to the Squares made on the Segments thereof \ together 
with twice the ReElangle contained under the Segments; 
which was to be demonllrated. 

Coroll. Hence it is manifeft, that the Parallelograms 
which ftand about the Diameter of a Square, are 
likewife Squares, 
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PROPOSITION* V. 


Theorem. 

If alight Line be cut into two equal Parts, and 
into two unequal ones ; the Rectangle under the 
unequal Parts , together with the Square that is 
made of the intermediate Difiance , is equal to 
the Square made of half the Line. 


T BT any Right Line AB be cut into two equal 
^ Parts in C, and into two unequal Parts in D. I 
(ay, the Redangle contained' under AD, and DB, to- 
gether with th* Square of CD, is equal to the Square 
of BC. 

ForfdefcribeCEFB, the Square of BC; draw BE, f 4®* *• 
and through D draw*DHG, parallel toCE, or BF ; * 3 1 - »• 
and through H draw KLO, parallel to CB, or EF ; 
and A K through A, parallel to CL, or B O. 

Now the Complement C H is {equal to the Com- t +J. *• 
plement HF. Add DO, which is common to both of 
them, and the whole CO is equal to the whole DF : 

But CO is equal to AL, becaufe AC is equal to CB f ; -t 3 6 - *• 
‘therefore AL is equal to DF ; and, adding CH, which 
is common, the whole AH fhall be equal to FD, DL, 
together. • But AH is the Rectangle contained under. 

| AD, andDB; for D H is * equal to D B, and FD, *c^.4. 
I DL, is the Gnomon MNX ; therefore MNX is equal ***• 

> to the Redangle contained under AD, and DB; and 
if LG, being common, and equal to the Square of CD, 
be added, then the Gnomon MNX, and LG, areequal 
to the Redangle contained under AD, and DB, toee- 

i ther with the Square of CD ; but the Gnomon, MNX, 
and LG, make up the whole Square CEFB, viz. the 
Square of C B. Therefore the Redangle under AD, 
and-D B, together with the Square of C D, is equal to 
the Square of C B. Wherefore, if a Right Lint it cut 
into two equal Partt , and into two unequal ones ; the 
Reitangle under the unequal Parts, together with tho 
Square that it made of the intermediate Diftentt, is equal 
\to the Square made of half the Line ; which was to be 

£i PR0 . 
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PROPOSITION VI. 

Theorem. 

If a Right Line be divided into two equal Pfts y 
and another Right Line be added direHljto the 
fame , the ReSangle contained under [ the Line * 
compounded of] the whole and added Line ( taken ' 
as one Line) and the added Line, together with 
the Square of half the Jirft Line , is equal to the 
Square of [ the Line compounded of J half* the 
Line and the added Line , taken as one Line . 

T ET the Right Line A B be bifeded in the Point 
C, and BD added diredly thereto. I fay, the 
Redangle under A D, and B D, together with the 
Square of B C, is equal to the Square of C D. 

*46. 1, For, deferibe * C E F D, the Square of CD, and 
f 31. 1. join DE; drawf BHG thro’ B, paiallel toCE, or 
D Fj and K L M thro* H, parallel to A D, or E F, as 
alfo A K thro’ A, parallel to C L, or D M. 

Then becaufe A C is equal to C B, the Redangle 
t 36. 1. AL (hall bejequal to the Rtdangle CHj butCH 

* 43. 1. is* equal to H F. Therefore AL will be equal to 

H F 3 and adding CM, which is common to both, 
then the whole Redangle A M is equal to the 
Gnomon NXO. But AM is that Redangle which is 
+ £>, 4. contained under A D, and D B ; for DM is f equal to 

tj tbs . D B 3 therefore the Gnomon NXO is equal to the* 

Redangle under AD, asdDB. Add LG, which 
l Cor. 4 , cf is common, viz. J the Square of CB; and then 
icls ‘ the Redangle under AD, DB, together with the 
Square of BC, is equal to the Gnomon NXO 
with LG. But the Gnomon NXO, **nd LG, 
together, make up the Figure CEF D, that is, the 
Square of C D. Therefore the Redangle under 
AD, and DB,' together with the Square of BC, 
is equ.»l to the Square of CD. Therefore, if a 
Right Line be divided into two equal Parts , and ano- 
ther Right Line be added directly, to the fame, the 
Rectangle containtd under [the Line compounded of] the 
whole and added Line {taken as one Line) and the 

add'd - 
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aidMJLini) together with the Square of half the firji 
Ltne $ \s equal to the Square of [the Line compounded of ] 
half the Line and the added Line y taken as one Line ; 
which was to be demonftrated. 

PROPOSITION VII. 

*T H E O R E M. 

If a Right Line be any bow cut , the Square of 
the whole Line , *ogether with the Square of one 
of the Segments , is equal to double the Rebian- 
gle contained under the whole Line , and the 
faid Segment, together with the Square made 

of the other Segment. 

• 

T ET the Right Line A B be any how cut in the 
" Pf int C. I fay, the Squares of A B, and B C, 
together, are equal to double the keftangle contained 
under A B, and £ C, together with the Square, made 
of AC. 

For !ct the Square of AB be * deferibed, viz. *46. 7. 
A DE B, and conftruft § the Figure. 

Then, becaufe the Reftangle A G is f equal to the + 43- *• 
Reftangle GE ; if CF, which is common, be added to 
both, the whole Reftangle A F (hall be equal to the 
whole Reftangle CE ; and fothe Reftangles AF, CE, 
taken together, are double to the Reftangle AF 5 but 
AF, CE, make up the Gnomon KLM, and the Square 
C F. Therefore the Gnomon KLM, together with 
the Square C F, fhall be double to the Reft angle A B. 

But double the Reftangle under AB, and BC, isdoublc 
the Reftangle AF ; for BF is X equal to BC. There- t O- 4* 
fore the Gnomon KLM, and the SquareCF, are equal 
to twice the Reftangle contained under AB, and BC. 

And if HF, which is common, being the Square of 
AC, be added to both, then the Gnomon KLM, and 
the Squares CF, HP' , are equal to double the Reftangle 

§ A Figure it fad to be conftruffed \ when Lines drawn in a ParaU 
lelogram , parallel to the Side i thereof, cut the Diameter in ena PoinS. and 
make two Parallelogram abqut the Diameter, and two Complements. So 
Ukewife a double Figure it faid to be cenflruffed, when two Right Lines, 
parallel to the Sides , nuke four Parallelograms about the Diameter, and 
four Ctmpkments . 

• •* £ 3 contained 
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contained under AB, and BC, together with the Square 
of A C. But the Gnomon KLM, together W*th the 
Squares CF, HF, are equal to ADEB, and CF, viz, 
the Squares of A B, B C. Therefore the Squares of 
A B, and B C, are together equal to double the Red- 
angle contained undet AB, and BC, together with the 
Square of AC. Therefore, if a Right Line be e^y how 
cut , the Square of the whole Line* together with the 
Square of one of the Segments , is equal to double the Reft- t 
angle contained under the whole Line, and the j aid Seg- 
ment, together with the Square , made of the other Seg- 
ment} which was to be demonftrated. 

PROPOSITION VIII. 

Theorem. 

i. 

If a Right line be any bow cut into two Parts , 
four Times the ReStangle , contained under the 
whole Line, and one of the Parts, together with 
the Square of the other Part, is equal to the 
Square of [the Line compounded of] the whole 
Line and the firft Part , taken as one Line. 

T ET the Right Line A B be cut any how in C. I 
x - / fay, four Times the Redangle contained under 
AB, and BC, together with theSquareof AC, is equal 
to the Square of A B, and BC, taken as one Line. 

For, let the Right Line A B be produced to D, fo 
that BD be equal to BC ; ddcribe the Square AEFD, * 
on A D, and conftrud the double Figure. 

* tyf- Now, ftnce CB is * equal to BD, and alfo to + GK, 

T 34* *• and BD is equal to KN j therefore GK ihall be like- 
wife equal to KN : By the fame Reafoning, PR is 
equal to RO. And ftnce CB is equal to BD, and GK 
J 3«- 1 • to KN, the Redangle CK will J be equal to the Red- 
angle B N, and the Redangle G R to the Redangle 
II 4s* *• RN. But C K is || equal to RN ; for they are the 
Complements of the Parallelogram CO. Therefore 
B^jT is equal to G R, and the four Squares BN, C K, 
G R, RN, are equal to each other; and fo they are 
together quadruple CK- Again, bccaufe CB is equal 
to'BD, and BD to BK, that is, equal to CG ; and the 

4 6W 
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faidftCBis equal alfo to GK, that is, to GP j therefore 
C G lhall be equal to G P. But P R is equal to R O ; 
therefore the Redangle AG (hall be equal to the Red- 
angle M P, and the Redangle P L equal to R F. But 
MP is equal to PL; for they are the Complements of 
the Parallelogram M L. Wherefore AG is equal alfo 
to RF. Therefore the four Parallelograms A(i, MP, 

PL, RF, are equsjl to each other, and accordingly they 
are together quadruple of AG. But it has been proved, 
that the four Squares CK, BN, GR, RN, are quad- 
ruple of CK. Therefore the four Redangles, and the 
four Squares, making up the Gnomon STY, are toge- 
ther quadruple of AK; and becaufe AK is a Rcdangle 
contained under AB, and BC, for BK is equal to BC; 
therefore four Times the Rediangle under AB and BC, 
will be quadruple of AK. But the Gnomon STY has 
been proved to be quadruple of AK. And fo four Times 
the Redangle contained under AB, and BC, is equal 
to the Gnomon STY. And if X H, being equal to 
t the Square of A C, which is common, be added to t 4« e f 
both 5 then four Times the Redingle contained un- f "* • 
der AB, and BC, together with the Square of AC, is 
equal to the Gnomon STY, and the Square XH. 

But the Gnomon STY and X H make A E F D, the 
whole Square of AD . Therefore four Times the Red- 
angle contained under AB, and BC, together with the 
Square of AC, is equal to the Square of AD, that is, 
of AB and BC taken as one Line. Wherefore, if a 
RighfLine be any how cut into two Parts , four Times the • 

Rectangle contained under the whole Line , and on? of the 
Parts , together with the Square of the ether ParU is equal 
to the Squarf of [the Line compounded of] the whole Line 
and the firjl Party taken as one Line ; which was to be 
demonurated. 
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PRPOSITION IX. 

tHEOREM. 

if a Right Line be any how cut into two Qj[ual 9 
and two unequal Parts ; tbe^ the Souares of 
the unequal Parts 9 together , are double to the. 
Square of the half Line , and the Square of the 
intermediate Part. 

T E T any Right. Line A B be cut unequally in c D, 
and equally in C. I fay, the Squares of AD, DBi 
together, are double to the Squares of A C and C D 
together. 

d »• t. For, let * C E be drawn from the Poiht C at Right 

Angles to AB, which make equal to AC, or CB ; and 
t 31. 1. join EA, EB. A!fo through D letfDF be drawn pa- 
rallel to CE, and FG through F parallel to AB, and 
draw AF. 

Now, becaufe AC is equal to CE, the Angle EAC 
t 5. 1. will be % equal to the Angle AEC ; and fince the Angle 
at C is a Right one; the other Angles, AEC, EAC, 
* c^. 3. together, fhall * make one Right Angle, and are equal 
j 2 * *• toeadi other : And fo AEC, EAC, are each equal to 
half a Right Angle. For the fame Reafons are alfii 
CEB, EBC, each of them half a Right Angle. . There- 
• fore the whole Angle A E B is a Right Angle. And 
fmcc the Angle GEF is half a Right one, and EGF is 
+ 29. t. a RightAngle ; for it is f equal to the inward and op- 
pofite Angle ECB ; the other Angle EFG will be alfo 
equal to half a Right one. Therefore the Angle GEF 
X 6. 1. is equal to the Angle EFG. And fo the Side EG Is % 
equal to the Side GF. Again, becaufe the Angle at B 
is half a Right one, and FDB is a Right one, oecaufe 
equal to the inward and oppofitc Angle ECB, the other 
# Angle B F D will be half a Right Angle. Therefore 
the Angle at B is equal to the Angle BFD ; and fo the 
Side DF is equal to the Side DB. And becaufe AC is 
equal to C E* the Square of AC will be equal to the 
SquaieofCE. Therefore the Squares of AC, and CE, 
together, arc 4 double to* the Square of A C ; but thd 
f 47. t. Square of E A is f equal to the Squares of AC, and 

. ■ CBf 
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CE, 'together, fince ACE is a Right Angle. Therefore 
the Square of E A is double to the Square of A C. 

Again, becaufe EG is equal to GP, and the Square 
of EG is equal to the Square of GF ; therefore the 
Squares of EG, GF, together, are double to the Square 
of GF. But the Square of EF is f equal to the Squares 1 47. ?• 
of EG* GF. Therefore the Square of EF is double 
the Square of GFl But GF is equal to CD; and fo 
the Square of EF is double to the Square of CD. Bat 
the Square of A E is likewife double to the Square of 
AC. ' Wherefore the Squares of A E, and E F, are 
double to the Squares of AC, and CD. But the Square 
of AT is f equal to the Squares of AE, and EF ; be- 
came the Angle AEF is a Right Angle, and confe- 
quently the Square of A F is double to the Squares of 
AC, and CD. But the Squares of AD, and DF, are 
‘equal to the Sftuare of A F : For the Angle at D is a 
Right Angle. Therefore the Squares of AD, and DF, 
together, (hall be double to the Squares of A C, and 
Cl>, together. But D F is equal to D B. Therefore 
the Squares of AD, and DB, together, will be double 
to the Squares of AC, and CD, together. Wherefore 
if a Right Lint be any how cut into two equal, and two 
unequal Parts ; then the Squares of the unequal Parts 
together , are double to the Square of the half Line , and 
the Square of the intermediate Part ; which was to be 
demonftrated. 


P ROPQSITION X. 


Theorem. 

a Right Line he tut into two equal Parts , and ft) 
it he direBly added another ; the Square made on 
[the Line compounded of] the whole Line , and 
the added one , together with the Square of the 
added Line , jhdll be -double to the Square of. the 
half Line , and the Square of [that Line which 
is compounded of] the half and the added Line. 


T ET the Right Line AB be bife&ed in C, and any 
■*-* ftrait Line BD added diredtly thereto. I fey, the 
Squares of AD, and DB, together, are double to the 
Squares of AC* and CD, together. 

For, 
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* ii. a. For, draw * CE from the Point C at Right Angles 
to A B, which make equal to A C, or C B ; and draw 
i. A E, E B ; likewife through £ let E F be f drawn pa- 
rallel to A D, and through D, D F + parallel to C E. 
Then, becaufe the Right Line EF falls upon the 
t >9* i* Parallels EC, FD, the Angles CEF, EFD, are % equal 
to two Right Angles. Therefore the AnglearF £ B, 
EFD, are together lefs than two Bight Angles. But 
Right Lines making, with a third Line, Angles to- 

5 ether lefs than two Right Angles, being infinitely pro- 
uced, will meet *. Wherefore EB, FD, produced, 
will meet towards B D. Now let them be produced, 
and meet each other in the Point G, and let AG be 
drawn. .* 

And then, becaufe AC is equal to CE, the Angle 
f 5. s. AE C will be eqnal to the Angle E ACf : But the 
Angle at C is a Right Angle. Therefore the Angle 
E A C, or A E C, is half a Right one. By the fame 
Way of Reafoning, the Angle CEB, or EuC, is half 
a Right one. Therefore A£B is a Right Angle. 

1 15. v. And Jince EBC is half a Right Angle, DBG willj alfo 
be half a Right Angle, fince it is vertical to EBC. 

• 29. s, But B D G is a Right Angle alfo ; for it is * equal to 
the alternate Angle DCS. Therefore the remaining 
Angle D G B is half a Right Angle, and fo equal to 
fS. t. DBG. Wherefore the Side B D is f equal to the 
Side DG. Again, becaufe EGF is half a Right 
Angle, and the Angle at F is a Right Angle, for it is 
* 34'«i. equal * to the oppofite Angle at C \ the remaining 
Angle FEG will be alfo half a Right one, and is equal 
1 6 . 1. to the Angle EGF ; and fo the Side GF is f equal * 
to the Side E F. And fince E C is equal to C A, and 
the Square of E C equal to the Square of C A 5 there- 
fore the Squares of E C, C A, together, are double to 
t 47 * *• the Square of CA. But the Square of EA is % equal 
to the Squares of EC and CA. wherefore the Square 
of E A is double to the Square of A C. Again, be- 
caufe G F is equal to F E, the Square of G F aho is 
1 equal to the Square of F E. Wherefore the Squares 
of GF and FE are double to the Square t>f FE. But 
the Square of is J equal to the Squaresof GF, FE. 
Therefore the Square of E G is double to the Square 
of EF: But EF is equal to CD. Wherefore the 
Square of E G (hall be double to the Square of C D. 

Bpt 
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BuKhe Square of EA has been proved to be double to 
the Square of A C. Therefore the Squares of AE and 
EG, are double the Squares of AC and CD. But the 
Square of AG is f equal to the Squares of AE and EG, f 47 . 1( 
for the Angle (AEB or) AEG has been proved to be 
Right j ana confequently the Square of AG is double 
to thq^ Squares of AC, and CD. But the Squares of 
AD, and DG, arpf equal the Square of AG. There- 
fore the Squares of AD, and DG, are double to the 
Squares of AC, and CD. But DG is equal to DB. 
Wherefore the Squares of AD, and DB, are double to 
the Squares of AC, and CD. Therefore, if a Right 
Line be cut into two equal Parts , and to it be dire&ly 
added another ; the Square made on [the Line compounded 
of] the whole Line , and the added one 9 together with the 
Square of the added Line 9 jhall he double to the Square of 
the half Linfa and the Square of [that Line which is 
compounded of] the half % and toe added Line\ which 
was to be demonftrated. 

PROPOSITION XI. 

Problem. 

To cut a given Right Line fo y that the ReSangle 

contained under thewbole Line and one Segment , 

Jhall be equal to the Square of the other Segment . 

T E T AB be a given Right Line. It is required 9 to 
^ cut the fame fo, that the Redangle contained 
under the Whole, and one Segment thereof, be equal 
to the Square of the other Segment. 

Defcribe* ABDC the Square of AB 5 bifed AC in • 4** f * 
E, and draw BE : Alfo produce CA to F, fo that EF 
be equal to E B. Defcribe * F G H A the Square of 
AF, and produce GH to K. I fay, AB is cut ii*H fo, 
that the Redangle under AB and B H is equal to the 
Square of A H. 

For fince the Right Line AC is bifeded in E, and 
AF is diredly added thereto, the Redangle under CF 
and FA, together with the Squareof AE, will be f equal t 6 9 f thiu 
to the Square of EF. But EF is equal to EB. There- 
fore the Redangle tinder CF and F A, together with the 
Square of AE, is equal to the Square cl EB. But the 
# Squares 
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*— t. Squares of BA and AE are J equal te the Square of^EB j 

for the Angle at A is a Right Angle. Therefore the 
Redangle under CF and FA, together with the Square 
of AE, is equal to the Squares of BA, and AE. And* 
taking away the Square of AE, which is common, the 
remaining Re^tngle under CF and FA is equal to the 
Square of AB. But FK is the Redangle under CF and 
FA } fince AF is equal to FQ ; anckthe Square of AB 
is AD. Wherefore the Rectangle FK is equal to the 
Square AD. And if AK, which is common, be taken 
from both, then the remaining Square FH is equal to 
the remaining Redanglc H D. But H D is the Red- 
angle under AB and BH, fince AB is equal to BD ; and 
FH is the Square of AH. Therefore, the ReSiengle 
under AB and BH jhall be rn>.J to the Square of AH. And 
fo the given Right Lin Ab »r cut in H ,fo that the Redi- 
angle under A B and B H is equal to the Square of A H j 
which was to be done. 

PROPOSITION XII. 

Theorem. 

In an obtufe-angled Triangle, the Square of the Side 
fublending the obtufe Argle is greater than the 
Squar/s of the Sides containing the obtufe An- 
gle, by twice the Reel angle under one of the 
Sides, containing the obtufe Angle, viz. that on 
, which , produced , , the Perpendicular falls , and 
the Line taken without , between the Perpen- 
dicular and the obtufe Angle. 

T ET ABC be an obtufe-angled Triangle, having 
• i*. i. - LJ the obtufe Angle B AC ; and * from the Point B 
draw B D perpendicular to the Side CA produced. I 
lay, the Square of B C is greater than the Squares of 
BA, and AC, by twice the Redangle contained under 
CA, and AD. 

For, becaule the Right Line CD is any how cut in 
f 4 »f tbit, the Point A, the Square of CD fhall be f equal to the 
Squares of CA, and AD, together with twice the 
Redangle under C A, and A D. And if the Square 
of BD, which is common, be added, then the Squares 
£>f CD and PB are equal to the Squares of CA, AP* 

anil 
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and DB, and twice the Redangle contained under C A 
and AD. But the Square of CB is * equal to the * 47. t. 
Squares of C D, DB; for the Angle at*D is a Right • 
one, fince BD is perpendicular ; and the Square of AB 
is *, equal to the Squares of AD and DB. Therefore 
the Square of CB is equal to the Squares of CA, and 
AB, together with twice a Redangle under CA, and 
A D. Therefore* in an obtufe anglsd Triangle , the 
1 Square of the Side fuhtending the obtufe Angle it greater 
than the Squares of the Sides containing the obtufe Angle, 
by twice the Reilangle under one of the Sides containing 
the obtufe Angle, viz. that on which, produced, the Per- 
fendicular falls, and the Line taken without, between the 
Perpendicular and the obtufe Angle ; which was to be 
demonftrated. 

PR 0 POSITION XIII. 
Theorem. 

In an acute-angled T riangle , the Square of the Side 
fuhtending the acute Angle is left than the 
Squares of the Sides containing the acute Angle, 
by twice a Rectangle under one of the Sides 
about the acute Angle, viz. that on which the 
Perpendicular falls , and the Line ajfumed witb- 

. in the triangle, from the Perpendicular to the 

acute Angle. 

T ET ABC be an acute-angled Triangle, haviifg 
•*“* the acute-angle B; and from A let there* be • i*. 1. 
drawn AD perpendicular to BC. 1 fay, the Square of 
A C is lets than the Squares of C B, and B A, by twice 
a Redangle under C B, and B D. 

For, becaufe the Right Line CB is cut any how in 
D, the Squares of C B, and B D will be + equal to | 7 
twice a Redangle under C B, and B D, together with 
the Square of DC. And if the Square of AD be 
added to both, then the Squares of C B, B D, and 
DA, 'are equal to twice the Redangle contained un- 
der C B, and B D, together with the Squares of A D, 
and D C. But the Square of A B is $ equal to the 1 47- *• , 
Squares of B D, and DA; for the Angle at D is a 
Right Angle. And the Square of A C is J equal to 
• ' c the 



tz 


Euc/iSs Elements. Boofc&I. 

the Squares of AD and DC. Therefore the Squares 
of CB and B A are equal to the Square of AC, to- 
gether with twice the Reft angle contained under CB 
and BD. Wherefore the Square of AC, only, is lets 
than the Squares of C B and B A, by twice the Reft- 
angle under C B and B D. Therefore, in an acute- 
angled Triangle, the Square of the Side fubtendSng the 
acute Angle is left than the Squares of the Sides contain- 
ing the acute Angle, by twice a ReStangle under one of 
the Sides about the acute Angle, viz. that on which the 
Perpendicular falls, and the Line ajjumed within the 
Triangle , from the Perpendicular to the acute Angle j 
which was to be demonftrated. , 

PROPOSITION XIV.' 

Problem. 

To make a Square equal to a given Right-lined 
Figure. 

T E T A be the given Right-lined Figure. It is re- 
quired to make a Square equal thereto. 

*4j. r. Make* the Right-angled Parallelogram BCDE 

equal to the Right-lined Figure A. Now if BE be 
equal to ED, what was propofed will be already done, 
lince the Square BD is made equal to the Right-lined 
Figure A : But if it be not, let either B E or ED be 
the greater : Suppofe BE, which let be produced to F j 
fo that EF be equal to ED. This being done, let BF 
f 10. i. be f bifcfted in G, about which, as a Centre, with the 
Diftance GB, or GF, defcribe the Semicircle BHF ; 
and let DE be produced to H, and draw GH. Now, 
becaufe the Right Line BF is divided into two equal 
Parts in G, and into two unequal ones in E, the Reft- 
angle under BE and EF, together with the Square of 
tstftb*. GE, (hall bej equal to the Square of GF. ButGFis 
equal to GH. Therefore the Reftangle under BE and 
EF, together, with the Square of GE, is equal to the 
Square of GH. But the Squares of HE and GE are 
♦ 47 . >• * equal to the Square of GH. Wherefore the Reftangle 

under BE and EF, together with the Square of GE, is 
equal to the Squares of HEand GE. Andif thcSquare 





BoofeJI. Euclid $ Elements* 

of EG, which is common, be taken from both, the 
.remaining Redangle, contained under BE and EF, is 
Wquai to the Square of EH. But the Re&rfhgle under 
rB E and E F is the Parallelogram B D, becaufe E F is 
equal to E D. Therefore the Parallelogram B D is 
uequal to the Square of EH } but the Parallelogram BO 
Js equal to the Right-lined Figure A. Wherefore the 
^Right-lined Figure A is equal to the Square of EH. 
And fo, there is a Square made equal to the given Right- 
lined Figure A, viz. the Square of EH . ; which was tq 
be done. 
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Tbe End of the Second Book. 
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BOOK III. 

DEFINITIONS. 

I. TfQUAL Circles are fucb wbofe Diameters 
•*—* are equal or from wbofe Centres tbe Right 
Lines that are drawn are equal. 

II. A Right line is J 'aid to touch a Circle , when 
meeting tbe fame t and being produced , it does 
not cut it. 

HI. Circles are faid to touch each other > which 
meeting do not cut one another. 

JV. Right lines in a Circle are faid to be equally 
diftant from tbe Centre , when Perpendiculars 
drawn from tbe Centre to them are equal. 

V. And that line is faid to be farther from tbe 
Centre, on which tbe greater Perpendicular 
falls. 

VI. A Segment of a Circle is a Figure contained 
under a Right Line , and a Part of the Cir- 
cumference of a Circle. 

VII. An Angle of a Segment is that which is 
contained by a Right Line , and tbe Circumfe- 

. rence of a Circle. 

VIII. 
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yilL 0 tttngU is faid to be in a Segment ’, when 
' ' timed* oint is taken in the Circumference thereof , 

1 and from it Right Lines are drawn to the Ends 

of that Right Line , which is the Safe of the Seg- 
ment-, then the j I ngle contained under the Lines , 
i fo drqwn, is faid to be an Angle in a Segment. 

\IX. But* when toe Right Lines containing the 
* Angle do receive any Circumference of the Cir- 
cle, then the Angle is faid to ftand upon that 
Circumference. 

X. A Seltor of a Circle is that Figure, which is 
comprehended between two Right Lines , drawn 
from the Coritre, and the Circumference con- 
tained betwun them. 

XI. Similar Segments of Circles are tbofe , which 
include equal Angles , or whereof the Angles in 
them are equal . , 

PROPOSITION L 

Problem. 

To find the Centre of a Circle given. 

L ET ABC be the Circle given. It is required 
to find the Centre thereof. 

Let the Right Line AB be any how drawn, * 
in it, which* bifedt in the Point D ; and let DC bef * 10> *• 
drawn from the Point D, at Right Angles to AB, II>> * 
which let be produced to E. 

Then, if EC be * bife&ed in F, I fay, the Point E 
is the Centre of .the Circle ABC. 

For, if it be not, let, G bp the Centre, and let GA, 

GD, G B, be drawtiti- Now, becaufe D A is equal to 
DB, and DG is connwony the two Sides AD, D G, 
are equal to the two Sides GD, D B, each to each ; 
alfo the Bafe G A is} equal to the Bale GB, for they 
are drawn from the Centre G. Therefore the Angle 
AD G is *eaual to the Angle G D B. But when a # *• ** 
Right Line uanding upon a Right Line makes the 
adjacent Angles equal to one another, each of the 
equal Angles will the a Right Angle. Wherefore f d</. io.i, 
• F the 
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m* the Angle GDB is a Right Angle. But alfoa. 

Right Angle. Therefore, the Angle FDB isequalro 
the Angle GDB, a greater to a lefs, which if adlurd. j 
Wherefore G is not the Centre of the Circle ABC. ^ 
After the fame manner we prove, that no other Point, 
itnlefs F, is the Centre. Therefore, F is the Centre A 
of the Circle ABC} which was to be founds 

f f 

Coroll. If in a Circle any Right Line cuts another Right 
Line into two equal Parts and at Right Angles, the 
Centre of the Circle will be in that cutting Line. 

PROPOSITION II. 

Theorem. 

If any two Points be affumed in tb) Circumference 
of a Circle , the Right Line joining tbofe two 
PoiWlJhall fall within the Circle . 

T ETABCbea Circle ; in the Circumference of 
^ which let any two Points A, B, be afliimed. I 
fay, a Right Line drawn, from the Point A, to the 
Point B, falls within the Circle. 

* iiftblu Find D * the Centre of the given Circle, and let 
any Point E be taken in the Right Line A B, and let 
DA, DE, DB, be joined. 

Then becaufe DA is equal to DB, the Angle DAB 
I* 5! 1. •will be f equal to the Angle DBA ; and fince the Side 
AE of the T riangle DAE is produced, the Angle DEB 
% 16. x. will bet greater than the Angle DAE. But the Angle 
• DAE is equal to the Angle DBE$ therefore the Angle 
DEB is greater than the Angle DBE. But tbegreater 
1 19. x. Angle fubtends the greater Side. Wherefore D B J is 
greater than DE. But DB only comes to the Circum- 
ference of the Circle ; therefore' D E does not reach Co 
far. And fo the Point E falls within the Circle. 
Therefore, if two Points are ajfumed in the Gram - 
ference of a Circle , the Right Line joining thofe two 
Points Jhall fall within the Circle ; which was to be 
deknpnftrated. 

Coroll. Hence if a Right Line touches a Circle, it 
will couch it in one Point only. 

PRTK 
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. .jRO POSITION. III. 

^ Theorem. 

jlj in a Circle , a Right Line drawn thro* the Cen- 
tre cuts any other Right Line , not drawn thro * 
the Ctttfre, inn equal Parts , it Jhall cut it at 
Right Angles \ and if it cuts it at Right Angles , 
it /ball cut it into two equal Parts. 

T ET ABC be a Circle, wherein the Right Line CD, 
drawn thro’ the Centre, bifedts the Right Line 
AB,?not drawn thro* the Centre. I lay, it cuts it at 
Right Angles. ’ 

For, * find E the Centre of the Circle, and let EA, * 1 •fstu. 
EB, be joined/ 

Then hepatite AF is equal to FB, and FE is com* 
mon, the two Sides A F, F E, are equal to the two 
Sides BF, FE, each to each ; but the Bate Apis equal AA 
to the Bale EB. Wherefore the Angle AFE (hall be f 1 8 . 1. . 
equal to the Angle BFE. But when a Right Line 
Banding upon a Right Line makes the adjacent Angles 
equal to one another, each of the equal Angles is % a t Def. ic.i 
R ight Angle. Wherefore AFE, or BFE, is a Right 
Angle. And therefore the Right Line CD drawn thro’ 
the Centre, bi (Idling the Right Line A B, not drawn 
thro’ the Centre, cuts it at Right Angles. Now, if CD 
cuts AB at Right Angles, I fay, ft willbife&it; that is, 

AF yill be equal to FB.' For the fame Conftrudioft 
remaining, becaute EA, being drawn from the Centre, 
is equal to EB, the Angle EAF ihall be * equal to the * 5. r. 

' Angle E B F. But the Right Angle AFEis equal to 
the Right Angle BFE: Therefore the two Triangles 
EAF, EBF, have two Angles of the one equal to two 
Angles of the other, and the Side EF is common to 
^»>ta. Wherefore the other Sides of the one ihall be 
f equal to the other Sides of the other : And fo A F f *6. 
will be equal to FB. Therefore, if in a Circle , a Right 
Line drawn thre' the Centre cuts any ether Right' Line, 
net drawn thro * the Centre , into two equal Partsiti '/ball- 
cut if at Right Angles ; and if it cuts it at Right An- 
gles, it /hall cut it into two equal Parts ; which was to 
be demonftntcd. 

F 2 
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PROPOSITION iy. 

r 

Theorem. 

If in a Circle two Right Lines . not being drawn j 
thro * the Centre, cut each ether, tbtf'will notf 
cut each other into two equal Parts.- * 

T ET ABCD be a Circle, wherein two Right Lines 
AC, BD, not drawn thro* the Centre, cut each 
other in the Point £. I fay, they do not bife& each 
other. I * 

For, if poifible, let them bife£t each other, fo that 
A £ be equal to E C, and B E to E D. Let the Centre 
i *f tbit. F of the Circle A B C D be f found, Vnd join E F. 

Then, becaufe the Right Line F E, drawn thro’ the 
Centre, bifefls the Right Line AC, not drawn thro* 
the Cem i ( w iH * cut AC at Right Angles. And 
lo FEA is a Right Angle. Again, becaufe the Right 
Line F E, drawn thrq’ the Centre, bife&s the Right 
Line BD, not drawn thro’ the Centre, it will *cut BD 
at Right Angles. Therefore F E B is a Right Angle. 
But FEA has been Ihewn.to be alfo a Right Angle. 
Wherefore the Angle FEA will be equal to the Angle 
FEB, a lets to a greater ; which is abfurd. Therefore, 
AC, BD, do not mutually bife& each other. And fo, 
if in a Circle two Right Lines, not being drawn thro * the 
Centre, cut each other, they will not cut each other in two 
equal Parts-, which was to be demonftrated. 

PROPOSITION V. 

Theorem. 


If two Circles cut one another, they /ball not have 
the fame Centre. 

T E- T the two Circles ABC, CDG, cut each other 
in the Points B, C. I fay, they have not the fame 
Centre. 

For, if they have, let it be-E, and join EC, and 
draw EFG at Pleafure. 

Now, 


4 
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Now, becaufeE is the Centre of the Circle ABC, 
CE will be equal to EF. Again, becaufe E is the Cen- 
tre of tfiVfifrde CDG, CE is equal to the EG. But CE 
has been mqprn to be equal to EF. Therefore EF 
Khali be equal to EG, a lefs to a greater, which can- 
not be. Therefore the Point E is not the Centre of 
j both the^Circlcs ABC, CDG. Wherefore, if tun 
V Circles etaSfte another, they /hall tut have the fame Ctn- 
* tre •, which was to be demonftrated. 

PROPOSITION VI. 

Theorem. 

If two Circle^ touch one another inwardly , they 
will not have one and the fame Centre. 

T E T two Circles ABC, CDE, touch cHtonother 
inwardly in the Point C. 1 fay, they wuKot have 
one and the fame Centre. 

For, if they have, let it be F, andjoinFC, anddraw 
FB any how. 

Then, becaufe F is the Centre of the Circle ABC, 
CF is equal to FB. And becaufe F is alfo the Centre 
of the Circle CDE, CF Khali be equal to FE. But CF 
has been Khewn to be equal to F B. Therefore F E is 
equal to F B, a lefs to a greater) which cannot be. 
Therefore the Point F is not the Centre of both the 
Circles ABC, CDE. Wherefore, if two Circles touch 
one another inwardly , they will not have one and the fame 
Centre j which was to bt demonftrated. 
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PROPOSITION 
Theorem. 

If in the Diameter of a Circle fomo Point be taken* 
which is not the Centre of the Circle , and from j 
that Point certain Right Lutes fall hn the Cir-f 
cumference of the Circle , the greateft of thefe 
Lines J ball be that wherein the Centre of ' the 
Circle is, the leaft, the Remainder of the fame 
Line . And of all the other Line*, the near eft to 
that which was drawn thro ’ tlm Centre , h al- 
ways greater than that more rtyote ; and only 
two equal Lines fall from the qbovefaid Point 
upon the Circumference^oh eacb Side of the 
leaft or greateft Line. 

T E T^ABCD be a Circle, whofe Diameter is AD, 
in which a flu me fome Point F, which is not the 
Centre of the Circle. Let the Centre of the Circle be E ; 
and from the PointF, let certain Right Lines FB, FC, 
FG, fall on the Circumference : 1 fay, FA is the great- 
eft of thefe Lines, and FD the leaft } and of the others 
F B is greater than F C, and F C greater than F G. 
For,' let BE, CE, GE, be joined. 

Then, becaufe two Sides of every Triangle are 
• io. i. •« greater than the third ; BE and £F are greater than, 
•BF. But AE is equal to BE- Therefore BE and EF 
are equal to AF. And fo AF is greater than F B. 

Again, becaufe BE is equal to CE, and FE is com- 
mon, the two Sides B E and F E are equal to the two 
Sides CE and EF. But the Angle BEF is greater than 
the Angle CEF. Wherefore the Bafe BF is greater 
t»4- 1- than the Bafe F C f. For the fame Reafon, CF is 
greater than F G. 

t ao. i t Again, becaufe GF and FEhrittMMiK than GE, 

• and G Eis equal to ED j GF i^RpHni be greater 
than ED; and if F£, which is common, be taken 
. away, then the Remainder G F is greater than the Re- 
mainder F D. Wherefore, F A it tit greateft ef the 
Right Lines , and F D the leaft : Alfa BF is greater than 
•FC, and FC greater than FQ. . 

'• ' Ifcy» 
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I fay, moreover, that there are only two equal Right 
Lines, that can fall from the Point F on ABCD, the 
CircumtShince of the Circle on each Side the fltortefl: 

Line FD. or at the given Point E, with the R:ght 
Line EF, matajithe Angle FEH equal to the Angle t * 3 - «• 
GEF, and joinXfcL Now becaufe GE is* equal to EH, 
and EF^s com moiik the two SidtfVGE and EF are 
equal to ™ two Sices HE and EF. But the Angle 
GEF is equal to the Angle HEF. Therefore the Bafe 
FG {hall be f equal to tne Bafe FH. I fay, no other t 4- >• 
Right Line falling from the Point F, on the Circle, can 
be equal to F For if there can, let this be F K. 

Now, fince FH is equal to FG, and FH is alfo equal 
to Fu ; therefore FK will be equal to FH, viz. a Line 
drawn nigher tcathat paffing thro’ the Centre, equal to 
one more remote, which * cannot be*, lf 9 therefore, * by tbit, 
in the Diameter of a Circle , feme Point be taken , which 
is not the Centre of the Circle , and from that Point cer- 
tain Right Lines fall on the Circumference of (be Circle , 
the greatejl of thefe Lines Jhallbe that wherein the Cen- 
tre of the Circle is \ the leajt 9 the Remainder of the fame 
Line. And of all the other Lines , the near eft to that 
which was drawn thro 9 the Centre , is always greater 
than that more remote ; and only two equal Lines fall 
from the abovefatd Point upon the Circumference , on each 
Side of the leajl or greatejl Line $ which was to be dc- 
monftrated. 
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PROPOSITION VIIJ.. 


Theorem. J 

If fame Point ^affumed witbosif a Circle , and 
fr.om it certain Right Linei he drafts to the _ 
Circle, one of which paffes thro ’ thejdentre, hut £ 
the other any how ; the greateft of the Lines 
which fall upon the concave Parr of the Cir- 
cumference of the Circle , is tbaf pafftng thro * 
the Centre ; and of the others, hhat which is 
nearefi to the Line, paffing tbro'iihe Centre, is 

. greater than that more remote. &«/ the leajl of 
the Lines that fall upon the convex Circumfe- 
rence of the Circle , is that which lies between the 
Point and the Diameter ; and of (be others, 
that which is nighty to the ledft', 'is lefs than 
that which is farther diftant ; and from that 
Point there can be drawn only two equal Lines, 
which fhall fall on the Circumference on each 
Side the leaf Line. 


t rfih'ti 


Ml f. 


t E T ABC be a Circle, out of which take any Point 
D. From this Point let there be drawn certain 
Right Lines DA, DE, DF, DC, toiheCircle, where- 
of D A pafles thro' the Centre. I fay j D A, which 
pafles thro* the Centre, is the greateft of the Lines fall- 
ing upon AEFC, the concave Circumference of the 
Circle : Likewife D E is greater than DF, and D F 
greater than DC. But of the Lines that fail upon 
HLKG the convex Circumference of the Circle, the 
leaft is DG, w»> f. the Line drawn from D, tu the Dia- 
meter GA i arid drat which is neareft the leaft DG, is 
always lefs than that more remot^^ha^s, DK is 
left than D L, and D L left than 
- For, find * M the Centre of the Untie ABC , and 
Id ME, MF, MC, MH, ML, MR, be joined. 

Now, hecaufe AM is equal to EM $ if MD, which 
Is common, be added, A*D will be equal to EM and 
MO. But E M and M D are t greater dun E Os 
■ - * there? 
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therefore AO is alfo greater than ED. - Again, be* 
caufe ME is equal to MF, and MD is common, then 
* ME and Ad D mall be equal to MF and MD ; but the 
Angle EML& is greater than the Angle FMD. There* 
fore the BafeSED will be f greater than the Bale FD. t *+• r. 
We prove, in rtje.famc manner, that F D is greater ' 
than CD. Wherefere, DA it dittfjgyttji of tbt Right 
Lines fdfifog from we Point D; IKS it greater than 
IDF, njft/ fitF is greater than DC.- 

Moreoverlbecaufe MK and KD are * greater than • *c. i. 
MD, and Mte is equal to MK j then the Remainder 
KD will f be greater than the Remainder GD. And f A*. 4. 
fo GD is lefs thin KD, and confequently is the leaft. 

And t*ecaufe twp Right Lines MK, KD, are drawn 
from M ard mm the Point K, within the Triangle 
MLD, MK, aid KD, are t lefs than ML and LD ■, j a s. 1. 
but MK .'qua to ML. Wherefore the Remainder 
DK is jia **»an the. Remainder DL. In like manner 
we den ni . ate, that DL is lefs than DH. Therefore, 

DG if the lenfi • and DK is lefs than DL. and DL than 
DH. 

I fay likewife, that from the Point D only two equal 
Right Lines can fall upon the Circle on each Side the 
leaft Lme. For, make * the Angle DMB at the Point * *3. r. 
jy 1 , with the Right Line MD, equal to the Angle 
KMD, and join DB. Then, becaufe MK is equal to 
MB, and Ml) is common, the two Sides KM, MD, 
are equal to the two Sides MB, M D, each to each ; 
but the Angk KMD is equal to the Angle BMD. 
Therefore the Safe O K is f equal to the Bafe D fit 1 4 * *• 
Now 7 fay, no other Line can be drawn from the Point 
D to the Circle equal to DK , for, if there can, let it 
be DN. Now, unce DK is equal to DN,. as alio to 
DB, therefore DB (hall be equal to DN, viz . the Line 
drawn neareft to the leaft equal to that more remote, 
which has been # (hewn to be impoffible. Therefore, • by ttiu 
if feme Point be ajfumed without a Circle , and from it 
certain RightLine& he drawn to the Circlip one of which 
pajjes the of hers any haw 3 the great - 

eft of the gAffftytfflftffilL Open iheconcave Peart of the Cir* 
cumftrence of the Circle % .h that faffing thro 9 the Centre 5 
and of the others , that which isnearyt to the Line, faff- 
ing thro* the, Centre, is greater than that mere remote . 

J$ut the ietjfi *f tie Lines that, faU upon the convex Cir - 

* f " cumftrence 
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cumference of the Circle % is that which lies Between the . 
Point and the Diameter ; and of the others , that which is 
nigher to the leaf , is left than that wbiclfts farther 
dtftant ; and frqm that Point there can he Mown only two 
equal Lines , which {hall fall on the Circumference on each 
Side the leaf Lin^^e hich was to b^femonftrated, 

P R oT 0 S I T N if. 

\ 

Theorem. 


If a Point be ajfumed in a Circle , from it more 

than two equal Right Lines b& drawn to the 
Circumference ; then that Point § the Centre of 
the Circle. 


T ET the Point D be alTumed within the Circle 
ABC; and from the Point D, let there fall more 
than two equal Right Lines to the Circumference, viz. 
the Right Lines D A, D B, D C. I fay, the afliimed 
Point D is the Centre of the Circle ABC. 

For, if it be not, let E be the Centre, if poffible ; 
and join D E, which produce to G and F. 

Then F G is a Diameter of the Circle ABC; and 
fo, becaufe the Point D, not being the Centre of the 
Circle, is afliimed in the Diameter F,G ; therefore DG 
will * l>e the greateft Line drawn from D to the Cir- 

J umference, and DC greater than DB, and DB than 
)A ; but they are alfo equal, which is abfurd. There * 
fore E is not the Centre of the Circle ABC. And in 
this manner we prove, that no other Point, except D, is 
the Centre ; therefore D it the Centro if the Circle ABC } 
which was to be demonftrated. 


Otherwifo: 

Let ABC be the Circle, within gfoic h|ajce the Point 
D, from which let more than taiviMflilldl^ght Line* 
fall on the Circumference of the Circle, viz. die three 
equal ones DA, DB, DC: I fay, the Point D is the 
Centre of the Circle ABC.' ’ ' - 

For, join AB, B C; which bifefl f in the Points 
E and Z; as alfo join ED, DZ; which produce to- 

iho 
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•the Points H, K,' 0 » L; then, becaufe AE is equal to 
EB, and ED is common, the two Sides AE, ED, fhall 
be equaftb'the two Sides BE, ED. And the Bafe DA, ' 
is equal to ftw Bafe D B : Therefore the Angle AED 
will be * equsHkao the Angle BED} and fo [by Def. < 
10. i.] each oN(he Angles AE^^BED, is a Right 
Angle: ^hersforeWK, biiz&uiMMLgt cuts it at' Right 
. Angles. And beCaufea Right Linein a Circle, bife£t- 
ing anothenRight Line, cuts it at Right Angles, and 
the Centre If the Circle is in the cutting Line, [by 
Cor. i. 3.] \herefore the Centre of the Circle ABC 
will be in H Kk For the fame Reafon, the Centre of 
the £ircle will pc in OL. And the Right Lines HK, 
O L‘, have nopther Point common but D : Therefore 
D is the CmtrXof the Circle ABC} which w 4 s to be 
demonftrated. f 


PROPOSITION X. 

Theorem. 

A Circle cannot cut another Circle in more than 
two Points. 

rj'OR, if it can, let the Circle ABC cut the Circle 
" DEF in more than two Points, viz. in B, G, F j 
and let K be the Centre of the Circle ABC, and join 
KB, KG, KF. 

Now, becaufe the Point K is affumed within the 
Circle DEF, from which more than two equal Right 
Lines KB, KG, KF, fall on the Circumference, the 
Point K fhall be f the Centre of the Circle DEF. f 9 »/ tUt . 
But K is % the Centre of the Circle ABC. Therefore t B j Bit. 
"K will be the Centre of two Circles cutting each other } 
which is • abfurd. ■ Wherefore, a Circle cannot cut a * 5 
* Circle in more them, two Points } which was to be de* 
moitftraiei^w*- 4 - 


PRO- 
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PROPOSITION XI. 


Theorem. 

If two Circles touch each other onjtfe Injide, and 
the Centres fttfound, tbe_f!me Joining their 
Centres withal i 


thofe Circles. 


on the [Point of)0onta& of 


{ 


T GT two Circles ABC, ADE, toudC one another 
^ inwardly in A ; and let F be the/ Centre of the 
Circle ABC, and G that of ADE. I fay, a Right Line 
joining the Centres G and F, being! produced I * will 
fall in the Point A. ? 

If this be denied, let the Right Lin:, joining FG, 
cut the Circles in D and H. ' 

Now, becaufe AG and GF are greater than AF, 
* that is, than F H ; take away F G, which is com- 
mon, and the Remainder AG is greater than the Re- 
mainder G H. But A G is equal to G D j therefore 
G D is greater than G H, the lefs than the greater j 
which is abfurd. Wherefore, a Lint drawn thro * the 
Points F and G, will not fall out of tie Point of Con - 
ta£l A, and fo necejfarily mujl fall on it j which was to 
be demonftrated. 


PROPOSITION XII; 

Theorem. 

If two Circle touch one another on the Outfide , a 
Right Line joining their Centres will pafs thro* 
the [Point of] ContaR. 

1 ET two Circles ABC, ADE, touch one another 
outwardly in the Point A} and let F be the Cen- 
tre of the Circle ABC, and G that of ADE. I fay, a 
Right Line drawn thro* the Centres F and G, will pais 
thro* the Point of Conta& A. 

For, if it does not, let, if poffible, FCDG, fall with- 
out it, and join FA, AG. 

Now, fince F is the Centre of the Circle ABC, AF 
will be equal to F C. And becaufe G is the Centre of 

the 
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<he Circle ADE,AG will be equal to GD : But AF 
has been (hewn to be equal to FC; therefore FA and 
'.AG see equal to FC and DG. And fo the whole FG 
is greater thisn FA and AG; andalfo lefs, * which is 
abfurd. “ “ 

F to G» 

was to be demonfifated. 


w iiusi i- n auu nuj unu Biiu icis, wnicii IS 
Therefore, a Right Line , drawn from the Point 
, will pdjbtygo* the Point ^ * which 


ition xnr. 


Theorem. „ 

One Circle caniot touch another in more Points than 

one, whether it be inwardly or outwardly . 

'OR, inthehrft Place, if thisbe denied, lettheCir- 
cle ABDC, if poflible, touch the Circle EBFD in- 
wardly, in more Points than one, viz* in B, and D. 

Ana let G be the Centre of the Circle ABDC, and 
H that of EBFD. 

Then a Right Line, drawn from the Point G to H, 
will f fall in the Points B and D. Let this Line be 
BGHlX And becaufe G is the Centre of the Circle 
ABDC, the Line BG will be equal to GD. There- 
fore BG is greater than HD, and BH much greater 
than HD. Again, fince H is the Centre of the Circle 
EBFD, the Line BH is equal to HD. But it ha9 been 
proved to be much greater than it, which is abfurd. 
Therefore, one Circle cannot touch another Circle in- 
wardly in more JPointt than one . 

Secondly, I^et the Circle ACK, if poflible, touch 
the Circle ABDC outwardly, in more Points than one, 
viz. in A and C } and let A and C be joined. 

Now, becaufe two Points, A and C, are aiTumed in 
the Circumferenceof each of the Circles ABDC, ACK, 
a Right Line joining thefe two Points will fall % within 
either of the Circles. But it falls within the Circle 
ABDC, and without the Circle ACK, which is abfurd. 
Therefore one Circle cannot touch another Circle in 
more Points than one outwardly. . But it has been 
proved, that one Circle cannot touch another»CircJe 
inwardly (iii moit Points tliait one]. Wherefore, one 
Circle cannot touch another in more Points than one, whe- 

-i 
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tier it bo inwardly or outwardly j which was to be de- 
snonftrated. 


PROPOSITION JLIV. 


-f 


HKORE 

Equal Right nms in ‘a Circle^ are equally diftant 
from the Centre ; and Right lines/ which ar» 
equally diftant from the Centre , jre equal be- 
tween tbemfelves. 


T ET hBD C be a Circle, wherMn are the equal 
Right Lines A B, CD. 1 faynthefeLufe&aie 
equally diftant from the Centre of thF Circle. 

For, let E be the Centre of the feircle A B D C j 
from which let there be drawn EF an«r EG, perpend^ 
cular to AB and CD ; and let AE and EC be joined. 

Then, becaufe a Right Line EF, drawn thro’ the 
• Centre, cuts the Right Line AB, not drawn thro’ the 
3 "f Centre, at Right Angles, it will * bife& the fame. 
Wherefore A F is equal to F B, and fo A B is double 
u»AF. For the fame Reafon CD is double to CG ; 
but AB is equal to CD; therefore A F is equal to 
C G : And becaufe AE is equal to EC, the Square of 
AE (hall be equal to the Square of EC. But the 
t47. i. Squares of AF and FE are f equal to the Square of 
A E j for the Angle at F is a Right Angle : And the 
, Squares of EG and G Cere equal tome Square of 
•EC, fince the Angle at G.i* a Right one. Therefore 
the Squares of AF and FE are equal to the Squares of 
C G and G El But the Square of A F is equal to the 
Square of C G ; for A F is equal to C G. . Therefore 
the Square of F E is equal to the Square of E G ; and 
$ D;f. 4- of fo FE equal to E G. Alfo Lines in a Circle are $ faid 
™"' to be equally diftant from the Centre, when Perpen- 
, «diculars drawn to them from the Centre are equal. 
Therefore, A B and C D art equally diftant from the 
Centro. 

But if AB and CD are equally diftant from the 
. C<tJtr«, that is, if f E be equal to E Q, I fay, A B is 
equgl to CD. . 

For, the. fame Conftru&ion being fuppofed, we de- 
moaftrate, as above, that AB is double to AF, and 

QD 
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•CD to GG } and becaufe AE is equal to EC, the 
Square of AE will be equal to the Square ’of EC. But 
the Squares of E F and F A are ^ equal to the Square f 47' «. 
of AE} alfcithe Squares of E G and GC are equal f 
to the Square^f E C. Therefore the Squares of E F 
and FA are equkijo th&Squares of EGand GC. But 
the Square of £ Gls equal to the^^lre of E Fj for 
EG is equal to EF. Therefore the Square of AF is 
‘equal to thewquareof CG j and fo AF is equal toCG. 

But A B is double to A F, and C D to C G } whence 
A B is equal 3 *C D. Therefore, equal Right Lines in 
a Circle art equwly defiant from the Centre j and Right 
Lines, which #tr equally diflant from the Centre , are 
tquaf between ijemfelves j which was to be de^ncn- 
ftrated. ;J 

PROPOSITION XV. 

¥ 

Theorem. 

A Diameter is the great eft Line in a Circle ; and of 
all the other Lines therein , that which is nearcjt 
to the Centre is greater than that more remote. 

T E T ABCD be a Circle whofe Diameter is AD, 
and Centre E j and let BC be nearer to the Cen- 
tre than FG. ' I fay, AD is the greateft, and B C is 
greater than FG. 

For, letthe Perpendiculars EH, EK, be drawn from 
the Centre E to BC, FG. Now, becaufe BC is nearet 
to the Centre than FG, EX will be greater than EH. 

Let EL be equalto EH ; draw LM thro’ L at Right , 
Angles to EK, which produce to N; and let EM, 

EN, EF, EG, bejoined. 

Then, becaufe EH is equal to EL, the Line BC 
will be equal to MN *. And, fince AE is equal to * 

EM, and DE to EN, AD will be equal to ME and 
£N. But ME and EN aref greater than MN : And t 
fo AD is greater, than MN } and NM is equal to BC. 
Therefore AD is greater than BC^And fince the two 
Sides EM, EN, are equal to the two Sides FE, EG, 
andtbe Angle MEN greater than the Angle FEG, the 
Bale MN foali be J greater than the Bale FG. But t *4- *> 
MN is equal to BC. Therefore BC is greater than 
.• ■ F G • 


14 0 / iiiu 
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F G, And fo die Diameter -AD. is the greateft, and . 
B C is greater than F G. Wherefore, thi Diemtler is 
the grtattjl Lint in a Circle j and if nil the ether, Lines 
therein* that which if ntartft te the Centre is treater than 
that mere remote \ which Was to he dem^nurated. 

B R CMP O S I T I &N XVI. 

Theorem. -if 

. • r- 

A Line drawn from the extreme f ffiinf] of tie 
Diameter of a Circle at Right Jangles to that 
Diameter , Jhall fall without ten Circle \ 0 an& 
between the /aid Right Line , and the Circum- 
ference, no other Right Line «» be drawn ; 
and the . Angle of a Semicircle a greater than 
any Right-lined acute / ingle i t and the remain- 
ing Angk [viz. without 4be Circumference ] is 
lefs than any Right-lined Angle. 

T ETABCbea Circle, whofe Centre is -D, and 
■*“* Diameter A B. I lay, a Right ’Line, drawn from 
the Point A at. Right Angles to A B, fails without the 
Circle. 

For, if it does not, let it fall, if poffible, within the 
Circle, as AC; and join DC. 

Now, hecaufe DA is equal to DC, the Angle DAC 
(hall be * equal to the Awe ACD. Rut DAC is a 
Right Angle; thereforeACD is a Right Angle : And 
accordingly the Angles DAC, ACD, are equal to two 
t *7- *• Right Angles.; which is abfurd Therefore a Right 
Line, drawn from the Point A at Right Angles tp BA, 
will not fall within the Circle; and fo likewiie we 
prove, that it neither falls in the Circumference. 
Therefore, it will noctfJdAly fall without' the fame. 
Which now let be A£. 

Again, between the Right Line AE and the Cir- 
cumference CHA, no other Right Lure can be drawn. 
t **• *• For, if ttiere-cci, .let it be- FA; and let % DG be 
drawn, from tbe Centre D» at Right, Angles to FA. . 

Now* becaufe AGD is a Right Angle* and DAG 
is lefs U»n a Right Angle,- DiLwtfiwK greater than 
**» >• DG *. But DA is equal to DH, Therefore ,DRi$ 
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• greater thsa DG, the lefs than the greater ; which is 
abfurd. Wherefore, no Right Lint cun he drawn be- 
tween A E, and the Circumference AHC. I fay* more- 
over, that -t^e Angle of the Semicircle, contained 
under the Right Line B A, and the Circumference 
CHA, is greater rthan any Right 1 Ji£ed acute Angte; 
and the remaining Angle containe&under the Circum- 
ference CHA, and the Right Line- A E; is lefs than 
any Right-lroed Angle. 

For if any]Right-lined acute Angle be greater than 
the Angle contained under the Right Line B A, and 
the Circumference CHA ; or if any Right-lined An- 
gle bg lefs than t'jiat contained under the Circumference 
CHA, and the .Right Line AE; then a Right Line . 
may be drawn hjtween the Circumference GHA, and 
the Right Line AE, making an Angle (contained under 
Right Lines) greater than that contained under the 
Right Line BA, and the Circumference CHA, and lefs 
than that contained under the Circumference. CHAs 
and the Right Line AE. But fuch a Right Line'can- 
not be drawn, from what has been proved. There* 
fore, no Right-lined acute jingle it greater than the Angle 
contained under the Right Line B A, and the' Circumfe- 
renct CHA; nor left tod&tho Angle contained under the 
Circumference CHA, and the Right Line A‘E ; which 
was to be demonfirated. : 

Cored. From hence itismanifcft, that a Right Line; 
drawn at Right^ngles, on the End of the Diameter., ’ 

of a Circle, touches the Circle, and .that in one 
Point otlly, be&ufe, if it fhbuld meet it'iii two 
Points, it would fall within the fame ; •’heat hat been * a tfttoi* 
demonfirated ■ : ■ 

' PROPOSITION XVJIU 
Probl E M. 

T u dram d Right Uneframd fkotn Point , that 
fhatl touch . . 

I ET A"be the Point given, and BCD the Circle;. 

It it retmircd to draw a Right Line from the Point 
A, that fhatl touch the given CifcleJBCD. * ^ 

.• 6 Let 
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Let E be the Centre of the' Circle,' andjoin AE j ‘ 
c then about the Centre E, with the Diftance EA, 'de- 

*iu i fcribe the Circle AFGj draw D F* at Right Angles 

td E. A, and join E B‘F, and A B. 1 fy, the Right 
Line A B js drawn from the Point A, touching t$S 
Circle. BCD. ‘ / 

For, fincc E is the Centre Of the Circles BCD, 
AFG, the Line EA will bejequal to EF^and ED' to 
E B. - Therefore the two Sides A E, E B,. are equal to 
the two Sides F E, E D, each to each j Jind they con- 
tain the common Angle E. Wherefore the Bafe DF 
+ 4 .. i. is f equal to the Bafe AB, and the Triangle DEF 
equal to the Triangle E B A, and thtjj remaining An- 
gles of the one equal to the remaining Angles of the 
other. And fo the Angle E B A is ecBial to the Angle 
EDF. But EDF is a Right Angle. Wherefore EBA 
is alfo a Right Angle, and E B is a Line drawn from 
the Centre ; but a Right Line, drawn from the Ex- 
tern 16 .of tremity of the Diameter of a Circle at Right Angles % 
'*'*• to it, touches the Circle. Wherefore, A B touches the 
Circle i which was to be doAe. 

PROPO$I7J£>N. XVIII.. 
Theorem. 

If any Right Line touches a Circle , and from the 
, Centre to the Point of ContaBa Right Line it? 
drawn ; that Line wilt be perpendicular to the 
tangent. 

T E T any Right Lae D E touch a Circle AB C‘in 
_ the Point C, and let there he drawn the Right 
Line F C from the Centre F . 1 I fay, F G is perpendi- 
cular to DE. 

* **• For, if it be not, let FG be drawn * from the Cen- 
'*treF, perpendicular toDE. •• 

* " * Now, becauMpe Angle F G C Right Ariglei 
• »f the Angle G C.rwiRbe fan acu td Angle ; and ac- 
eordingly the AngleF.GC is greater than the Anglf 
'ft'*#' , • PC G jJjjit the greater Anglg fubfqnds i«w greater 
Side; ‘Therefore F C is greater thai F G. But F C 
if equal to FB. ' Wherefore FB i» gr«j(tfer'ftju» £<3, 
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a lets than a greater j which is abAird*. Therefore 
FGisnot perpendicular toDE. And in the fame 
manner we prove, that .no other Right Line but FC 
is perpendicular to.DE. Wherefore FC is perpendi- 
cular to DE: Therefore, if any Right Lint touches a 
Circle , and from the Centre to t he Point of Contafl a 
Right Line be drawn , that Line will be perpendicular to 
the Tangent j which was to be demonflrated. 



PROPOSITION XIX. 


, Theorem.. 

If any Righf f Line touches a Circle, and from 
the Point of Contact a Right Line be drawn 
at Right Angles to the Tangent , the Centre, of 
the Circle fhall be in the faid Line. 


T E T any Right Line DE touch the Circle ABC in 
C, and letCA be drawn from the Point C at Right 
Angles to DE. I fsw, the Circle's Centre is in AC. 

For if it be not, retJEL.be the Centre, if poffiblej 
andjoin CF. 

Then, becaufe the Right LineDE touches the Cir- 
cle ABQ, and FC is drawn from the Centre to the 1 . , 
Point of Contact ; FC will be perpendicular to DE *.*>*'/’ tUt, 
And fo the Angle FCE is a Right one. But ACE is . 
alfo a Right Angl^yjTihersfofe the Angle FCE is t Frm '*• 
equal to the AnglejJHpk'a left to a greater ; which 
is abford. TherefofOts not the Centre'of the Circle 
ABC. ' After this manner we prove, that the Centre 
of the Circle can 1 be in no other Line, but AC. 
Wherefore, if any Right Line touches a Circle, and • 

from the Point of Contact, a Right Line be drawn at 
Right Angles to the Tangent, the Centre of the Circle 
fhall he in the faid Lint ; which was to be dcmon- 
firated. 


a 
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PROPOSITION XX. 

Theorem. 

* * t 

The Angle at the Centre of the Circle is double to 
the Angle at the Circumference, when the' fame 
Arc is tie Bafe of both Angles, < 


T £ T ABC be a Circle, at the Centre E whereof is 
the Angle BEC, and at the Circumference, the 
Angle BAC, both of which ftand upon the fame Arc 
BC. I fay, the Angle BEC is double to the Angie 
BAC. # 

For join A and produce it to F. * 

Then, becaufe EA is equal to EB, the Angle EAB 
* 5* *• (hall be equal to the Angle EBA *. Therefore the 
Angles EAB, EBA', are double to the Angle EAB; 
1 3*. i. but the Angle BEK is f equal to the Angles EAB, 
EBA ; therefore the Angle BEF is double to the Angle 
EBA. For the fame Reafon, the Angle FEC is double 
to EAG. Therefore the whole Angle BEC is double 
to the whole Angle BAC. .Agsfn, let there be another 
Angle BDC ; and join D£, which produce to G. 
We demonftrate, in the fame manner, that the Angle 
GEC is double to the Angle GDC j whereof the. Part 
GEB is double to the Part GDB. And therefore the 
remaining Part BEC is double to the remaining Part 
BDC. Cohfequently^aui An^^U the Centre of a Cir - 
m «w de i f deuble te the Angle fit tWHmunferencei when tie 
fame Are is the Bafe »f loth Angles j which was to be. 
* * demonftrated. 


PROPOSITION XXI. 

Theorem. 

Angles that are in the fame Segment of a Circle , 
are equal to each other . 

T ET ABCDE be a Circle, and let BAD, BED., 
be Angles in the fame Segment theieof'BAED. I 
fay, tbofe Ang)es c ue equal. 

Fbr, 
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For, let F be the Centre of the Circle ABODE j 
and join BF , FD> , 

Now, becaufe the Angle BFD is at the Centre, and 
the Angle BAD at the Circumference, and they ftand 
upon the fame Arc BCD ; the Angle BFD will be J 1 so •ftUt, 
double to the Angle BAD. For the fame Reafon, the 
Angle BFD is alfo double to the Angle BED. There* 
fore the Angle BAD will be equal to the Angle BED. 

If the Angles BAD, BED, are in a Segment lefs 
than a Semicircle, let AE be drawn ; and then all the 
Angles of the Triangle ABG are f equal to all the 1 3** *• 
Angles of the Triangle DEG. But the Angles ABE, 

AD£, are equal, from what has been before proved; 
and the Angles AGB, DGE, are alfo equal J ; for j , s , 
they are vertiAl Angles. Wherefore the remaining 
Angle BAG is'equal to the remaining Angle GED. 
Therefore, Angles that art in tht fame Segment of a 
Circle^ are equal to each other ; which was to be de- 
monftrated.' 

PROPOSITION XXII. 

• T^h e o r e m. 

'<e- . 

The oppofite Angles of any quadrilateral Figure, , 
deftribed in a Circle , are equal to two Right 
Angles. 

T E T ABDC be a Circle, wherein is defcribed the . 

^ quadrilateral fimugABGQ. . I fay, two oppofitS 
Angles thereof are^RPto twd Right Angles. 

• Forjoin AD, BC.- . ■ 

Then, becaufe the three Angles of any T riangle are 
* equal to two Right Angles, the three Angles of the * 3*< »• 
Triangle ABC, was. the Angles CAB, ABC, BCA, 
are equal to two Right Angles. But the Angle ABC 
is f equal to the Angle ADC; for they are both in f*i 
the fame Segment ABDC. And the Angle ACB is 
t equal to the- A ngle APB, becaufe they are in the 
fame Segment AyDB; therefore the whole Angle 
BDG is equal to the Angles ABC, ACB ; and if the 
common Angle BAG be added, then the Angles BAG, 

ABC, ACB, arecqual to the Angles B AC, BDO; but 
the Angles BAC, ABC, AOB, arecqual $ to two Right 1 3*. a« 

G } - . Angles, 
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Angles. Therefore Jikewife, the. Angles SAC, BDC, , 
fliaU be equal to two Right Angles. And after the. 
fame Way we prove, that the Angles ABL), ACD, are 
alfo equal to two Right Angles. Therefore, the op - 
pojite Angles of any quadrilateral Figure , defiribed in a 
CirclMart equal to two Right Angles ; which was to be 
dcmffwrated. 


* Def. IX, 
#/ tbit. 


PROPOSITION XXIII. 

Theorem. 

Two fimilar and unequal Segments of two Qrcles 
cannot he fet upon the fame Right Line % and 
on the fame Side thereof . ^ 

ppOR if this be poffible, let the two fimilar and un- 
" equal Segments ACB, ADB, of two Circles, Hand 
upon the Right Line AB on the fame Side thereof* 
Draw AC D, an3 let CB, BD, be joined. Now, be- 
caufe the Segment ACB is fimilar to the Segment 
ADB, and fimilar Segments of Circles are*fuch 
which include equal Angles; tbif Angle ACB will be 
equal to the Angle ADB ;*TfIeout ward one to the in* 
t *6. I* ward one; which is f abfurd. Therefore, fimilar and 
unequal Segments of two Circles cannot he Jet upon the 
fame Right Line y and on the fame Side thereof ; which 
was to be demonftrated. 

• 

PROPO Sl XXIV, 

4 

Theorem. 

Similar Segments of Circles , being upon equal 
Right Lines * are equal to one another. 

T ET AEB, CFD, be fimilar Segments of Circles* 
ftanding upon the equal Right Line* AB, CD. I 
iky, the Segment AEB is equal to die Segment CFD, 
For the Segment AEB being applied to the ^Seg- 
ment CFD* fo that the Point A coincides with C, 
and the Line AB with CD ; then the Point B will 

r m. 
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• e qual. And fince the.Rjght Line AB coincides with 
»C D, the Segment AEB will coincide with the Seg- 
Vnent CFD. For if, at the fame Time that AB co- • 
incides with CD, the Segment AEB ihould not co- 
incide with the Segment CFD, but be otherwife, as 
CGD j then a Circle would cut a Circle fy more 
Points than two, viz. in the Points C, G, D; which 
is * impoffible. Wherefore, if the Right Line aB* 10 ^'*' 1 ' 
coincides with CD, the Segment AEB will coincide 
With, and-be equal to, the Segment CFD. Therefore, 
fimilar Segments of Circles, being upon equal Right Lines , 
are equal to one another j which was to be demon- 
ftrated. 

PROPOSITION XXV. 

t 

Problem. 

A Segment of a Circle being given , to defcrile the 
Circle whereof it is the Segment. 

T E T ABC be a Segment of a Circle given. It is 
^ required to defcribe a Circle, whereof ABC is a 
Segment. v • 

Bifeft* AC in D,' ?nd let DB be drawn f from the * *o. i. 
Point D at Right Angles to AC ; and join AB. Now t *»■ *• 
the Angle ABI) is either greater, equal, or lefs, than 
the Angle BAD. And firftlet it be greater and make % t 23- *• 
the Angle BAE at the given Point A, with the Right 
Line BA, equal to the Angie ABD j , produce BD to . 

E, and join EC. „ _ , * 

Then, becaufe thi^Ahgle jABE is tqual to the An- 
gle BftE, the Right Line BE .will be* equal to EA. * 6, 1. 
And becaufe AD is equal to DC, and DE common, 
the two Sides AD,- DE, are each equal to the two 
Sides CD, DE; and the Angle ADE is equal to the 
Angle CDEj for each is a Right one. Therefore 
the Bafe AE is equal to the Bafe EC. But AE has 
been proved to be equal to EB. Wherefore BE is 
alfo equal to EC. And , accordingly the three Right 
Lines AE, .EB, EC, ,a.Mf equal to each other. There- 
fore .a Circle deferibed about the Centre E, with ei- 
ther, of the Diftances AE, EB, EC, ffhall pafs thro’ fgn/itk. 
the other Points, and.be that required to be deferibed. 

But it it manifeft, that the Segment ABC is left than 
• G 4 a Semi- 
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e : Semicircle, becaufe the Centre thereof is without * 
the fame. 

- But if the Angle ABD be equalto the Angle BAD! 
then if AD be made equal to BD, or DC, the three 
Right Lines AD, BD; DC, are equal between them* 
felves, and D will be the Centre of the Circle to be. 
defcribed, and the Segment ABC is a Semicircle. 

But if the Angle ABD is lefs than the Angle BAD, 
let the Angle BAE be made, *t the given Point A, 
with the Right Line BA, within the Segment ABC, 
equal to the Angle ABD. . 

Then the Point E, in the Right Line DB, will, by 
arguing as before, appear to be the Centre, and ABC 
a Segment greater thiyi a Semicircle. Therefore, a 
Circle is defcribed , whereof a Segment & given ; which 
was to be done. 

PROPOSITION XXVI. 

Theorem. 

In equal Circles , equal Angles ftand upon equal 
Circumferences , whether tbpj he at their Cen - 
tresy or at their Circumferences . 

T ET ABC, DEF, be equal Circles ; and let BGC, 
EHF, be equal Angies at their Centres; and 
, BAC, EDF, equal Angles at their Circumferences/* 
I /ay, jthe Circumference BKC is equal to the Cir- 
cumference ELF. -w . , 

' For, let BC, EF, besomed. Becaufe ABC, DEF, 
are equal' Circles, the Lines drawn from their Centres' 
t D /f' *• will % be equal. * Therefore the two Sides BG, GC, 
are equal to the two Sides EH, HF ; and the Angle 
G is equal to the Angle H* Wherefore the Bale 
* 4* *• BC is * equal to the Bafe EF. Again, becaufe the 
Angle at A is equal to that at D, the Segment B A C 
+ D*f. ii. will be f fimilar to the Segment EDF; and they are 
upon equal Right Line? BC; EF. But thofc fimilar 
1 Segments of Circles, that are upon equal Right Lines, 

t *.4 * are { equal to each other. Therefore the Circutnfe- 

t ? »• rence BAC will be f equal to the Circumference EDF. 
But the whole Circumference ABCA is equal to the 
whole Circumference DEFD. Therefore the rcmaiiv 
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'ling Circumference BKC (hail be equal to the remain- 
ing Circumference ELF. Therefore, in equal Circles, 
equal Angles /land upon equal Circumferences , whether 
they be at their Centres , er at their Circumferences ; 
which was to be demonftrated. 


PROPOSITION XXVII. 


Theorem. 

Angles ; that Jland upon equal Circumferences In 
equal Circles , are equal to each other , whether 
they be at their Centres , or Circumferences. 

T ET the Angl^BGCj EHF, at the Centres of 
•*“* the equal Circles ABC, DEF, and the Angles 
BAC, EDF, at their Circumferences, ftand upon 
the equal Circumferences BC, EF. I fay, the Angle 
BGC is equal to the Angle EHF, and the Angle BAC 
to the Angle EDF. 

For if the Angle BGC be equal to the Angle EHF, 
it is manifeft, that Angle BAC is alfo equal to the 
Angle EDF : But if the Angle BGC be not equal to 
the A'ngle EHF, let one of them be the greater, as 
BGC, and make * the Angle BGK, at the Point G, * *J» a. 
with the Line BG, equal to the A'ngle EHF. But 
equal Angles ftand f upon equal Circumferences, 
when they are at the Centres. Wherefore the Ctrcunj- • 
fere nee BK is equal tq the C ircumference EF. But 
the Circumference EF is equapb the Circumference 
BC. Therefore BK is equal to BC, alefsto a greater, 
which is abfurd. Wherefore the Angle BGC is not 
unequal to the Angle EHF, .and fo it muft be equal to 
it. But the Angle at A is one half of the Angle 
BGC ; and the Angle at D is one half of the Angle 
EHF. Therefore the Angle at A is equal to the Angle 
at D. Wherefore, Angles, that Jland open equal Cir- 
cumferences in equal Circlet , are equal t» each ether, whe- 
ther they be at their Centres, er Circumferences i which 
was to be demonftrated. 


PRO- 
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PROPOSITION XXVIII. 

Theorem. 

In equal Circles , equal Right Lines cut off equal 
Parts of the Circumferences the greater Part 
of the one Circumference equal to the greater 
Part of the other , and the leffer , equal to the 
. leffer. 

T ET ABC> DEF, be equal Circles, in which 
— are the equal Right Lines BC, EF, which cut 
off the greater Circumferences BAC, EDF, and the 
leffer Circumferences BGC, E HF. I (Hy, the greater 
Circumference BAC is equal greater Circum- 
ference EDF, and the lefler Circumference BGC to 
the leffer Circumference EHF. 

For affume the Centres K and L of the Circles; 
and join BK, KC, EL, LF. 

Becaufe the Gircles are equal, the Lines drawn 
• ty- »• from their Centres * are alfo equal. Therefore the 
: two Sides B K, K C, are equal to the two Sides 
EL, LF ; and the Bafe BC is e^ual to the Bale EF. 
ft. i. Therefore the Angle BKC is f equal to the Angle 
j i 6 tf tbit. ELF. But. equal Angles Hand J upon equal Circum- 
ferences, when they are at the Centres. Wherefore 
. the Circumference BGC is equal to the Circumference 
EHF, and the whole Circumference ABCA equal to 
the whole Circumference DEFD ; and fo the remain- 
ing Circumference BA&fhall be equal to the remain- 
ing Circumference EEnr . Therefore, in equal Circles f 
equal Right Lines cut off equal Parts of the Circum- 
ferences i which was to be demonftrated. 

PROPOSITION XXIX. 


Theorem. 

In equal Circles , the Right Lines, which fubttnd 
equal. Circumferences, age equal. 


T ET there be two equal' Circles, ABC, DEF; 
^ and let the equal Circumferences BGC, EHF, 
be affutaed in them,- and BC, EF, joined. I fay, 

the 
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Line BC is equal to the Right Line 


* For, find*K and L, the Centres of the Circles; ** •/**»* 
an d j oin BK, ICC, EL, LF. • 

Then, becaufe the Circumference BGC is equal to 
the Circumference EHF, the Angle BKC (hall be 
+ equal to the Angle ELF. And becaufe the Circles f % 7 c /tbiu 
ABC, DEF, are equal, the Lines drawn from their 
Centres (hall be J equal. Therefore the two Sides t •*>'/• *• 
BK, KC, are equal to the two Sides EL, LIf; 
ard they contain equal Angles ; Wherefore the Bafe 
BC is f equal to the Bafe EF, And fo, in equal Cir - f 4» *• 
r/tx, the Right Lines , which fuhtend equal Circumfe - 
rencfi, are equal \ which was to be demonftrated. 

a _ . 


PRO 


SITION XXX. 


Problem. 

To cut 4 given Circumference into two equal 
Parts . 

J* r ' 

T E T the given Circumference bfe A D B. It is re- 
quired to cut the fame into two equal Parts. 

Join AB, which bifeft* in C; and let the Right * xo. x. 
Line CD be drawn from the Point C at Right Angles 
to AB f ; and join AD, DB. # t **• x* 

Now, becaufe AC is equal to CB, and CD is s 
common, the two Sides A C, CD, are equal to tlte 
two Sides B C, CD; but AC D is equal 

to the Angle BCD; for each* of them is a Right 
Angle: Therefore the Bafe AD is + equal to thef4* x. 
Bafe BD. But equal Right Lines cut $ off equal i •/**«. 
Circumferences. Wherefore the Circumference AD 
nhall be equal to the Circumference B D. Therefore, 
a given Circumference is cut into two equal Parts ; which 
was to be done. 


PRO- 
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Theorem. 


In a Circle , the Angle that is in a Semicircle, is a 
Right Angle ; but the Angle in a greater Seg- 
ment is lefs than a Right Angle ; and the Angle 
in a lejfer Segment , greater than a Right Angle: 
Moreover, the Angle of a greater Segment is 
greater than a Right Angle j and the Angle of 
a leffer Segment is lefs than a Right Angfg. 


Mfegft T ET there be a Circle ABQfiMvh&ie Diameter is 
" ' ^ BC, and Centre E; andjoiWm, AC, AD, DC. 

I fay, the Angle which is in the. Semicircle BAC is a 
Right Angle ; that which is in the Segment ABC be- 
ing greater than a Semicircle, viz. the Angle ABC is 
le&th&n a Right Angle; and that which is in die Seg- 
ment ADC being lefs than a Semicircle ; that is, the 
Angle ADC is greater than j^foht Angie.. 

For, join AE, and pradu^yA tor. 

Then, becaufe BE is equal to EA, the Angle EAB 
(hall be • equal to the Angle E B A. And becaufe 
A E is equal to E C, the Angle ACE will be * equal 
to the Angle CAE. Therefore the whole Angle 
BAC, is equal to -the two Angles ABC, ACB; 
hut the Angle FAC, being without the -Triangle 
ABC, is f equal to thetwo Angles ABC, ACB; 
therefore the Angle BAC is equal to the Angle 
tDif, 10. i. F A C ; and fo each of them is fa Right Angle.' 
Wherefore, the Angle BAC, in a Semicircle, ha Right 
Angle. And becaufe the two Angles ABC, BAC, 
of the Triangle ABC*, are lefs than two Right 
Angles, and B A C is a Right Angle $ then, ABC ir 
left than a Right Angle-, and is, in the Segment AUG, 
greater than a Semicircle. 


’5- *• 


t J*. *• 


»7< i. 


• Andfince A BCD is a quadrilateral Figure in a 
i * ?. irc k’ * n dthe oppofite Angles of any quadrilateral 
f titf eh,. Figure deferibed in a Circle are t equal to two Right 
Angles ; the Angles ABC, AD C, are equal to two 
Right Angles; and the Angle ABC is lefs than a 
Right Angle. Therefore, the remaining Angle ADC 

mill 
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h/itt bt gr eattr than a Right Angle ; and it in the Seg- 
ment ADC, which it left than a Semicircle. 

' I fay, moreover, the Angle ef the greater Segment 
contained under the Circumference ABC and the 
Right Line AC, is greater than a Right Angle ; and 
the Angle of the letter Segment, contained wider the 
Circumference ADC, ana the Right Line AC, is left 
than a Right Angle. This manifeftly appears j for, 
becaufe the Angle contained under the Rigjht Lines 
BA, AC, is a Right Angle ; the Angle contained . 
under the Circumference ABC, and the Right. Line 
AC, will be greater than a Right Angle. Again, be» 
caufe^the Angle contained under the Right Lines CA, 
AP, is a Righ| Angle, .therefore the Angle which is 
contained under tMHjght Line AC, and the Circum- 
ference ADC, is M^man a Right Angjle. Therefore, 
in a Circle, the jfngle that it in the Semicircle it a Right 
jingle •, but the Angle in a greater Segment it left than a 
Right Angle ; and the Angle in a lejjer Segment , greater 
than a Right Angle : Moreover , the Angle of a greater 
Segment is greater than a Right Angle ; and the Angle 
of a kjjer Segment isaMmtban a Right Angle ; which 
was to be demonftrKH^ 

PROPOSITION XXXII. 

Theorem. 

If any Right Line touches a Circle, and a Right 
Line be drawn from the0oint of Contaff cut- 
ting the Circle \ the Angles it makes with the 
T angent lane, will be equal to tbofe which are 
made in the alternate Segments of the Circle. 

L ET any Right Line EF touch the Circle ABCD 
in the Point B, and let the Right Line BD be 
any ho.w drawn from the Point B, cutting the Circle. 

I fay, the Angles which BD makes with the Tangent 
Line EF, are equal to thofe in the. alternate Segment^ 
of the Circle t that is, the Angle FBD is equal to an 
Angle made in the Segment DAB, viz. to the Angle 
DAB ; - and the Angle DBE,equal to the Angle DCB, 
mad; ui t4$ Segment DCB. For,# 
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• ii. i. Draw * BA, from the Point B, at Right Angles ti 

EF j and take any Point C, in the Circumference 
BD i and join AD, DC, CB. 

'Then, becaufe the Right Line EF touches the Cir- 
cle AB<?D in the Point B; and the Right Line BA 
is drawn from the Point of Contact B, at Right Angles 
to the Tangent Line; the Centre of the Circle 
f 19 tftbiu ABCD will f be in the Right Line BA ; and fo 
BA is a Diameter of the Circle, and the Angle ADB, 
1 31 »/ tbit, in a Semicircle is J a Right Angle. Therefore the 

• 3s. 1. other Angles, BAD, ABD, are* equal to one Right 

Angle. But the Angle ABF is alfo a Right Angle : 
Therefore the Angle ABF is equal to the Angles 

BAD, ABD ; and if ABD, idiich ds common, be 

££0 taken away, then the Angle£Hi remaining, will 
be equal to that which is the alternate Segment of 
the Circle, viz. equal to the Angle BAD. And be- 
caufe ABCD is a quadrilateral Figure in a Circle, the 
f u cftbi 1. oppofite Angles thereof are f equal to two Right 
Angles ; therefore the Angles DBF, DBE, will be 
equal to the Angles BAD^JCD. But BAD has 
£££ been proved to be equal to therefore the An- 

gle DBE is equal to the Angle made in DCB, the 
alternate Segment of the Circle, viz. equal to the 
Angle DCB. -Therefore, if any Right Lint touches 
a Circle, and a Right Lint be drawn from the Point of 
ContaCl cutting the Circle ; the Angles it snakes with the 
Tangent line , will , bo equal to thole which art made in 
the alternate Segments of the Circle ; which was to be 
demonftrated. 

PROPOSITION XXXIII. 

Pkolbim, 

To defcribe upon a given Right Line , a Segment 
■ of a Circle , which Jball contain on Angle, equal 
to a given Right-lined Angle, 

*he given Right Line be AB, and C the given 
Right* lined Angle. It is required to defcribe the 
Segment of a Circle upon the given Right Line AB, 
containing an Angle, equal to theAngle C. 

*At 
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. \ At the Poigt A, with the Right Line AB, make 
jljthe Angle pAD' equal to tho Angle C, and dr^w j 2J , 
* AE from the Point A, at Right Angles to AD. • 
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II. Is 


t 4- *• 


Like wife Mfefi + AB in F, and let FG be drawn t io. i. 
from the Point F, at Right Angles to AB ;^and join 
GB. 

Then, becaufe AF is equal to FB, and FG is com- ' 
mon, the two Sides AF, FG, are equal to the two 
Sides BF, FG -5 and the Angle AFG is equal to the 
Angle BFG. /Therefore the Bafe AG is ,J equal to 
th? Bafe GB. And fo, if a Circle be defcribed about 
the Centre G, with the Diftance A G, this fliall pals 
thro’ahe Point B. Defcribe the Circle, which let be 
ABE, and join E B. Now, becaufe AD is drawn 

from the Point AMfe Extremity of the Diameter 

.AE, at Right Angles to A E, the faid A D will * #Cbr. •<. */ 
touch the Circle. And fmce the Right Line A D tbiu 
touches the Circle A B E, and the Right Lipe A B is 
drawn in the Circle from the Point of t?ontad A, the 
Angle D A B is f equal to the Angle made in the alter- 
nate Segment, viz . equa l to the Angle AE B. But 
the Angle DAB is % 4 H§ to the Angle C. Therefore 
the Angle C will be equal to the Angle AEB. Where- 
fore, the Segment of a Circle A E B is defcribed upon the 
given &ight Line A B, containing an, Angle AEB, equal 
to a given Angle C $ which was to be done. 


1 3 & tftliH 


PROPOSITION XXXIV. 

P R O L B E M. 

cut off a Segment from a given Circle, that 
Jhdll contain an Angle, equal to a given Right- 
lined Angle. 


T ET the given Circle be ABC,' and the Right- 
lined Angle given D. It is required to cut off a 
Segmentfrom the Circle ABC, containing an Angle 
equal to the Angle D. . 

Draw J the Right Line E F, touching the Circle in 1 17 »/'*«'• 
the Point B, and make * the Angle FBC, at the Point * *j. 1. 
B, equal to the Angle D. 

Tljen, becaufe the Right Line E F touches the Cir- * 

cle ABO in the Point B, and BCis drawn from 

• 4 the 
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* 3 prfthii, the Point of Contad B ; the Angle FBC will be *equaf 
to that in the alternate Segment of the Circle j hot thu 
Angle FBC it equal to the Angle D. , Therefore the 
Angle in the Segment BAC will be equal to the Angle 
D. Therefore, the Segment BAC tt cut offfrem the 
given Cifclt ABC, containing an Angle equal to the given 
Right-lined Angle D ; which was to be done. 

PROPOSITION XXXV. 

Theorem. 

» 

Jf two Right Lines in a Circle mutually cuteacb 
other , the Reftangle contained tender the Seg- 
' ments of the one is equal ttffijjfe Reft angle under 
the Segments of the other. 

I 

T N the Circle ABCD, let two Right Lines mutually 
cut each other in the Point E. I fay, the Red* 
angle contained under A E and E C is equal to the 
Rectangle contained under JEhEc and E B. 

If AC and P B pafs through the Centre,' fit that E 
be the Centre of the Circle A B C D ) it is manifeft, 
fince AE, EC, DE, EB, are equal, that the Red- 
angle under AE and EC is equal to the Redangle un- 
der DE and EBl . * 

But if A CT, D B, do not pais through the Centre, 
affume the Centre of the Circle F ; from which draw 
r G, FH, perpendicular to the Right Lines AC, DB ; 
andioin FB, FC, PR. 

Tttrn, becaufe the Right Line GF, drawn through 
the Centre, cuts the Right Line AC, not drawn thro’ 
*• 3 the Centre, at Right Angles* it will alfo bifed * die 
fame. Wherefore AG is equal to GC: And be- 
caufe the Right Line AC is cut into two equal Part? 
in the Point Q, and into two unequal Parts in E, the 
Redangle under AEandEC, together with the Square 
f s* *•' of EG, is f equal to the' Square of GC. And if 
the common Squared GF be added, then die Red- 
angle under AE and EC, together with the Squares of 
EG and GF, is equal to the Squarep of CG and GF* 
1 07- *• But the Square.of FE is J equal to the Squares of EG 
and GF, and thcsSquar* of FC equal % to theSquarca 

»'«f 
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r of CG'and GF." Therefore the Reft angle under AE 
luid EC, together. with the Square of PE, is equal to 
the Square of FC ; but CF is equal to FB. Therefore 
the Reftangle under AE arid EC, together with the 
Square of EF, is equal to the Square of FB. For 
the fame Reafon, the Reftangle undet DE^and EB, 
together with the Square of FE, is equal to the Square 
of F13. But it has been proved, that the Reftangle 
under AE ami EC, together with the Square of FE, is 
alfo equal to the Square of FB. Therefore the Reft* 
angle tinder AE and EC, together with the Square of 
FE, is equal to the Reftangle under D£ and EB, to- 
gether with the Square of FE. And if the common 
Square of FE be taken away, then there will remain 
the Reftangle Tmtby&E and EC, equal to the Reft- 
angle under DE anlFliB. Wherefore, if two Right 
Lines in a Circle mutually cut each other, the Reftangle, 
contained under the Segments of the one , is equal to the 
Reftangle , under the Segments of the other \ which was 
to be demonftrated. 

PROPOSITION XXXVI. 

* 

Theorem. 

If fame Point be taken without a Circle , and from 
that Point two Right Lines fall to the Circle , 
one of which cuts the Circle , and the other 
touches it ; the Reftangle contained under tbf 
whole Secant Line , and its Part between the 
Convexity of the Circle And the a£unted Point , 
will be equal to the Square of the Tangent Line . 

T E T any Point D be aflumed without the Circle 
ABC, and let two Right Lines DCA, DB, fall 
from the faid Point to the Circle; whereof DCA cuts 
the Circle, and DB touche&jk; I fay, the Reftangle 
under AD and DC is equal to the Square of DB. 

Now DCA either pafles tjiro* the Centre, or not. 

In the firft Place, let it pals thro' the Centre of the 
Circle ABC, which let be E, and join EB. Then 
the Angle EBD is * a Right Angle.* And fo, fince * 18 eftbit* 
the Right Line AC is bifefted in E, and CD is added, 
thereto, the Reftangle under AD tnd DC, together 
• H with 
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* 6 * *• with the Square of EC,| (hall * be equal to the Square t 
of ED. But. EC is equal to EB ; wherefore the.Red-* 
angle under AD and DC, together with the Square of 
EH, is equal to the Square of ED. But the Square 
h 47 - *• of ED is f equal to the Squares of EB and.BD, for 
the Angj£ EBD is a Right Angle : Therefore the 
Rectangle under AD and DC, together with the Square 
of EB, is equal to the Squares of EB and BD ; and 
if the common Square of EB be taken away, the 
Rectangle under AD and DC remaining, will be equal 
to the Square of the Tangent Line BD. 

Now, let DC A not pafs thro* the Centre of the 
1 1 0 f this. Circle ABC ; and find % the Centre E thereof, and 
draw EF perpendicular to AC, and join EB, 

ED. Therefore EFD is a Right Angle. And be- 
caufe a Right Line EF, drawn thro* the Centre, cuts 
a Right Line AC, net drawn thro* the Centre, at Right 

* 3 9/ tbit. Angles, it will * tafect the fame 5 and fo AF is equal 

to FC. Again, fince the Right Line AC is bifeded 
in F, and CD is added thereto, the Rectangle under 
AD and DC, together with the Square of FC, will 

* 6. a. be * equal to the Square of FD. And if the com- , 

mon Square of EF be added, tfcen the Redangl6 
under AD and DC, together with the Squares of FC 
and FE, is equal to the Squares of DF andFE. But 
the Square of DE is raual to the Squares of DF and 
FE; for the Angle EFD is a Right one; and the 
t 47 - »• Square of CE is* f equal to the Squares of CF and FE. 

Therefore the Redtangle under AD and DC, together 
with the Square of CE, is equal to the Square of ED ; 
but CE is equal to EB. Wherefore the Re&angle 
under AD and DC, together with the Square of EB, 
is equal to the Square of ED. But the Squares of 
EB and BD are f equal to the Square of ED; fince 
the Angle EBD is a Right one. Wherefore the Red- 
angle under AD and DC, together with the Square of 
EB, is equal to the Squares of EB and BD. And if 
the common Square of EB be taken away, the Red- 
4 angle under AD and DC, remaining, will be equal to 
the Square of DB. Therefore, if any Point be taken, 
without a CircUy and from that Point two Right Lines 
fall to the Circle y one of which cuts the Circle » and the 
other touches zV; the Reflangle contained under the whole 
Secant Linc > and //^ Part between the Convexity of the 

4 Circle 
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Circle and tbe ajfurnd Party will be equal to the Square 
of the Tangent Line ; which was to be demonftrated. 

PROPOSITION XXXV^I. 

Theorem. 

If fome Point be taken without a Circle , and two 
Right Lines b.e drawn from it to the Circle , fo 
that one cuts it, and the other falls upon it ; 
and if the ReSlangle under the whole Secant 
Line, and the Part thereof, without tbe Circle, 
be equal to the Square of tbe Line falling upon 
tbe Circle ; then this laft Line will touch the 
Circle. 

T ET fome Point D be aflumed without the Circle 
ABC, and from it draw two Right Lines DCA, 

DB, to the Circle, in fuch manner, that DCA cuts the 
Circle, and DB falls upon it : And let the Re&anglc 
under AD arrd DC b» equal to the Square of DB. I 
fay, the Right Line DB touches the Circle. 

For, let the Right Line DE be drawn * touching * 17 «//*«. 
the Circle ABC, and find F the Centre {of. the Cir- f I of tbit, 
cle; and join E*F, FB, FD. 

Then the Angle FED is f a Right Angle. And f 18 of thin 
hecaufe DE touches the Circle ABC, and DCA cuts it, • 

the Redarigle under AD and DC will be equal to the * 

Square of DE. But the Rcftangle under AD and DC 
is J equal to the, Square of DB. Wherefore the Square J s y fyfr 
of DE fhali be equal to the Square of DB. And fo the 
Line DE will be equal to the Line DB. But EF.is 
equal to FB : Therefore the two Sides DE, EF, are 
equal to the two Sides DB, BF; and the Bafe FD is 
common. Wherefore the Angle DEF is equal * to the • 8, j. 
Angle DBF : But DEF is a Right Angle; wherefore 
DBF is alfo a Right Angle, and FB produced is a Dia- 
meter. But a Right Line drawn at Right Angles, on 
the End of the Diameter of a Circle, touches the Cir- 
cle.; therefore BD neceflarily touches the Circle. We 
prove this in the fame manner, if the Centre of the Cir- 
cle be in the Right Line CA. If ther#fore, any Point 
fo ajfcmed without a Cir fa and two Right Lines he 

U 2 ' drawn 
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drawn from it to the Circle , fo that one cuts it, and the 
other falls upon it k und if the Reflungle under the whole 
Secant 1 Line, andlbe Part thereof, without the Circle , be 
equal to the Square of the Line falling upon the Circle ; 
then thisJaf Lint will touch the Circle:, which was to 
be dememlrated. 

Coroll. Hence, if from any Point, without a Circle, 
feveral Right Lines AB, AC, are drawn, cutting 
the Circle, the Rectangles comprehended under 
the whole Lines AB, AC, and their external Parts 
AE, AF, are equal between themfelves. For, if 
the Tangent AD be drawn, the Redtangle^under 
BA'and AE is equal to the Square of AD;, and the 
ReCtangle under CA and AF is cental to the fame 
Square of AD : Therefore the Rectangles (hall be 
equal. 


The End of the Third Book. 
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drawn from it it tie Circle, ft that one cuts it, and the 
other' faUt upon Hi, and if the Reft angle under the wi belt 
Secant Lint , and’the Part thereof, without the Circle, he 
equal to the Square of the Line falling upon the Circle ; 
then tbisjafi Line will touch the Circle, j which was to 
be demennrated. . 

Coroll. Hence, if from any Point, without a Circle, 
fever?\ Right Lines AB, AC, are drawn, cutting 
the Circle, the Redangles comprehended under 
the whole Lines AB, AC, and their external Parts 
AE, AF, are equal between themfelves. For, if 
the Tangent AD be drawn, the Re&angle^under. 
. BA'and AE is equal to the Square of AD >,and the 
Redangle under CA and AF is ermal to the fame 
Square of AD; Therefore the Rectangles fhall be 
equal. 


The End of the Third Book. 


MtICLID * s 



E U CL ID ' s 
ELEMENTS. 


POOK' IV. 


DEFINITIONS.. 


I. 


A Right Figure is /aid to be in/cribed in 
a Right-lined Figure , when every one of 


the Angles of the infcribed Figure touches every 
one of the Sides of the Figure wherein it is in- 


fcribed. 

II. In like manner a Figfpe is faid to be defcribed 
about a Figure , when every one of the Sides of 
the Figure , circumfcribed , touches every one of 
the Angles of the Figure , about which it is 


circumfcribed. 

III. A Right-lined Figure is faid to be infcribed 
in a Circle , when every one of the Angles of 
that Figure which is infcribed , touches the Cir- 


cumference of the Circle. 

IV. A Right-lined Figure is faid to be defcribed 
about a Circle t when every one of the Sides of 


the circumfcribed Figure touches the Circum- 
ference of the Circle. 

V. So likewife a Circle is faid to be infcribed in a 
Right-lined Figurtt when the Circumference of 
* H 3 the 
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the Circle touches all the Sides of the Figure in 
which it is infcribed. 

VI. A Circle is faid to be defcribed about a Figure , 
when the Circumference of the Circle touches all 
the Angles of the FiglUte which it circumj cri&es. 

VII. A Right Line isflm to be applied in a Cir- 
cle, when its Extremes are in the Circumference 
of the Circle . 

PROPOSITION I. f 
Problem. / r 

To apply a Right Line in a given Currie , equal to 
a given Right Line % wbofe Length does not 
exceed the Diameter of the Circlf . 

L E T the Circle given be ABCI, and the given 
Right Line, not greater thah the Diameter, 
be D. It is required to apwiy a Right Line 
in the Circle ABC, equal to the Ijnght Line D. 

Draw BC the Diameter of the Circle 5 then, if BC 
be equal to D, what was required is done : For in the 
Circle ABC there is applied the Right Line BC, equal 
to the Right Line D : But if not, the Diameter BC 
is greater than D, and^ut *CE equal ; and 
about the Centre C, wwk the Dii&nce CE, let the 
Circle A E F be defcribed ; and join C A*. 

Then, becaufe the Point C is the Centre of the Cir- 
cle A E F, C A will be equal toCE; but D is equal 
to CE. Wherefore CA is equal to D. And fo, in the 
Circle ABC, there is applied a Right Line C A, equal to 
the given Right Line D, not greater than, tin Diameter 5 
which was to be done. 


PR p*. 
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P R O.B L E M. 

In a given Circle to ggribe a Triangle 
‘ gular to a given Triangle. 


equian- 


T BT ABC be a Circle given, DEF a given 
Triangle. It is required to^Pribe a Triangle 
in th4- Circle ABC, equiangular to the Triangle DEF. 

Dravl the Right Line GAH touching* the Circle # 17. 3. 
AB£;\the Point A ; and with the Right Angle AH, 
at (he Point make f an Angle HAC, equal to the 1 *3. i. 
Angle DEC. Likewife, at the fame Point A, with 
the Line AS, make the Angle GAB equal to the 
Angle DFE;\and join BC. 

Then, becaufe the Right Line HAG touches the 
Circle A BC, and AC i$ drawn from the Point of Con- 
taft in the Circle, the Angle HAC (hall be % equal to t 3 *• 3* 
ABC, the Angv in the alternate Segment oi the Cir~ 
de. But the Angle HAC is equal to the Angle DEF i 
therefore alfo the Angle ABC is equal to the Angle 
DEF. For the fame Reafon, the Angle ACB is like- 
wife equal to the Angle DFE. Wherefore the other 
Angle BAC fhall be f equal to the other Angle EDF. t *• 
And, confequently, the Triangle ABC is equiangular to 32 ' *• 
the Triangle DEF, and is qfiribed in the Circle ABC ; 
which was to be done. 


PROPOSITION III. 


Problem. 

About a given Circle to deferibe a Triangle f equi- 
1 angular to a Triangle given. 


T ET ABC be the.givcn Circle, and DEF the given 
Triangle. It is required to deferibe a Triangle 
about the Circle ABC, equiangular to the Triangle 
DEF. * 


Produce the Side J£F, botnWays, to the Points G 
and H, and find the Centre of the Circle .K, and any 
how draw the Line KB* Then a? the Point K, with 
• H 4 KB 
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KB make * the Angle BKA equal to the Angle DEG ; 
and the Angle BKC, at the fame Point K on the other 
Side the Line KB, equal to the Angle DFH ; and thro* 
the Points A, B, C, % let the Right Lines LAM, 
MBN, NCL, be diawn, inching the Circle ABC. „ 
Then, jffecaule the Line^Bd, MN, NL, touch the 
Circle ABC in the Points A^B, C, and the Lin^s KA, 
KB, KC, are drawn from the Centre K to the Points 
A, B, C ; the Angles at the Points A, B, C, wil / be f 
Right Angles. becaufe the four Angles q f the 

quadrilateral Fip^ AMBK are equal to four iight 
Angles (for it may be divided into two Triay.gles), 
and the Angles KAM, KBM, are each Right /.ngles ; 
dnagfim the other Angles AKB, AMB, ar^ equal to 
two Right Angles. But DEG, DEF, jfre equal to 
two Right Angles; therefore th? Angles dfKB, AMB, 
are equal to the Angles DEG, DEF, whereof AKB is 
equal to DEG. Wherefore the other fVugle AMB is 
equal to the other Angle DEF. In I ke manner we 
demonftrate, that the Angle LNB is eqjjtal tothe Angle 
DFE. Therefore the other Angle IpLN is { equal 
to the other Angle EDF. Wherewre, the Triangle 
LNM is equiangular to the Triangle* D EF, and is de- 
ferred about the Circle ABC; which was tobejjpne. 

PROPOSITION IV. 
Pr^le m. 

To inscribe a Circle in a given Triangle. 

T ET A6C be a Triangle given. It is required to 
inferibe a Circle in the fame. 

Cut * the Angles ABC, BCA, into two equal Paris 
by the Right Lines . BD, DC, meeting each other in 
the Point D; and from this ' Point draw DE, DF, 
£)G, f perpendicular to the Sides AB, BC,AC. 

•Now, becaufe the Angle EBEfts equal to the-. An- 
gle FBD, and the Right Angle BED is equal tothe 
Right Angle BFD ; then the two Triangles- EBD, 
DBF, have two Angjflpof the one, equal to two 
Angles of the other, and one Side DB common to both, 
vis; that which fubgtnds the eqiul Angles i therefore 
* ths 
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the other Sides of the one Triangle (hall be * equal to * * 6 . i 
the other Sides of the other ; and fo DE (hall be equal 
to DF. And, for the fame Reafon, DO is equal to 
DF ; therefore DE is alio equal to DG : And fo the 
three Right Lines DE, D£-DG, are equd between 
themfelves. Wherefore JpCircIe defcribed \bout the 
Centre/D, with either of the Diftances DE, DF, DG, 
will anb pafs thro’ the other Points. And the Sides 
AB, BC, AC, will touch it ; becaufe the Angles at 
E, F find G, are Right Angles. BMf it (hould cut 
them,|a Right Line, drawn on the Extremity of the 
Dtame|er of a Circle at Right Angles, will fall with- 
in the qjircle j which is * abfurd. Therefore a Circle 
defcrtbeJ^bout the Centre D, with either of the Dif- 
tances DEVDF, DG ; will not cut the Sides AB, 

BC, CA ; wherefore it will touch them, and will be 
a Circle deferred in the Triangle ABC. Therefore, 
the Circle EFGuV defcribed in the given Triangle ABC } ' 
which was to if: done. 


I0 5 




PROPOSITION V. 
Problem. 


To deferibe a Circle about a given Triangle . 


T E T ABC be a given ^Mangle. It is required to 
deferibe a Circle aboii^ne fame. 


Bifed * the Sides AB, AC,' in the Points D, £ j * 10. 1. 
from which Points let DF, EF, be drawn f at Right f 11. 1. ' 
Angles to AB, AC, which will meet either within the 
Triangle ABC, or in the Side- BC, or without the 
Triangle. 

Firft, Let them meet in the Point F within the Tri- 
angle ; and join BF, FC, FA. Then, becaufe AD 
is equal to DB, and DF is common, and at Right 
Angles to AB; the # Bafe AF will be J equal to the t 
Bafe FB. And after the fame manner w£ prove, that 
the Bale CF is equal to the Bafe FA. Therefore alio 
is 'BF -equal to CF: And Ij^he three Right Lines 
FA, FB, FC, are equal to earn other. Wherefore, a 
Circle defcribed obeut the Centre F, with either of the 
Diftanw, FA, FB»FC, will pafnalfo thro *' the other 
■ • x Points t 
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Paints^ end will be a Circle deftribed about the Triangle 
ABC. 

Secondly, Let DF, EF, meet each other in the 
Point F, in the Side BC, as in the fecond Figure ; 
and join AF. Then we. prove, as before, that the 
Point F Js the Centre of a Circle deftribed about the Tri- 
angle ABC. 4 

Laftly, Let the Ri»ht Lines DF, EF, meet one 
another again in the Point F*, without the Tffangle, 
as in the chird£igure ; and join AF, FB, FCI And 
becaufe AD is^ual to DB, and DF is common, and 
at Right Angles, the Bafe AF Ihall beequarto the 
Bafe BF. So likewife we prove, that CF is ajco^qual 
to AF. Wherefore BF is equal to CEs And fo 
again, if a Circle be deftribed on the CeiSra F, with ei- 
ther of the Di/lances FA, FB, FC, itwjif pafs thro ’ the 
other Point r, and will be deftribed about the Triangle 
ABC ; which was to be done. ji 

Coroll. IF a Triangle be Right-angled, the Centre of 
the Circle falls in the Side oppoflte to the Right 
Angle; if acute-angled, it falls Avithin the Tri- 
angle ; and if obtufe-angled, it Tails without the 
Triangle. 

PROPOSITION VI. 

P R OB LEM. 

To inferibe a Square in a given Circle. 

T E T ABCD be a Circle given. It is re^juiredto 
^ inferibe a Square within the fame. 

Draw AC, Dfi, two Diameters of the Circle, cut- 
ting one another at Right Angles f ; and join AB, BC, 
‘CD, DA. -i 

Then, becaufe BE is equal to* ED (for E is the 
Centre), and EA is common, and at Right Angles to 
BD, the Bafe BA fhal^e* equal to the Bafe AD; 
and for the fame Reaflf.BC, CD, BA, and AD, 
are all equal to each other. Therefore the quadrilateral 
Figure ABCD is equilateral. 1 fay, it is ilfo reftan- ' 

* gulw. 
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gular. For, Becaufe the Right Line D B is a Diameter 
of the Circle ABCD, therefore BAD will be a Semi- 
circle. Wherefore the Angle BAD it * a Right An- ' 
gle. And for the fame Reafon, every one of the other 
Angles ABC, BCD, CDA, is a Right Angle. There- 
foreABCD is a redtanguhy quadrilateral Figure : But 
it has ufo' been proved tow equilateral. Wherefore, 
it JhalineceJfarily be a Square, and tt infer ibed in tbe Cir- 
cle ABCD ; which was to be done. 

| PROPOSITI OlT VII. 

Problem. 

S’ oSffcribe a Square about a given Circle. 

CD be a Circle given. It is required to 
defcribe\ Square about the fame.. 

Draw AC, two Diameters of the Circle, cut- 
ting each other nt Right Angles and thro’ the Points t it. i. 
A, B, C, D, 4aw * FG, G.H, HK, KF, Tangents * 17. 3. 
to the Circle AB CD. 

Then, becau* FG touches the Circle ABCD, and 
EA is drawn from the Centre £ to the Point of Con- 
tact A, the Angles at A will be f Right Angles. For f 18. j. 
the fame Reafon, the Angles at the Points B, C, D, 
are Right Angles. And fince the Angle A£B is a 
Right Angle, as alfo EBG, GHAtaRL be parallel. to t 28. 1. 
AC, and for the fame Reafon, AC to KF. In this 
manner we prove likewife,' that GF and HK are pa- 
rallel to BED j and fo GF is parallel to HK. Thetp- ’ 
fore GK, GjC, AK, FB, BK, are Parallelograms ; and 
fo GF is f equal to HK, and GH to FK. And lince f 34. 1. 
AC is equal to BD, and AC t equal to either GH or 
FK ; and BD equal to either w*, or HK t GH, or 
FK, is equal to GF, or HK. Therefore FGHK is an 
equilateral quadrilateral Figure : I fay, it is alio equi- 
angular. ' For, becaufe GBEA.is a Parallelogram, and 
AEB is a Right Angle j then AGB ihali be alfo a 
Right Angle. In litter manner we demonftrate, that 
the Angles at the Points H, K, F, are Right Angles. 
Therefore the quadrilateral Figure FGHK is rectan- 
gular j but it has been pfovflfo w l u ^* ter ^ i'he- 
wife. Wherefore, it intifl neeeffarily be a Square, and it 
defer ibid about the Circle ABC D i which was to be done. 

• PRO- 
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PROPOSITION VIII. 
Problem. 

i * 

Tadefcribe a Circle in a given Square. 

T E T the given Square be ABCD. It is reqtfred to 
^ defcribe a Circle within the fame. * 

• io. x. Bifeft * the Sides AB, AD, in the Points E ; 
+ 3?. i. and draw f EH thro* E, parallel to AB, or Df!; and 

FK tin o’ K, parallel t to BC, or AD. Thdn AK, 
KB, AH, IID, AG, GC, BG, GD, are alj^alle- 
t 34.. i. lograms, and their oppolite Sides are J equ*f. And be- 
cause DA is equal to AB, and AE is halt of AD, and 
AF half of AB, AE ihall be equal tq/AF ; but the 
oppofite Sides are alfo equal. Therefore FG is equal 
to GE. In like manner we demonftr; te, that GH, or 
GK, is equal to either FG,’ or GE. '^Therefore GE, 
GF, GH, GK, are equal to each othtf: And fo a Cir- 
cle, being deferibed about theCentre p, with either of 
the Diftances GE, GF, GH, GK, will alfo pafs thro* 
' the other Points, and (hall touch the Sides DA, AB, 
BC, CD ; becaufe the Angles at E, F, H, K, are Right 
Angles. For if the Circle (hould cut the Sides of the 
Square, a Right JLine, drawn from the End of the Dia- 
meter of a Circle, at Right Angles, will fall within the 

• 16. j. .Circle j which is * abfurd. Wherefore a Circle de- 

1 fobbed about the CentreG, with either of the Diftances 
GE, GF, GH, GK, will not cut DA, AB, BC, CD, 
the Sides of the Square. * Wherefore, it Jhall ntceffdrily 
touch themj and will bt deferibed in the Square ABCD j 
wh*ch .was to be don<4 

PROPO SI TION IX. 
Problem. 

ST 0 defcribe a Circle about a Square given . . 

1 ET ABCD be a Jjgtere given. It is required ta 
-M^ircumfcribe a Circle about the feme# 

• Join AC, BD, mutually cutting one another, in the 
Point E; * 

ASld 
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And fince DA is equal to AB, and AC is common, 
the two Sides DA,‘ AC, are equal to the two Sides BA, 

AC 5 but the Bafe DC is equal to the Bafe BC. There- » 

fore the Angle D AC will *be enual to the Angle B AC : * 8. 
Ancf%>nfequently the Angle DAB is bifccifil by the ~ 

Right \ine AC. I the fame manner we prfve,that 
bach oflhe other Angles ABC,' BCD, CDA, are bi* 
fe£ted wy the Right Lines AC, DB. 

Thjfn, becaufe the Angle DAB is equal to the An- 
gle AFC, and the Angle EAB is half of the Angle 
DAB, and the Angle EBA half of the Angle ABC; 
the Angle EAB fhall be equal to the Angle EBA : 

And fo the Side E A is f equal to the SideEB. In like t 6 - «• 
manner ifre demonftrate, that each of the Right Lines 

EC, ED, V equal to each of the Right Lines EA» 

EB. Therefore the four Right Lines EA, EB> EC, 

ED, are equal between themfelves. Wherefore, a 
Circle being defcHbed about the Centre E, with either of 
the Dijlances E/', EB, EC, ED, will alfo pa ft thro 9 the 
other Points , abd will be defcribed about the Square 
ABCD > wbich\was to be done. 


PROPOSITION X. 


Problem. 

T 9 make an Ifofceles Triangle , having each of the ^ 

Angles at the Bafe double to the other Angle. 

* 

pUT * ahy given Right Line AB in the Point C, * n. a. 
'“ < fo that the Redangle contained under AB and BC 
be equal to the Square of AG ; A then about the Centre 
A, with the Diftance AB, let the Circle BDE be de- 
fcribed ; and f in the Circle BDE apply the Right Line f i t/tUi. 
BD. equal to AC; which it not greater than the Dia- 
meter. This being done, join DA, DC, and deferibe 
% a Circle ACD about the Triangle ADC. t 5 tf 

, Then, becaufe the Redangle under AB and BC is 
Cqua) to the Square of AC, and AC is equal to BD, the 
Raftangle under AB, and BC be equal to the Square 

of BD. And becaufe feme PbmtB, is taken without 
the- Circle ACD, and from that Point there fall two 
Right Lints, BCA, BD, (q the Oirde, one cf which 

cuts 
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cuts die Circle, and the other falls on it ; and fince the 
Redangle under AB and BC is equal to the Square of 
» 37* 3« BD, the Right Line BD (hall * touch the Circle ACD. 
And fince BD touches it, and DC is drawn from the 
Point of Contact D, (he Angle BDC is equaL.o the 
Angle inrthe alternate Segment of the Circle, vti.\ equal 
t 3*- 3- f to the Angle DAC. And fince the Angle llDC is 
equal to the Angle DAC ; if CD A, which is common, 
be added, the whole Angle BDA is equal to tfie two 
Angles CAD, DAC. But the outward Angle BCD 
t 3 *. i* is J equal to CDA and DAC. Therefore BDA is 

# 5* *• equal to BCD. But the Angle BDA * is equal to the 

Angle CBE), becaufe the Side AD is equal ta»tnevSide 
AB. Wherefore DBA (hall be equal tc B£l) : And 
io the three Angles BDA, DBA, BCD^jare equal to 
each other. And fince the Angle DBCits equal to the 
t 6. i. Angle BCD, the Side BD is f equal t/ the Side DC. 

But BD is put equal to CA. Therefore CA is equal 
1 s* «■ to CD. And fo the Angle CDA is f eyual to the An- 
gle DAC. Therefore the Angles CDA, DAC, taken 
together, are double to the Angle D Atf . But the An- 
gle BCD is equal to the Angles CDA, and DAC. 
Therefore the .Angle BCD is double to the Angle 
DAC. But BCD is equal to BDA, or DBA. Where- 
fore BDA, or DBA, is double to DAB. Therefore, 
the ljofceles Triangle ABD is made , having each of the 
Angle s at the Bafe double to the other Angle ; which was 
to be done. 

PROPOSITION va. 

Problem. 

To defcribe an equilateral and equiangular Pen- 
tagon in a given Circle . 

* T ET ABCDE be a Circle given. It is required to 
^ defcribe an equilateral and equiangular Pentagon 
in the fame. 

• io#/ 4/i. Make an Ifofceles Triangle FGH, laving ■* each 

of the Angles at the Bafe Gtt, double to the other 
9 Angle F ; and defcribe the T riangle ADC in the Circle 

ABCDE* equiangiifar f to the Triangle FGH \ fo 

thit 
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at, the Angle CAD be equal to that at F, and ACD, 

CDA, each equal to the Angles G or H, Wherefore 
the Angles ACD, CD A, a tt each double to the Angle 
CAD. This being done, bffeft the Angles 9 ACD, * 9 . i. 
CDA>by the Right Lines CE, DIB, and join AB, BC, 

*DE, EA. 

Then^becaufe each of the Angles ACD, Ct)A, is 
double tot CAD, and they are bifecled by the Right 
Lines CJ), DB $ the five Angles DAC, ACE, ECD, 

CDB, BDA are equal to each other. But equal 
Angles Hand f upon equal Circumferences. There- f 26. 3, 
fore the five Circumferences AB, BC, CD, DE, EA, 
are equal t p each other. But equal Circumferences 
fubtend^J qoual Right Lines. Therefore the fi\e t *9* 3« 
Right Lines BC, CD, DE, EA, are equal to 
each other. Wherefore ABCDE is an equilateral 
Pentagon. I fify, it is alio equiangular : For bccaufe 
the Circumference AB is equal to the Circumference 
DE ; by adding he Circumference BCD, which is 
common, the whole Circumference ABCD is equal 
to the whole Circumference EDCB : But the Ai;.gle 
AED (lands on the Circumference ABCD, and BAE 
on the Circumference EDCB j therefore the Anglo 
BAE is equal to the Angle AED. For the fame Rea* 
ion, each of the other Angles ABC, BCD, CDE, is 
equal to BAE, or AED ; wherefore the Pentagon 
ABCDE is Equiangular. But it has been proved to 
be alfo equilateral : And, confequently, there is an 
equilateral and equiangular Pentagon infer ibed in a given 
Circle j which was to be done. • 


PROPOSITION XII. 
Problem. 

To dejeribe an equilateral and equiangular Pen- 
tagon about a Circle given . 

T E T ABCDE be thef given Circle. It is required 
^ to deferibe an equilateral and equiangular Penta- 
gon about the fame. 

Let A, B, C, D, E, be the angular Points of a Pen- 
tagon fuppofed to be infetfbed * in the Circle \ fo that • By » 
the Circumferences AB, BC* CD^DE, EA, be.tf '**- 

cqual i 
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eqtfal ; and let the Right Line* GH, HK 
t >7* 3* MG* be drawn, touching f the Circle, in the Points 
A, B, C, P, fL: Let F be the Centre of. the Circle 
ABCDE } and join FB, FK, FC, FL, FD. , 
Then, becaufe the Right Line KL touche) thf Cir- 
cle ABCDE in the Point C, and the Right Jane FC ' 
is drawn from the Centre F to C, the Point of COn- 
$ i®. 3* tad ; FC will be J perpendicular to KL a and fo 
both the Angles atCare Right Angles. For Ihefame 
Reafon, the Angles at the Points B, D, are Right 
Angles. And becaufe FCK is a Right Angle, the 
47- *• Square of FK will be * equal to the Squares of FC, 
CK : And for the fame Reafon, the Square of FK 
is equal to the Squares of FB, BK. Theref&e the 
Squares of FC, CK, are equal to the'S^uares of FB, 
BK. But the Square of FC is equajr to the Square 
of FB : Wherefore the Square of CK (hall be equal 
to the Square of BK ; and fo BK is equal to CK. 
And becaufe FB is equal .to FC, and FK is common, 
the two Sides BF, FK, are equal to l!he two Sides CF, 
FK, t and the Bafe BK is equal to the Bafe KC j and 
t *• >• fo the Angle BFK (hall be f equal to the Angle 
KF% and the Angle BKF to the Angle FKC. 
Therefore the Angle BFC is double to the Angle 
KFC, and the Angle BKC double to the Angle 
FKC: For the fame Reafon the Angle CFD is 
double to the Angle CFL, and the Angle CLD double 
to the Angle CLF. And becaufe the Circqmference 
BC isequal to theCircumfercnceCD, the Angle BFC 
t 3* (hall be % equal to the Angle CfP. But the Angle 
BFC is double to the Angle KFC, and the Angle DFC 
double, to LFC. Therefore the Angle KFC is equal 
to the Angle CFL. - And fo FKC, FLC^ are two 
Triangles, having Wo Angles of the one equal to two 
Angles of the other, each to each, and one Side of the 
one equal to one Side of the other, viz. the-common 
t »*• *• t Side FC ; wherefore they Stall have f thither Sides 
of the one equal to the other Sides of the orher; and 
the other Angle of the one equal to the other Angle of 
the other. Therefore the Right Line KC is equal fo 
the Right Angle CL, and the Angle FKC to the Angle 
FLC. And fince KC is equal to CL, KL fhallbe 
double to KC. And by the farne Reafon, w % prove 
thatHK is douijleto BK, Again, becaufe BK has 

peea 
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teen proved equal to KC, and KL the double of KC, 
as alfoHK the double of BK j HK (hall be equal to • 

KL. $o like wife we prove, that GH, GM and ML, 
ar^each equal to H-K, or KL : Therefore the Penta- 
gonXJHKLM is equilateral. I fay, alfb it ^ equian- 
guJar.\For becaufe the Angle FKC is equal to the 
Angle jj LC, and the Angle HKL has been proved to 
be double to the Angle FKC ; and alfoKLM dbuble 
to FLC : Therefore the Angle HKL fltall be equal to 
the Angle KLM. By the fame Reafon we demon* 
ftrate, that every one of the Angles KHG, HGM, 
GML, is equal to the Angle HKL, or KLM. There* 
fore the five Angles, GHK, HKL, KLM, LMG, 
MGH, ar$ equal between themfelves. And fo, the 
Pint agon GBKLM it equiangular } and it bat been 
proved likewife to be equilateral, and de/cribed about. the 
Circle ABCDE j which was to be done. 

PROPOSITION XIII. 

Problem, * r 

To defcribe a Circle in an equilateral and equian- 
gular Pentagon. 

T ET ABCDE be an equilateral and equiangular 
^ Pentagon. It is required to infcribe a Circle in 
the fame. 

Bifeft * the Angles BCD, CDS, by the Right • 9. 1; 
Lines CF, DF ; and from the Point F, wherein GFi 
DF, meet each other, let the Right Lines FB, FA, 

FE, be drawn. Now-, becaufe BC is equal to CD, 
and CF is common, the two Sides BC,- CF, are equal 
to the two Sides DC, CF $ and the Angle BCF is equal 
to the Angle DCF. Therefore the Bale BF is f equal t 4 * r * 
to the Bare FD ; and the Triangle BFC equal to the 
Triangle DCF, and the other Angles of the one equal 
to the other Angles of the other, which are fubtended 
by die equal Sides : Therefore 1 the Angle CBF (hall 
be equal to the Angle CDF. And becaufe the Angle 
CDE is double to the Angle CDF, and the Angle 
CDE is equal to the Angle ABC, as alfo CDF equal 
to CBF ; the Angle CBA will be dpuble'to the Angle 
CBF i and fo tbe Angle ABF eqyal to the Angle 
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CBF : Wherefore the Angle ABC is bifefited bjr the 
Right Lirt$ ,BF. After the fame manner we prove, 
that either of the Angles BAE, or AED, is t>ife&ed 
by the Right Line AF, or FE. From the Point F driw 
' llt *• * FG, FH, FK, FL, FM, perpendicular to the£jght 

Lines BC, CD, DE, EA : Then, fincefAe An- 
gle HCF is equal to the Angle KCF, and thfe Right 
Angle FHC^qualto the Right Angle FKC ; the two 
Triangles FHC, FKC, fliall have two Angles of the 
one equal to two Angles of the other, and one Side of 
the one equal to one Side of the other, fiz. the Side 
FC common to each of them : And fo the other Sides 
fa6. 1. of the one will be f equal to the other Sides pf the 
other, and thePerpendicular FH equal £0 the Pdrpen- 
tficojar FK. In the fame manner we demonftrate, that 
FL, FM, or FG, is equal to FH, or FK : Therefore 
the five Right Lines FG, FH, FK, FL, FM, are 
equal to each other, and fo a Circle defenbed on the 
Centre F,. with cither of the Diftances FG, FH, FK* 
FL,TM, will pafs thro* the other Points, and (hall 
touch the Right Lines AB, BC, CD, DE, EA; fince 
the Angles at G, H, K, L, M, are Right Angles. For* 
if'it does not touch them but cuts them, a Right Line 
drawn from the Extremity of the Diameter of a Cir- 
cle, at Right Angles to the Diameter, will fall within 
ti6. 3. the Circle; which is Jabfurd. Therefore, a Circle 
deferibed on the Centre F, with the Dijlance of any one of 
the Points G, H, K, L,' M, will not cut the Right Lines 
AB, BC, CD, DE, EA, and fo will necejfarily touch 
ibem ; which was to be done. 

Coroll. If two of the neareft Angles of an equilateral 
‘ arid equiangular Figure be bifefted, and, from the 
Point in which the Lines bifefting the Angles meet, 
there be drawn Right Lines to the other Angles of 
the Figure, all the Angles of the Figure will be 
bife£ed, 
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ROPOSITION XIV* 

Pr olbih. 

7"o deftribe a Circle about a given equilateral and 
equiangular Pentagon. 



T E T ABCDE be an equilateral and equiangular 
. ■*“* Pentagon. It it required to defcribe & Circle about 
tbe fame. 

Bifed both the Angles BCD, CDE, by the Right 
Lines CF, FD ; ana draw FB, FA, FE, from the 
Poinrt 1 ', in which they meet. Then each of thp other 
Angles CBA? BAE, AED, fcall be billed* by tbe * Cor. ,f 
Right Lines BF, FA, FE. And fince the Angfc'BCD t rmJ ‘ 
is equal to the Angle CDE, and the Angle FCD is 
halt the Angle BCD ; as like wife CDF, half CDE ; 
the Angie FCD will be equal to the Angle FDC ; and 
fo the Side CF f equal to the Side FD. We demon- f 6. r. 
ilrate, in like manner, that FB, FA, orFE, is equal to 
FC, orFD. Therefore the five Right Lines FA, FB, 

FC, FD, FE, are equal to each other. And foyaOV- 
cle being defer ibed on the Centre F, with any of the Dif- 
tances FA, FB, FC, FD, FE, will pafs thro' the other 
Points , and will be deferibed about the equilateral and 
equiangular Pentagon ABCDE} which was to be 
done. 


PROPOSITION XV. 

Prolbim, 

TV inferibe an equilateral and equiangular flex- 
agon in a given Circle. ' * 1 

T E T ABCDEF be a Circle given. It is required 
•b-e to inferibe an equilateral and equiangular Hexa- 
gon therein. 

D$aw AD, a Diameter of the Circle ABCDEF, 
and let G be the Centre } and about the Point D, as 
a Centre, with the Difiance DG, let a'Circle, EGCH, 
be deferibed ; join EG, GC, which produce to the 
Points B, F ; Liicwiie join AB, B9> CD, DE> EF, 
la FA: 
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FA : I fay, ABCDEF is- an equilateral and equian- 
gular Hexagon. ' { 

For, finCe the Point G ?s the Centre' of' tHe Circle 
ABCDEF, GF. will be equal to GD. Again, bep*ufe 
the Point D is the Centre of the Circle EGCKr DE 
(hall bePequal to DG : But GE has been proved equal 
to GD ; therefore GE is equal to ED. And fo EGD 
is an equilateral Triangle ; and confequently the three 
5. 1. Angles thereof, EGD, GDE, DEG, are * equal be- 
tween themfelves. But the three Angles of a Triangle 
f 3,. 1. are t equal to two Right Angles ; therefore the Angle 
EGD is a third Part of two Right Angles. In the 
fame manner we demonftrate, that DGC is ogp third 
Part of two Right Angles : And fince /he Right Line 
1 13- r. CG, landing upon the Right Line EB, makes $ the 
adjacent;^ Angles EGC, CGB ; therefore the other 
Angles CGB, is alfo one third Part of two Right 
Angles^ Then fore the Angles EGD, DGC, CGB, 
are equal between themfelves : And the Angles that 
are vertical to them, viz. the Angles BGA, AGF, 
* x s« *• FG£» are * equal to the Angles EGD, DGC, CGB. 
W'ht&fore the fix Angles EGD, DGC, CGB, BGA, 
AGJttFGE, are equal to one another. But equal An- 
+ 16. 3. glesftand -j on equal Circumferences : Therefore the 
fix Circumferences AB, BC, CD, DE, EF, FA, are 
1 tg. 3. equal to each other. But equal Right Lines fubtend J 
equal Circumferences : Therefore the fix Right Lines 
are equal between themfelves; and accordingly the 
Hexagon ABCDEF is equilateral. I fay, it is alfo 
equiangular; For, becaufe the Circumference AF is 
equal to the Circumference ED, add the common Cir- 
cumference ABCD» and the whole Circumference 
F ABCD is equal to the Whole Circumference EDCB A. 
But the* Angle FED Rands on the Circumference 
F ABCD ; and the Angle AFE, bn the Circumference 
t? EDCBA-: Therefore the Angle AFE is * equal to the 
Angle DEF- In the fame manner we prove, that the 
other Ajigtesof the Hexagon ABCDEF are feverally 
equal to AFE, or' FED. Therefore, the Hexogen. 
ABCDEF- it. equiangular. But if- hot hem proved 
v to bealfo equilateral. Out it injerifyd in the Circle 
ABCDEF i which was tq be dofic. 


Q trail. 





Book V. Euclid s Elements. 117 

Coroll. From hence it is manifeft, that the Side of the 
Hexagon is equal totheSemidiapieter of the Circle. 

And if use draw, thro’ the Points A,B, C, D, E, F, 
^Tangents to the Circle, an equilateral and equian- 
gular Hexagon, will be defcribed about i^ie Circle, 
as is.mahifeft, from what has been faid concerning 
the Pentagoiu^^UdJo likewife may a Circle bcin- 
fcribed and cireumfcrimi about a given Hexagon j 
which was. to be done. 


PROPOSITION XVI. 

Problem. 

To defcribe an equilateral and equiangular Quirt- 
decagon in a given Circle. - f . 


T E T ABCD be a Circle given. It is required to 
defcribe an equilateral and equiangular Quinde- 
cagon in the fame. 

Let AC be the Side of an equilateral T Wangle in- 
fcribcd in the Circle ABCD, and AB the Side of a 
Pentagon. Now, if the whole Circumference of the 
Circle ABCD be divided into fifteen equal Parts, the 
Circumference ABC, one Third of the Whole, fhall 
be five of the faid fifteen equal Parts jand the Circum- 
ference AB, one Fifth of the Whole, will be three of 
the faid Parts : Wherefore the remaining Circumfe- 
rence BC will be two of the faid Parts. And if BC be 
bife&ed in the Point E, then BE, or EC, will be one 
fifteenth Part of the whole Circumference ABCD. 
And fo, */BE, EC, be joined, and either EC, or EB» be 
continually applied in the Circle , there JhaU be an equilate- 
ral and equiangular Quindecagon defcribed in the Circle « 
ABCD i which, was to be done. 


If, according to .what hath been laid of the Pentagon , 
Right Lines are drawn thro* the Divifions of the 
Circle touching the fame, there will be defcribed 
about the Circle an equilateral and equiangular 
Qyindscagon. And, moreover, .a, Circle may be 
inferibed, dr circumfcribed, about a given equila- 
teral and equiangular Quindecagon, 
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* , 

DEFINITIONS. 

I. /J Part is a Magnitude of a Magnitude , 

the Lefs r of the Greater, when the Leffer 
meafures the Greater. 

II. But a Multiple is .a Magnitude of a Magni- 
tude, the Greater of the Leffer , taken the 
Leffer meafures the Greater. 

III. Ratio is a certain mutual Habitude of Mag- 
nitudes of the fame Kind, according to H$uan- 

1 tity. 

IV. Magnitudes are faid to have Proportion to 
each other, tabich, being multiplied, can exceed 
one another. 

V. Magnitudes are faid to be in the fame Ratio, 
the firfi to the fecond, and the third to the 

. fourth j when the Equimultiples of the firfi and 

. third, compared with the Equimultiples of the 
fecond and fourth , according to any Multipli- 
cation wbatfoever, are either both together, 
greater, equal, or lefs, than the Equimultiples 
of the fecond and fourth, if ihofe be taken 
that anfwer.edch other. 


That 
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That is, if there be four Magnitudes, and you take 
any Equimultiples of the firft and third, and alio any 
'^qdittmltiples of the fecond and fourth j and if the 
"Multiple* pf the firft' be greater than the Multiple of 
the iecontU and alfo the Multiple <Jf the thi|d greater 
than the Multiple of the fourth ; or, if the Multiple 
of the firft W'-?qx;!r ! ac%tiie Multiple of the Yecond ; 
and alfo the Multiple of the third equal to the Mul- 
tiple of the fourth ; or, laftly, if the Multiple of the 
firft be left than the Multiple of 'th? fecond ; and alfo 
that of the third left than that of the fourth, and thefe 
Things happen according to every Multiplication what- 
foever : Then the four Magnitudes are in the fame Ra- 
tio ; 4 tie firft the fecond, as the third to the fourth. • 

VI. Magnitudes that have the fame Proportion, 

. are called Proportionals. 

Expounders ufually lay ddwn here that Definition, 
for Magnitudes, which Euclid has given for Numbers, 
only, in this Seventh Book •, viz. That 

Numbers are proportional , ivhen the firjl is either the 
fame Multiple of the fecond , as the third is of the fourth, 
or elfe the fame Part or Parts. 

Butthis Definition appertains only to Numbers, and 
commenfurable Quantities ; and fo, fince it is not uni- 
verfal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals j 
and to fubftitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean Time, Expoun- 
ders very much endeavour to demonftrate the Defini- 
tion here laid down by Euclid ', by the ufual received 
Definition of proportional Numbers; but this much 
eafier flows from that, than that from this ; which may 
be thus demonftrated : 

Firjl, Let A, B, C, D, he four Magnitudes, which 
are in the fame Ratio, according to the Condirona 
that Magnitudes in the fame Ratio muft have accPrd- 
ing to the fifth Definition s and let the firft be a, 
Multiple of the fecond : I fay, the third is alfo the 
fame Multiple of. the, fourth. For Example : Let A 
be equal to 5B : Then C lhall be equal to 5D. Take 
1 4 • *n l 
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any Number, for Example, a, by which let 5 be 
multiplied, and die Product will 
be 10 : And let 2A, 2C, be 
Equimultiples of the fuft and 
third Magnitudes 'A and G : 

Alfo, let 10B and toD he Equimultiple^^ the fe- 
conu arf8 fourth Magnitude I?-' Then (by 
Dtf. 5.) if 2A be equal to^eoB, 2C fesll be e^ual to 
joD. But fince A (from the Hypotbefit) is five Times 
B, 2A (hall be equal to 10B; and fo 2C pqual to 10O, 
and C equal to jD j that is, C will be five Times P. 
W. W, D. 

Secondly, Let A be any Part of B ; then C will be 
the lame Part of D. For, becaufe A is to B, a !r.C is 
to D ; and fince A is fome Part of B ; then B will be 
q Multiplepf A: And fo (by Cafie 1.) O will be thq 
fame Multiple of C } and accordingly C (hall be the 
lame Part of the Magnitude D, as A is of B. W. W. D. 

Thirdly, Let A be equal to any Number of what- 
foever Parts of B. I fay, C is equal to the fame 
Number of the like Parts of D. For Example : Let 
A be a fourth Part of five Times B ; that is, let A be 
equal to |B. I fay, C is alfo equal to ^D. For^ 
becaufe A is equal £B, each of them being multi- 
plied by 4, then 4A will be equal to 5B. And ib, 
if the Equimultiples of the fuft ^ . g . . q . r> 
and third, viz. 4A, 4C, be af- 
funuyJ j as alfo the Equimulti- * » n r» 

pies of the fecond and fourth^ +'■'* 5 ^ 

vie. 5B, jD ; and (by the Definition) if 4A is equal to 
jB ; then 4C is equal to jD. .But 4A has been proved 
equal to 5B, and fo 4C (hall be equal to jD, and C . 
equal to fD. W. W. D. 9 

' And univerfally, if A be equal to— B, C will be 
9 m 

equal to* — D. For let A and C 

m A B : : C : D 

be multiplied by 19, and B and 
Dby n. And becaufe A is equal 
» • «A, »B, *» 0 , »D 

to — B ; wA (hall be equal to 
. m * , 

*Bj wherefore (by Dtf. 5.) «C will be equ^l to *D, r 
9 . ' 

and C equal to — 0 . W. W. D, 


A : B : : C ; D 

,, ■t" -■ . 

2A, 10B, jlC, id£x 


yu. men, 
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VII. When, of Equimultiples , the Multiple of the 
firfi ex ceeds the Multiple of the fecund , but the 

"X^TfluRifle of the third does not exceed the Mul- 
tiple of the fourth ; then the fir ft to the fecond 

„ is faid to have a greater Proportion than the 
third to tbeJourtK . » 

VIII. Analogy is a Simtikuds of Proportions, 

IX. Analogy at leaf confifts of three 7* erms. 

X. When three Magnitudes are'Proportionals , the 
firft is faid to have, to the third , a duplicate 
Ratio to what it has to the fecond. 

XI. Sutsvben four Magnitudes are coi0iued 
Proportionals , the firft jball have a triplicate 
Ratio to the fourth of what it has to the fe- 
cond g and fo always one more in Qrder,ds the 
Proportionals /ball be extended , 

XII. Homologous Magnitudes , or Magnitudes of 
a like Ratio , are faid to be fucb wbofe Ante- 
cedents are to the Antecedents , and Confequent s 
to the Confequents. 

XIII. Alternate Ratio is the comparing of the 
Antecedent with the Antecedent, and the Con * 
fequent with the Confequent. 

XIV. Inverfe Ratio is, when the Confequent is 

tajcen as the Antecedent , and fo compared with 
the Antecedent as a Confequent, • 

XV. Compounded Ratio is, when the Antecedent 
and Confequent , taken both as one, is compared 
to the Confequent it f elf 

XVI. Divided Ratio is, when the Excefs, where- 
by the Antecedent exceeds the Confequent , is 
compared with the Confequent. 

Xyil . .Converfe Ratio is, when the Antecedent is 
compared with the Excefs, by Which the Ante- 
cedent meeds the Confequent. 

XVIII. Ratio of Equality is, where there are taken 
more than two Magnitudes in one Order , and a 

like 
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like Number ef Magnitudes in another Order , 
comparing itOo to two being in the fame Pro- 
portion •, and it {hall be in the firJl'Gfdefof 
Magnitudes, as the firjl is to tbo loft, fo in the 
feeond Order of Magnitudes is the/firfi to the 
laft* Or otberwife, ith the Queiparifon of the 
Extremes together, Cm Means being omitted. 

XIX. Ordinate Proportion is, when as the Ante- 
cedent is to the Confequent, fo is the Antecedent 
to the Confequent % and as the Confequent is to 
any ' other , fo is the Confequent to any other. 

XX, Perturbate Proportion is, when these ere 
three or more Magnitudes , and others dlfo, that 
are equal to tbefe in Multitude , as in the firjl 
Magnitudes the Antecedent is to the Confe- 
quent fo in the feeond Magnitudes is the An- 
tecedent to the Confequent : ’ And as in the firjl 
Magnitudes the Confequent is to feme other ^ fo 
in the feeond Magnitudes is fome other, to the 
Antecedent. 

AXIOMS. 

J. Jf Quimultiples of the fame, or of equal Mag- 
■ nitudes, ftre equal to each other. 

II. Thofe Magnitudes thqt have the fame Equi- 
multiple, or wbofe Equimultiples are equal, are 
equal to each other. 


r&o- 
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ROfO SITIONI.- 

Theorem. 




’* J/ be, apy Number of Magnitudes Equimul - , 
tiples of a like Number of Magnitudes, tacb 
of each-, wbatfoever Multiple any one of the 
former Magnitudes is of itt correspondent one , 
tbe fame Multiple are all the former Magni- 
tudes of all tbe latter. 

T there be any Number of Magnitudes 
AB, CD Equimultiples of a like Number of 
* Magnitudes E, F, each of each, I fayi what 
Multiple the Magnitude AB is of E, the fame Mul- 
tiple AB, and CD, together, is of E and F to* 
gether. . 

For, becaufe AB and CD are Equimultiples of E 
and F, as many , Magnitudes equal to 
E, that are in AB, fo many (halt be A 
equal to F in CD. Now, divide AB 
into Farts equal to E, which let be AG, 

GB ; and, CD into Parts equal to F, G-- 
viz. CH, HD. Thgn^the Multitude of f E 
Parts, CH, HD, (ball, be equal to the B 
Multitude of Parts AG,. Q3. . And fince p 
AG is equal to E, aqd.CH to F 5 AG 
and CH, .together, (hall be equal to E . 
and F together. By the fame Reafon, 
becaufe GB is equal to E, and HD to F, *, 

GB and HP, together, will be equal to E ' 
and F together. Therefore, as often as 
E is contained in AB* fo often is E and F, 
together, contained in AB and CD, to- I. p 
gether. And So as often $ut F is contained U • ■ 
in CD, fo often are E and F, together, contained in 
AB, .and. QD together. Therefore, if th&t err any 
Number of Magnitudes Equimultiples of a like Number 
of Magnitudes, each ef each j lohaifoever Multiple any 
one of the former Magnitudes is of its- urrefpmdestt one, 

■ the fatni Multiple are all the fornier Magnitudes of ail the 

lottery „which was to be demonftrafcd. 

‘V 5 ' % . , 
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i ar* 

Theorem. 

Ij the firft be the fame Multiple of - the fecond , , 
as the third is of the fourth \jned' if the fifth 
he the fame Multiple jf the fecond, as the fixth 
is of the fourth ; then Jhall the firft , added to 
the fifth, be the' fame Multiple of the fecond , as 
the third, added to the fixth, is of the fourth. 

T E T the firft AB be the fame Multiple oftfjie fsf 
’■“* cftftfC, as the third DE is of the fourth F ; and 
let the fifth B6 be the fame Mul- « 
tiple of the fecond C» as the fixth A 
EH is of the fourth F. I fay, 
the firft added to. the fifth, viz. g 
AG, is ths fame Multiple of the ° 
fecond C, as the third added to 
the fixth, viz. DH, is of the fourth 
F. , 

For, becaufe AB is the fame 
Multiple of C, as DE is of F ; there are as many 
Magnitudes equal to C in AB, as there are Magnitudes 
equal to F in DE. And, for the fame Reafon, there 
are as many Magnitudes equal to C in BG, as there 
are Magnitudes equal to F in EH. Therefore there 
are as many Magnitudes equal to C, in the whole AG, 
aS there are Magnitudes equal to F in DH. W$rere» 
fore AG is the fame Multiple of C, as DR is bf F. 
And fo the firftj added to the fifth, AG, is the' fame 
Multiple of the fecond C, as the third, added to fhe 
fixth, DH, is of the fourth F. Therefore* if the. firft 
be the fame Multiple pf tbefetmd, as the third it of the 
fourth } and if the fifth bt the fame Mtdtiplt of the ft* 
tend, as the fixth is of the fourth ; then putt the firfii 
aided to the' fifth, be the feme Multiple tf the fectnd, OS 
tho third, added U the fixth, is tf the fourth-, which 
fras to bedcrnonftrated. 
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^^jfRO'POSITIO* III. 

j * Theorem. 

If the fir ft be the fame Multiple of the fecund, as 
the third is of the fovrjh, and there he taken 
Equimultiples of she firft* and third \ then will 
the Magnitudes fo taken he Equimultiples of 
the fecond and fourth. 


F 


T E T the firft A be the fame Multiple of thesdedond 
ft, as the^third C is of the fourth D j and let EF, 
GH, be Equimultiples of A 
and C. I fay, EF, is the fame 
Multiple of B as GH is of D. 

For, becaufe EF is the fame 
Multiple of A, as GH is of C, 
there are as many Magnitudes 
equal to A in EF, as there are 


K 


Magnitudes equal to C in GH. 
Now divide Er it 


L+ 


il 


' into the Mag- 
nitudes EK, KF, each equal 
to A, and GH into the Mag- £ 
nitudes GL, LH, each equal 
to C. Then the Number of the Magnitudes EK, KF, 
will be equal to the Number of the Magnitudes GL, 
LH. And becaufe A is the fame Multiple of B, as C 
i« of D, add EK is equal to A, and GL to C j EK 
will he the fame Multipleof B, as GL is of D. For 
the fameReafpn, KF.fhall be the fame Multiple of B, 
as LH is of D. Therefore becaufe the firft EK.is the 
fame Multipleof the fecond B, as the third GL is of 
the fourth D, and KF the fifth, is the fame Multiple 
of’B, the fecond, that LH* the fixth. is of Dthe 
fourth : Therefore.the firft added to the fifth, EF, fhall 
be * the fame Multiple of the fecond B, as, the third 
added to the fixth, GH, is of the fourth D. If there- 
fore, the fir fib* the famt Mukipl * of th* fecond , as the 
third is of tb* fourth, and there bt taken Equimultiples of 
tbefirji and third } then will the Magnitudes fo taken, be 
Mquimultiplts if tbefimd and fourth j which was to be 

PRO- 


1 2 (tf this. 
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PROPOSITION vy . 

Theorem. 

If the fit ft have the fame Proportion to the fecond, 
■■ astbetbird to the fourth', thenalfofhall t fee Equi- 
multiples of the fir£ and third have the fame 
Proportion to tbeEquimultiples of the fecond and 
fourth, according to any Multiplication wbatfo- 
ever, if they be fo taken as to anfwer each other. 


* 3 of tbit 


i:i; jlJo 


M 


to*/. 

Mi. 


tty S 


T E T the firft A have the fame Proportion to the 
• feeond B, as thethird C hath to ( tbe fourth D j 
and let E and F, the Equimultiples 
of A and C, be any how taken } as 
slfo G and H, the Equimultiples of 
B and D. 1 fay, E is to G as F is 
to H. 

For take K and L, any Equimul- 
tiples of E and F j and alfo M and 
N, .any, of (5 and H. 

, Then, becaufe E is the fame 
Multiple of A, as F is of C, and K 
and L are taken Equimultiples of E 
and F j therefore K will be * the 
fame Multiple of A, as L is of C. 

For the fame Reafon, M is the fame 
Multiple of B> as N is of D. And 
ft nee A is to B, as C is to D, and 
K and L are Equimultiples of A 
and C j, and alfo M and N Equi- 
multiples of B and D j if K exceeds 
’/ M, then f L- will exceed Nj if K 
be equal to M, L will be equal to 
N ; and if 1C is lefs than M, then L 
will he left than N : But K and 
. L are Equimultiples of E ahd F, 
alfo M and N are Equimulti- 
ples of G and H. Therefore, a* 

E is to G, fo, (hall J F be to H. 

Wherefore, if the frji have the fatne 
' Pmm'un to thy Jicond , eu the third 
tithe fourth } tbep alfo flail the Equi- 
multiples 


EFcrjH|r 


f 
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Multiples of the fir ft and third have the fame Proportion 
to ihe Equimultiples of the Jecond and fourth , according 
multiplication what finer, if they- be fo taken as to 
ahfwer each other ; which was to be demonif rated. 

Becaufe it is demonftrated, if K exceeds Mq then L 
will exceed N ; and if K be equal to M, L will be 
equal to N ; and if, K be lefs than M, L will*be lefs 
than N : It is mamfcft, likewile, if M exceeds K, 
that N (halt exceed L } if equal, equal ; but if lets 
lefs. And therefore, as G is to 2, l'o is * H to F. * 0, f- ft 

Coroll. From hence it is manifeft, if four Magnitude* 
be proportional, that they will be alfo inverfely pro- 
portional. , 


PROPOSITION V. 


Theorem. 


If one Magnitude be the fame Multiple of ano- 
ther Magnitude , as a Part taken from the 
one is of a Part taken from the other ; then 
the Ref due of the one fhall be the fame Mul- 
tiple of the Ref due of the other , as the Whole 
is of the Whole . 


T ET the Magnitude AB be the fame Multiple of 
Y the Magnitude CO, as the Part taken away AE/ 
is|of the Part taken away CF. I fay, 
that the Relidue EB is the feme Mul- B 
tiple of the Refiduc FD, as the Whole 
AB is of the Whole CD. 

For, let EB be fuch a Multiple of CG, 

SfAEispfCF. . 

Then,' becaufe AE is the fame Mul- 
tiple of CF, at EB isof CG, AE will be 
•the fame^Multiple of CFi as AB is of ■ [ f 1 */'*"♦ 
GF. But AE'and AB are put Equimul- 
tiples of CF and CD: Therefore AB is 
the fame Multiple of GF, as of CD \ and fo GF is 1 1 A. *■ */ 
equal to CD. Now, let CF, which is common, be 
taken away { then the Refidue GC is^qual to the Re- 
lidue 


G 

Ic 

If 

1 
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fidue DP. And then, becaufe AE » the feme Mul- , 
tiple of CF, as EB it of QG, andCGisqcuul to DF ; 
AE (hall be the fame Multiple of CF, asE 
But AE. is put the fame Multiple of CF» as AB i*t>f 
CD: Tsherefore EB is thefemeMultipls of FD, as 
AB is of CD; and fo the. Refidue EB iathe fam* 
Multiple of die Refidue FD, as the Whole AB is o t 
the Whole CD. Wherefore, font Magnitude h the 
fame Multipit of another Magnitude, as a Part- taken 
from the one is of a*Part taken from the other s then the 
Ref due of the one Jhall be the fame Multiple of the Re - 
Jidue of the other, as the Whole is of the Whole i which 
was to be demonflrated. 

PROPOSITION VI. 


Theorem. 


Jf two Magnitudt i be Equimultiples of two Mag- 
nitudes, and feme Magnitudes Equimultiples of 
the fame , betaken away, then the Refidues 
are either equal to tbofe Magnitudes , ottlfe 
Equimultiples of tbeWv 


i $f tb » • 


* 

HD is 


T ET two Magnitudes AB, CD, be Equimultiples 
■*-* of two Magnitudes E, F ; and let the Magni- 
tudes A6, CH, Equimu!»|ti«s- of the fame, E} F, be 
taken from AB*£D : I f*y> the Refidues GB, HD, 
•are either equaLtn E, F* or- wo Equimultiples |M 
them. I 

For, firft. Let GB be equal to E. I iky, 
alfo equal to F. For let CE be 
equal to F. Then, becaufe AG is 
the feme Multiple of £, as CH is 
of F} and GBia equal to Ej and 
CK. to. Fj AB wtil be * the fame 
Multiplo of E, iiKH is of F. But 
AB> arid CD aw put Equimultiples 
of E and F. . Therefore EH it the 
fame Mriltiplobf F, as CD is-of 

f; 

■ < Arid becaufe ,KH and CD are 
Equimultiples qf F j EH Will becqual toCD, Take 

> W V 


E 

+C 


G++H 

U 




A 



away CH, which if , common ; then It 
the Reiidue &Gi»'«qual tothe Rc- ' 

• But £0 is equal to F» 

Therefore HD is equal to JF j and 
fo GB fliailbe equal to-E, and HD' 

.to F. 

In like manner we deBionftrate*. 
if GB was a Multiple of £, that 
HD k a like Multiple of F. There- 
fore, if two Magnitudes be Equi- 
multiple; of two Magnitude i, and 
fome Magnitudes , Equimultiples of 
the fame , be taken away j then the Rejidues 'are eitbet 
equal* fthofe Magnitudes , or elfe Equimultiples of them\ 
which was to"be demonftrated. 


G+ 


6 


i, 
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PROPOSITION VII. 

Ttt E O R. E M. ' 

Equal Magnitudes have the fame Proportion tb 
the fame Magnitude •, and one and the fame 
Magnitude has the fame Proportion to equal 
Magnitudes. 

T ET A, B, be equal Magnitudes, and let 0 be 
any other Magnitude. I fay, A and B have the 
fame Proportion to C }» ahd > likewife frq I 
(|has the fame Proportion to A as to 

For take D, and E, Equimultiples of 
A and B ; and let F be any other Mul- 
tiple of C. 

Now, becaufe D is the fame Mul- 
tiple of A, as E is of B, and A it equal 
to B, D ihall be alfo equal to Ej but 
F is a Magnitude taken at Pleasure. 

Therefore if D exceeds F, then E'will 
exceed F j if Dbe equal to P, E will 
be equal to F ; and if left, left. But 
D and E are Equimultiples of A and B ; and F is 
any oiler Multiple of C. Therefore >lt will bo* as 
A is t6 C, fo j* B to C. . 

K ' If*D 


i 

EBDF 


»b«/. j. 
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1 fay* moreover; that £ has thefatoe Proportion to 
A as to B. For the fame Conftru&iod remaining, we. 
prove, in like manner, that t> is equal to ET* Tnere- 
rore, if F exceeds D, it will hlfo exceed Ej. if it be 
equal to £>, it will be equal to' E ; and if it be left than 
D, it tyill be leis than E. But F! is a Multiple of C ; 
and D and E, any other Equimultiples of A and B; 
therefore;- at G is to A, fo (hall * C be to B. Where- 
fore* equal -Magnitudes Have the fame Proportion to the 
fdnu Magnitude, and the fame magnitude to equal ones } 
which was to be demonltrated. 


PROPOSITION VIII. 

T H E O R E M. 

The greater of any two unequal Magnitudes has 
a greater Proport' • to fome third Magnitude , 
than tk; lefs has } and that third Magnitude 
bath c * eater Proportion to the lejfer of the 
two Magnitudes, than it has to the greater. 


T ET AB and C be *«vo unequal Magnitudes, where- 
•*"' cf AB is the greater ; and let D be any third Mag- 
nitude. - I fay, AB has a greater Proportion to D, 
than C has to D; and D has a greater Proportion to 
C, than it has to AB. 

Becaufe AB is greater than C, make BE equal to 
C, that is; let AB exceed C 


by AE ; then AE, multiplied F 

fome Number of Times, will I 


be greater than D. Now let A 

AE be multiplied until it ex- | 

ceeds D, and let that Multiple IG + E+ I 

of AE greater than DbeFG. I | 1 

Make GH the fame Multiple K H C 


of EB, and K of C, as FG 
it of AE. Atfo, afliime L 


double to O, P tripje, and fo 
«on, until- fuch a Multiple of 
D it bad, as is the nearell 
greater than K } let this be N, 
and let M be a Multiple of D, 
the nearell lefs than N. 

Now, becau/e N is the 
npareft Multiple ©f D greater 




I-l* 


than K ; M will not feegreater than K ; that is, f£ 
will not be lefs than M. And fine* FG isthe fame 
Multiple" of AE, as GH is of EB) FGflwtt be* • 

the lame Multiple of AE, as FH is of AB: but FG 
is the fame Multiple of AE, as K. is of C r Where- 
•fore FH is the lame Multiple of AB as K tyof C) 
that , is, FH and K are Equimultiples of AB and G< 

Again, becaufe GH is the lame Multipleof EB* a» K 
isofC, and EB Is equal to C ; GH fliall be t equal t •<*. *• 
to K. But K is not lefs than M : Therefore GH 
fliall not be lefs than M. But FG is greater than D : 

Therefore the whole FH will be greater than M and 
D ) bqt M and D, together are equal to N, becaufe 
M if a Multiple of D,, the nested lefler than N : , 
Wherefore FH is greater than N. And fo, fince FH 
exceeds N, and K. does not ) and FH and K are 
Equimultiples of AB and C, and N is another Mul- 
tiple of D ; therefore AB will have $ a greater Ratio $ Dtf. j, 
to D, than C has to D. I lay, moreover, that D has 
a greater Ratio to C than it has to A8 : For the 
fame Conftrudion remaining, we demonftrate, as be- 
fore, that N exceeds K, but not FH. And hi is a 
Multiple of D, and FH and K are Equimultiples of, 

AB and C. Therefore D has } a greater Proportion 
to C, than D hath to AB. Wherefore, the greater of 
any two unequal Magnitudes has a, greater Proportion to 
fame third Magnitudo than the lefs has j and that third 
Magnitude hath a greater Proportion to the leffer of the 
two Magnitudes than it has to the greater } which was 
to be demonft rated. * 

PROPOSITION IX. 

Theorem. 

Magnitudes •which have the fame Proportion to 
one and the fame Magnitude , art equal to , one 
another j and if a Magnitude hat the fame Pro * 
portion to other Magnitudes , tbefe Magnitudes 
are equal to one another. 

E T the Magnitudes A and B. have the lame Pro- 
J portion to C. I fay, Ais equal <to B. ^ 
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For, if it was not, A and B would not * have the 
fame Proportion to the fame Magni- 
tude C i but they have* Therefore A 
is equal to B. 

Againf let C have the feme Propor- 
tion to A as to B. I fay, A is equal 
to B. 

For, if it he not, C will not * have 
the fame Proportion to A as to B ; but 
it hath : Tberefoie A is necelTarily 
equal to B. Therefore, Magnitudes 
that have the Jams Proportion to one 
and the fame Magnitude, are equal to one another ; and, 
if a Magnitude , has the fame Proportion tfl other Magni- 
tudes, theje Magnitudes art equal to one ateother ; which 
was to be dununftrated. 


B 


PROPOSITION X. 

Theorem. 

Of Magnitudes having Proportion to the fame 
Magnitude, that which has the greater Pro- 
portion, is the greater Magnitude : And that 
Magnitude to which the fame bears a greater 
Proportion , is the lejfer Magnitude. 

L ET A have agreater Proportion to C, than B has 
to C. I fay, A is greater than B. 

For, if it be hot greater, it will either be equal or 
lefs. But A is not equal to B, becaufe 
then both A and B would have * the 
fame Proportion to the Magnitude C j 
but they have not. Therefore A is 
not equal to B : Neither is it lefs than 
B ; for then A would have + a lets 1 SJ 

Proportion to C, than B wculd have; | 

but it hath not a lefs Proportion : There- 
fore A is not lefs than B. But it has B 
been proved likewife not to be equal to 
it : Therefore A (hall be greater than B. 

Again, let C have a greater Proportion to B than to As 
I fay, B is left t|)an A. 

.For, 
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For, if it be notiefs, it is greater, or equal. Now,. 

B is not equal to ‘A, for then ,C would t have * the *7sfiw«. 
fame Proportion to A as to B ; but this it. has not. ' 

Therefore A is not equal to BV neither is B greater 
than A} for if it was, C would have f a ldfe rropor- f 8 
• tion to B than to A) but it has not : Therefore B is' 

- not greater than A, But it has alio, been prcRredont 
to be equal to it. .Wherefore B fltall^elefs than A. 
Therefore, of Magnitudes having Proportion to the fame 
Magnitude , that which, bat the greStfr Proportion*, ts the 
greater Magnitude: And that. Magnitude to which the 
fame bean a greater Proportion , it the leffer Magnitude J 
which was to be demonftrated. 

*• 

PROPOSITION XL 

Problem. 

Proportions that are one and the fame to any third, 

are alfo the fame to one another. 

'« 

L ET A be to B, as C is to D; and C to D, as E 
to F. 1 fav, A is to B, as E is to F. - 
For, take G, H, and K, Equimultiples of A, C, and 


G- 

A- 

B- 

L— 


H- 

C- 

D- 

M- 


K- 

E- 

F- 

N- 


E; and L, M, and N, other Equimultiples of . B, D, 
and F. • Then, becaufe A istnB, as C is. to O, and 
there are taken G and H, the j^himultiplesof A and 
C, and L and M, any other Equimultiples of B and 
D ; if G exceeds L, *then B will exceed M ; and if • n,f. s ,y 
G. be equal to L» H will be aqtial to M j and if lefa. Mi, 
lefsi Again, becaufeasG is to D, fbus E to F j and 
H and KT sure taken EqUiraultiphsof Cand E i as- like- 
wife M and N, any other Equimultiples ofDand F;' 
if H exceeds M *, then K will exceed N ■, and if H be 
equal to M, K will .be equal to N j and (f iefs, left. 

Butjf H exceeds M, 6 will alfo exceed L; if equal, 

S ' ual ; and if ied, left. Wherefore*. jf G exceedsL, 
will alfo exceed N $ and ifG-beqqualto Li K will 
' K 3 b« 
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be equal to N ; and if lefs, Ms, But G and C are, 
Equimultiples of A and E ; and L and N are Equt- 

* multiple* jofB and F. Confequentty, as A rs to B, fd 

* P'f- 5- tf* is X to !F. Therefore,. Prtporitons that are one and 
«*•»• tbt fame to any third, art alfo^ the fame te eat another i 

Which yas to be demoiiftratecl. 

PROPOSITION XII. 

c 

Theorem. 


If any Number of Magnitudes befroportional, as 
one of the Antecedents is to one iff the Qonfe- 
quents , fo are all the Antecedents to all the 
Ctnji quints. 


YET there be any Number of Proportional Mag- 
■*“* nitudes, A, B, C, D, E, F ; whereof as A is to B, 


G— — — H K- 

A C E- 

B— — '! ) ■!■ i ' . F- 

L- M ~~ N- 


fo C is to D, and fo E to F. I fay, as A is to B, fo are 
all the Antecedents A, C, and Ej together, toall the 
Confequents, fi, D, and F, together. 

For, let G, H, and K, be Equimultiples of A, C, 

. and E; and X, M, and N, any other Equimultiples 
of B, I>, and F. 

Then, becaufe'as A is to B, fiis C to D, and fo E to 
F ; and G, H, and K, are Equimultiples of A, C, and 
E} and 1<, M, and NY Equimultiples of B,D, and F ; 

* D<f. j. 1 / if G exceeds L, H* will alfo exceed M, and : K will 
exceed Nj if G beequaltoX, J H willbecqua] to M» 
and K to. N ; and if -1 left, lefs. Wherefore, alto, if G 
exceediX, thenG, H, and K, together, will likewife 
exited L, M»**nd N together j- and, tfG bo equal to 
MmB'wj H,andK, together, 'Will beequalfoX, M» 
and N, together j and if lefs, lefs s But G, *nd G, H, 
and K, are Equimultiples of A, and A, C, and E j 
becaufe, if there are any Number Of MagmtudesEqui- 
jgJttiHipjea to a like Number of Magnitudes, each to 
^he t#ttr» the (amp Multiple that one Magnitude is of 
1* ef Mh doe, fo lhaiJ -f all the Magnitudes be of an. And, for 

the- 
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the fame Reafon, L, and L, M, and N» are Equimul- 
tiple* of B, and B, D, and JF. Therefore, as A is to B, 
ft? * is A, C, and E, together-tpR, D, and F, together, \P>f- j. */ 
Wherefore, if there it any Ntmfar of Magnitudes pro- ** 

portional, atom of tkt Aotfudehts is. ft, am o&the Confe- 
. futois, fo ore all tkt Anttemmds it all the Confojmtt 5 
.which was to be demonftratfd. 


PROPOSITION XIH; 

t 

Theorem* 

If the firfi has the fame Proportion to the fecond, 
Os*tbe third to tht fourth ; and if the third has 
a greater Proportion to the fourth , than, the fifth 
to the Jixtb ) then alfo fhall the fir ft have a 
greater Proportion tq the fecond t than the fifth 
has to the Jixtb. 


T ET the fitft A havetbe fame Proportion tathefe; 
^ cond fi, as the third C hasto the fourth Dj .and Jet 
the third C have a greater Proportion to the fourth D, 
than the fifth E to the fixth F. I fay, likewife, that the 



Hr- 

E— 

F- 

L- 


firft A, to the fecopd B, has a greater Proportion, tjjan . 
the fifth E, to the, fixth F* 

For, becaufe C has a. greater Proportion toD, than 
E has to F i there are * certain Equimultiplesof C and V 0 '/* 7* •/ 
E, and others of D and E,fucJ» that the Multiple of C * *' 
may exceed the Multiplexor^ ; j but the Multiple of E 
not >that of F. Now Jet^weJt jEguintultiples of C and 
E be G and H ; and JC.ahd L thofe oif D and F ; fo 
that G exceeds f£, .andHmot L: Make M the fame 
Multiple of ^A, a*,G i(S piip} andNthe feme of B, 
as K is‘ 0 f D. , 

Then, becaufe A is to C » to D ; and M and 

. @are Equimultiples of -A ami C, y. ajjdN.and K of B 
andD: lfMexc«ed8N,thentGwilI exceed Kj and \Bf. j. 
it H be equal toN, G will be equ|l to K ; and if lefs, 

& 4 • left . 
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. left. But^ G does exceed K : Therefore M will alio 
exceed N, ’ But H does hoc exceed L. And M and 
k . H are Equimultiples of A ’and E; and N and L any . 

* D 4 - 7* 4 others of B and F. Therefore A has a * greater Pro- 
<*“• portion tC B, than E has to F. Wherefore, if the firft 
hat the fame Proportion ft the' fecond, at the third to the • 
fourth f. and if the thirdhat a greater Proportion to the 
fourth, than the fifth to the fiuttb -, then, alfo, Jballtbe 
firjl have a greater Proportion to the fecond, than the fifth 
hat to the fifth - t whidh was to be demoriftrated. 

PROPOSITION XIV. 

Theorem. r ' y 

ff the firft has the fame Proportion to the fecond , 
as. the third has to the fourth-, and if the firft he 
greater than the third-, then will the fecond be 
greater than the fourth. But, if the firft be equal 
to the third, then the fecond fhall be equal to the 
fourth-, and, if the firft be lefs than the third, 
then the fecond will be left than the fourth. 

T E T the firft A have the fame Proportion to the 
■*“' fecond B, as the third C has to the fourth D; 
and let A be greater than C. I fay, B is alfo greater 
than D. 

For, bccaufe A is greater than C, and 
B is any other Magnitude ; A will have 
8 tffiit, m greater Proportion to B> than C has to 
B : But as A is to B, fo is Q to D j tperc- 
13 ef tbit, fore, alfo, C (hall j have agreatef Pro- 
portion, to D, than C hath to B. But ■ 
that Magnitude to which the fame bears 
10 ,f tbi,. a greater Proportion, is f the. Teller Mag- 
nitude : Wherefore D ft lefs than B ; and 
confequently B will be greater than D. 

In like rpannee^fre demonftrate, if A be AB Cl) 
equal to C, that B will be equal to D } 
and if A be lefs thin C, that B will be left than D. 
Therefore, if the ' firft bat the fame Propot tion to the fe- 
fond, at the third bat to the fourth j and if dho firft bo 
greater than (be third ; then will the fecond bo -greater 
tbf fourth. But if the. firft bo-equal ig the ‘third, 
.4 then 
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*btn tbt ftcondjhati bt equal to the fourth j and if th* 
firjl be Ufe than the third, then the ftcond toil} k left thou, 
the fourth j which wu to be demonftrated. . • . $ 1 

. ' t , ' . ■ 

PROPOSITION 

Theorem. 



>. v 

Parts have the fame Proportion as their like 
Multiples , if taken corte/pondetiity. 


T E T AB be the fame Multiple of C, as DE is of 
E.« I fay, as C is to F, Co is AB to DE. 

For, because AB and DE are , 

Equimultiples, of C and F, there J L 
{hall be as many Magnitudes equal 
to Cin AB, as there are Magnitudes 
equal to F in DE. Now, let AB q_ 
be divided intothe Magnitudes AG, 

GH, HB, each equal to C ; land 
ED into the Magnitude DK, KL, 

LE, each equal to F ; then the - 
Number of the Magnitudes AG, 

GH, HB, will be equal to the Num- . 
ber of the Magnitudes DK, KL , '• , . 

LE. Now, becaufe AG, GH, HB, 
are equal, as likewifeDK, KL, LE ; it Ihall be *, as * 7 tfela. 
AG is to DK, fo is GH to KL, and fo is HB to LE. 

But as one of the Antecedents is to One of the Confe- 
quents, (b f all the Antecedents to alt the Confe* + ** »/ <&'«. 
quents. Therefore, as A&is to DK, fd is AB to 
DE. But AG is equal to G, anji DK to F, ' Whence, 
as C is to F, fo flftS AB bV to DE* Therefore, 

Parts have the Jam Proportion at their Hit Multiples, 
if taken eorrejpindenthj ; * which ft* to be demoR* 

(hated, ' v ‘ : * 
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PROPOSITION XVI, 

Tehorem. 

f 

Jf four Magnitudes of the fame Kited are proper •> 
ii&alf wey'jbkil at/b be alternately proper - 
iional. 

T £ T./our Magnitudes A, B, C, 0 , be proportion*. 

at; whereof A is to B, as C is to D. I fay, like*, 
wife, not they willbe alternately proportional j vis, 
as A is to C, fols Bto D ; For take £ and F, Equi- 
multiples ofAand 

B ; and G and H, £ . G - ■ . 

any Equimultiples A * — - , C » ■ . ■ .*. * 

of C and D B-— — — D 

Then, becaufe F ■ — B .- ** *.- 

EisthefameMuI- 

' tipfe of A, as F is of B, and Parts 'have the fame Pro-* 

* ij »f tbit, portion * to their like Multiples, if taken correfpon- 

dently ; jtfhall be, as A is to B, fo is£ to F. Butas 
A is to B, fo is C to D. Therefore, alio, as C is to 
f ii»/ /ii'i*. D, fo f is E to F. Again, becaufc G and H are Equi- 
multiples of C and 0 , and Parts have the fame Pro- 
portion with their, like Multiples, if taken cofrefpon- 
dently, it will be, as-C is toD, fo is-Gto U ; but as 
C is toD, fo-js Eto'F. Therefore, alfq, as E is toE, 
t foisG to H ; aiid If four Magnitudesbeproportional, 
and the firfi greater than the-th»d, then the focond 
1 14 if tbit. Will bej greater than -die. fourth:} iftnd if the fed be 
equal <9 the -third, the fecond wi{l be tequal te the 
fourth } and if left, left. Therefore, if E exceeds G, 
F will exceed fi ; and if E be equal to G, F will be 
equal to H } end if. lefi^lefs. But E and Fere any 
Equimultiples of A and B j and G and. H, any. Equi- 
multiples .of, f^and D. Whence as A is to C, fo mall 

• D‘f. 5. B be * .Therefore, if few Magnitudes of the 

ferns K^dertprepertional, any /ball gift be aUtrnatfl] 
‘ froptrtienal } yrlucb was to be demonfttated. 
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PROPOSITION XVII. 

Theorem. 

If Magnitudes compounded are proportioned^ they 
jhall alfo be proportional wkOti divided. 

L E T the compounded Magnitudes AB» BE, CD, 

DF, be proportional ; that is, let ABbe to BE, 
as CD is to DF. 1 fay, theie Magnitudes divided are 
proportional ; viz. as AE is to EB, ft isrCF to FD. 

Far let GH, HK, LM, and 
MN, be Equimultiples of AE, 

E8, CF, and FD; and KX, 
and NP,. any Equimultiples of 
EB and FD. - 

Becaufe GH is the fame 
Multiple of AE, as HK is of „ . 

EB ; therefore GH • is the ■ . w + * 1 tf ***• 

fame Multiple of AE, as GK 
is of AB. But GH is the 
fame Multiple of AE, as LM 
is of CF. Wherefore GK is 
the fame Multiple of AB; as 
LM is of CF. Again, becauft LM is the fame Mul- 
tiple of CF, as MN is of FBI, LM will be * the fame 
Multiple of CE» as LN is of CD. Therefore GK is 
the fame Multiple of AB, as LN is of CD. And ft 
GK and LN twill be Equimultiples of AB and CD. 

Again, becaufe'HK is the fame Multiple of .EB, as 
MN is of FD; as lihewife KX.the fame Multiple of 
EB, asNPis of ED.; the compounded Magnitude HX 
is alfo.the fame Multiple of EB, as Mr is of FD. f * tfttu. 
Wherefore, fince it is, as ABis to .BE, ft hr CD to 
DF; and GK andLN are ‘Equimultiples of .AB and 
CD; and alfo HXand MP any Eqnr * “ 

and FD ; ifGKexcceda HX, then LI 

MP; and if GK be equal to HX, thto$$Vill be 

S uai to MP; if left, left.* Now^ftt . GK exceed 
X; then, if HK, which is crftimmu he taken away, 

GH ftall exceed. KX, ButwhenQK exceeds HX, 
then LN exceeds MP; tbereforeLN does exceed 
MP# If MN, which is commod, betaken away, 

• then 


1 1 
H+ 

• N- . 

D .. 

. J 

| E 1 

f+ m+ 

G i 

1 i t 


Itrplefs of EB 

exceed t D, f- s* 
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then LM will exceed NPi And To, if GH exceeds 
KX» then LM will exceed NP. In like.papner we 
demonftrate, If GH be equal to KX, that LM will be 
equal to NP $ and if lets, lefs. But GH and LM are 
Equimultiples of AE and CF 5 and XX and NP are 
any Equimultiples of EB and FD. Whence, * as AE 
is to SB, fofeCF to FD.' . Therefore,//" Magnitudes 
compounded are proportional, they Jhall alfo he proportional 
tubtn divided} which was to be demonftrated. 


f ¥ O P O S I T I O N XVIII. 


Theorem. • t 

If Magnitudes divided be proportional, the fame 
alfo being compounded, fhallbe proportional . 


E + 


F+ 

G+ 


1 A 


T E T the divided proportional Magnitudes be AE, 
^ EB, CF, FD j that is, as AE U to EB, fo is CF 
to FD. I fay, they are alfo proportional 
when compounded) viz. as AB is to BE* 
fo is CD to DF. 

For, if AB be not to BE, as CD is to 

DF, AB ftall be tp BE, as CD is to a 
Magnitude, either greater or left than 

fd: 

Firft, Let it bp to a lefler, viz. to GD. 

Then, becaufe.AB is to BE, as CD is to 

DG, compounded Magnitudes are pro- 
• ij Mt. portjonal j and confequently ♦they will 

be proportional when divided. Therefore AE isto 
EB, asCG is to GD. But (by the Hyp.) as AE isto 
EB, fo is CF t® FD. . Wherefore,- alfo, as CG is to 
t 11 '/'*"• GD*. io f J» CF to FD. But die firftCG is greater 1 
than the third CF ; therefore the fecond DG mail be 
( 14 >f tbit. I greater than, the fourth DF. But it is lefs, which is 
abfurd.. ^O |toreAB is not to BE, as .CD is to DG. 
We >nthe fame manner, that AB. to BE 

a greater than DF. Therefore AB 
is tm.Dfc And. fo, 

yP 0 frteperti/mol, thty suilldfo be 

" "founded % which was to be de- 

* • 

•• PRO* 


ifMOgxi&djtt 
.l&P*™** token 
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PROPOSITION XIX. 

Theorem. <■-.-• ♦ 

t be Whole be t 0 tbe Wbple, as a Pari taken away 
1 ,is to a Part taken away ; tbetij&ffltbe Refidue 
V*. & to tbe Refidue, as tbe Whole IsftfitbidWboU. 

T ET the Whole AB be to the,Wh{#CE>; as the 
Part taken away AE, is to the Part taken away . 

CF. I fay, the Refidue EB is to theRefidiieFD, as 
the whole AB is to the Whole CD. 

For, J>ecaufe the Whole AB is to the Whole CD, 
as At is to CF ; it Ihall be * alternately, as’ AB is to * 16 */ ‘bio. 
AE, fo is CD to CF. '' Then, becaule compounded 
Magnitudes, being proportional, will be 
■f- alio proportional when divided ; as BE 
is to EA, fo is DF to FC : And again, it 
will be by * Alternation, as BE is to DF, 
fo is EA to FC. But as EA is to FC, fo 
(by the Hyp.) is AB to CD. Arid there- 
fore the J Refidue EB (hall be to the Re- 
fidue FD, as the Whole ABto the Whole 
CD. Wherefore, if tbe Whole be to the 
Whole, as a Part taken away is tie a Part 
taken away, tben jbatt the Refidue be to the Refidue, as the 
Whole is to tbe Whole ; which was to be demonftrated. 

Coroll., If four Magnitudes be proportional, they will 
be likewife converflu proportional.' • For let AB be 

■ fo BE, as CD to DF ; then (by Alternation,) it 
Ihall be, as AB is to CD, (o is BEto DF; Where- 

- fore; fince the Whole AB is to the Whole. CD, as 

■ the Part taken away BE is to the Pact taken away 
DF} the Refidue AE to the Refidue CF ihall be 
as the Whole AB tO'the Whole CD. And dgain, 

(by Jnverfion and. Alternation) as AB is to AE, ib' 
is CD to CF. Which is by B 

•The Demnfiratm of ' ttnverjkf^t^B^.'mildn in 

this Corollary , is- only partieulm,i,^^^lptkaat0ion 
(which ir uftd herein) eannet^^m^Owlmt^ymd the 
four proportioned Magnituderfiji$i ; eiuivf the 'fitine'Kind, 
as vmjsppear prom thd+tb ad&xifikliefinhim'tf this 
Book. But wtvtrfe Ratio mdy%t uftf wberuthtTem* 


f of tbit. 


E+ C 

- I %\stftbU. 


* 


F.+ 

b 



if* 

tftbt firft Ratioare not of the fame Kind puitb the 'Tirii* 
of tbt loiter. Therefore hsfttad of that, k'mf fiitit m- 
■ proper to add tins Demnflration foiUwinr : If four Mag- 
nitudes are prrtartiata% tbty will be To tower A: Fop 
lot ABbPto BE, as CO to DF. And tboerdmdhgf, M 
• *7 •/»*«> is, * at- AE itito‘BE, /e is CF to OF : And tbit itrvtrftp 
4- if is, fafBEw A ^E,/a»DF/tf CF j ,w8m& buomposmd k 
1 18 of tbit, i*g bec 0 nta,pes ABir fa AE, is'CDtr Crj vubkbby 
the Vjtb Btfiioitun, is tonotrft Ratio: Bp S. Cunn, - 

PROPOSITION XX. 

Theorem. 


If there he three Magnitudes, Tand others equal to 
tbemiH Number, which, being taken two and two 
in each Order , art in the fame Ratio ; and if the 
firft Magnitude he greater than the third, then 
the fourth will be greater than thefixih : But if 
the firft be equal to the third, then the fourth will 
be equal to tbefiuib\ and if the firft be lefs than 
the third, the fourth will be lefs than the ftxtb. 


T E T A, B, C, be three Magnitudes, and 
■*“* 0, E, F, others equal to then in Num- 
ber, which being taken two end two ji»«ach 
Order, are in the tome Proportion, viz , let 
A be to. B, as D is to E j and B to C, as 
E to F> andlettheiirft Magnitude A be 
greater than the third C. I by, the fourth 
D is alio greater than the fintb F. And if ABC 
A be equal to C, D is equal toF. But if A 
be If & than C, D is lefs than F. 

Par, becaafe A i* greater thanC, and B 


teftlh. 




ia any other Magnitude; and fince a greater 
<«. Magnitude hath * a greater Proportion to 

r* ' m m t Ti i m. 


»• 




die fame Magnitude than a lefier hath } A 
will hafMIMlar Proportion to B, than G |. t 
hathteE‘jf»»pfe.»B, foisDtoEfi DE F 
• t h ewtfee R?’ M W! |W Pi » | Bt ' Proportion toE> 
th^$ha^p|^9aj#iverfly, -as C is to B> felt F 
,t* M* I^Muefor^swIwMsiUhave agreaterProportion 
tsiE> PBiF hastifiF^. 50ht of Magnitudes baring Pro* 
pal^tOthefi^Magtiitude, that which has th* 

- ■ greater 
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greater Proportion is f the greater Magnitude, There- f 10 >/Mu 
fore D is 1 greeter than F. fan, the fame manner we de- 
mortftrate, if Abe equal to C, theb will' be atfo 
equal to F ; and if A he left than G, then E> will be 
left than F. Therefore; if there be three Mhgmtudee, 
end others equal to them ih Number , which being taken 
me and two in oath Order, are in thtfame Rath ; if 
the fit ft Magnitude be greater that tfn ihird, then the 
fourth will be greater than tbe fxtb : Butrifthe ftrft be 
equal to the third , then the fourth wilt be equal to the 
Jixtb i and if the firfl be left than the third, thefburlb will 
be left than the Jixtb ; which was to be demonftrated. 

’PROPOSITION XXL 

Theorem:. 


If tbete be three Magnitudes, and others equal to 
then! in Number, which taken (wo and two > are 
in the fame Proportion, and the, Proportion be 
per turbot c, if the Jirft MagnHudeb* greater than 
- the third, then the fourtbwill be greater than the 
Jixtb ; but if tbejirfi be equal to the third, then 
is the fourth equal to the Jixtb ; if left, lefs. 


T ET three Magnitudes, A, B, C, be proportional ; 
■*“’ and others, D, E, F, equal to them in Number. 
Let their Analogy likewife be perturbatc ; ' 
viz. as A isto B, fo is E to Fj-and as B is 
to C, fo is D to EV If the firflr Magnitude 
A be greater titan the third C, I fty, the 
fourth I) is alfo ' greater than thefwth F. 

And if A be equal to Cj then D is equal to 
F i but if A be left than C, then 0ft left 
than F. - ; A 6 

For, fince A hgrester thart£, and B is 
finite other MagpRttd% ft. Wili ftave * a 

S reiteir Proportion lb B, tban ; -C fes? ujfof 
ut as A i* to B, fo is 

- has a greater Proportion to l&vtj^-Cvhatb 
to B:i Ho# ihtreniy, as Cfs ' 

D : Wherefore alfo, 'E-flntli^e a greater •’ 
Proportion td F, than E tniD. Butthat 6 
Magnitude to which the. faerie Ufagd^uRte *- 

• y bears 


I 
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t io e/tbit. bears a greater Proportion, f is the JeUsr Magnitude. 
.Therefore F is lefs thanjDj and To D (hall he greater 
^han?F. . After, the fame manner we demonftmte, if 
A te? eqital.to C, D will be alfo equal toF j and if A 
he, lefs tftan C, D will alfo be left than £>> If, there- 
fore, there are three Magnitudes , and others equal to them 
fit Number , which, taken two and two, are in the fame 
* -Proportion, and the Proportion be perturbate ; .ifthefirji 
m Magnitude be greater than the third, then the fourth will 
be greater than the fixth ; but if the firflebe espial to the 
third, then is the fourth, equal to the fucth^ if lefi, lefsr, 
which was to be demonftrated. 

PROPOSITION <xxn.' 

-j, -Theorem. • , , 

If there he any Number of Magnitudes and others 
equal to them in Number , which, taken two and 
two, are in the fame Proportion \ then they 
Jhall he in the fame Proportion by Equality. 


1 4 */ tbii. 


T E T there be any lfii«ibcr-of' Magfikirtes, A, % 
. and C} and others, -Di fi, fold F,equal to t hemfrt 
Number, which, taken two and two, are in the fame 
Proportion j that is, at A is to B, fb is D toE ; and as 
B is to C,fo is E to F. - I fay, they are 
alfo proportional by Equality j viz. 
as A is to C, So is D tb F; 

• ForJefOsand H'be any Equimul- 
tiples of A arid D ; and K and L any 
Equimultiples of B and E j and like- 
wife M and N, any Equimultiples of 
C and F. becaufe A isJOftB, 

at D Is to>Ef; and G and H are 
Equimultiples |of Attud D fiaM-jC 
and ,L Equimultiples of B NM t F E, 
it (Kail; be, * as O is H 

to L. For the farnVaReafcmf aKo, it 
wSI be So K jk t#M y fo%L-fc*N. 

Andfmce these aiedhreefortagnitudes 
©i Kfittib H, and others H, L, and 
Njjqual to them in Number, which 
bdfl^mleirWwo., and two, in each 
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are in the'feoie Proportion ; therefore if G ex- 
ceed* M, * H will exdelf^.) if G be equal to M,*» </'*»«. 
then H (hall be equal to N if G be lefs .than M, , . 

H (hall be lefs than N. But G and H. are Equimul- 
tiples of A and D; and M and N, anyotRer Equi- 
multiples of C and F. Whence as A is to C, fo mall 
D f be to Fi Therefore, if there ■ be r any Nufabir of t D cf- s- •/ 
Magnitudes, and others equal to them inNdmber, which * hK 
taken two and two, are in the fame Ptfpertfcni tben 
they Jhall he in the fame Proper tied by Equality f which 
was to be demonftrated. 
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SITION XXIII. 

. O B L £ M. 

If thtrt It tbrtt Magnitudes, and others equal to 
them in Number , which , taken two and . two, 
are in the fame Proportion *, and if their Ana- 
logy be perturbate , then Jhall they be alfo inf he 
fame Proportion by Equality. 

T E T there be three Magnitudes 
A, B, and C t and others equal 
to them in Number, D, E, and F, 

Which, taken two and two, are in 
the fame Proportioh, and their Ana- 
logy be perturbate ; that is, as A is 
to B, fo is E to F ; and as B is to C, 
fo is D to E. 1 fay, a* A is to C, fo ABODE 
is D to F. 

For, let G, H, and L, be Equi- 
multiples of A, B, and D ; and K, 

M, and N, any Equimultiples of C, 

E, and F. 

Then, becaufe G and H are Equi- 
multiples of A and B, and fince Parts 
have the fame Proportion as their 
like Multiples, when taken corre- 
fpondently} it (hall be*, as A is to 8 , (bit G to B J * »j of Ok. 
and, by the fame Reafon, as E it to F, frit M tO N. 

But A is to B, as E is to F. Therefore, £at G b to j n */>&• 
H, fo is.M to N. Again, becaufe Q 

is to E i and H and L are Equimulcijdesof U ptd D t 
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as likewife K and M any Equimultiples of C and E'; 
it lhall be, as H is to K, fo is L to M. But it has been 
alfo proved, that as G is to H, fo is M to N. There- 
fore, bec?ufe three Magnitudes G, H, and K, and 
others, L,* M, and N, equal to them in Number, which, 
taken two and two, are in the fame Proportion, and 
their Analogy is perturbate; then if G exceeds K, 
* 21 tftbis, alfo L * will exceed N j and G be equal to K, then 
L will be equal to N 5 and if G be lefs than K, L will 
likewife be lefs than'N. But G and L are Equimul- 
tiples of A and D ; and K and N Equimultiples of C 
and F. Therefore, as A is to C, fo lhall D be to F. 
Wherefore, if there he three Mai nitudes , and others 
equal to them in Number , which , tiiien two and tu/u 9 are 
in the fame Proportion ; and if their Analogy he per - 
i nr bate, then Jhall they be alfo in the fame Proportion by 
Equality 5 which was to be demonftrated. 

PROPOSITION XXIV. 

Theorem. 

If the firft Magnitude has the fame Proportion to 
the fecond, as the third to the fourth ; and if the 
fifth has the fame Proportion to the fecond , as the 
fiixth has to the fourth ; then fhall the firft com- 
pounded with the fifth , have 
the fame Proportion to the fc- 
~ cond, us the third , compounded 
with the Jixth , has to the 
fourth . 

T ET the firft Magnitude AB have 
the fame Proportion to the fe- 
cond C, as the thiid DE has to the 
fourth F. Let alfo the fifth BG have 
the fame Proportion to the fecond C, 
as the fixth EH has to the fourth F. 

I fay. At?, the firft compounded with 
the fifth has the fame Proportion to 
the fecond C, asDH, the third com- 
pounded with the fixth, .has to the 
fourth F, 

For, 
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^FoV, becaufe BG js to C, as EH is to F ; it (hall be 
(invcrfly), as C is to BG, fo is F to EH, Then, fince 
AB is to C, as DE is to F 5 and as C is to BG, fo is F • 

to EH ; it lhall be, * by Equality, as AB is \o BG, fo * 22 of tiit, 
is DE to EH. And becaufe Magnitudes, being divided, 
are proportional, they (hall alfo be f proportional when f iZoftbh. 
compounded. Therefore, as AG is to GB, fo is DH 
to HE: But as GB is JtoC, fo alfo is HE to F. t fyp* 
Wherefo?fc, 3 y Equality *, it flialj be, as AG is to C, 
fo is DH tor. Therefore, if the firjl Magnitude has 
the fame Proportion to the fecond , as the third to the 
fourth ; and if theJiftbhas the fame Proportion to the 
fecond* as the fixth to the fourth ; then Jhall the firfi , 
compounded wkb the fifthj have the fa?ne Proportion to 
the fecond , as the thira\ compounded with the fixth , has to 
the fourth 1 which waJto be demonftrated. 

PROPOSITION XXV. 


Theorem. 

If four Magnitudes be proportional \ the greatefi , 
and the leaf of them> will be greater than the 
other two . 


T E T four Magnitudes, AB, CD, E, F, be proper- 
■*“* tional, whereof A13 is to CD, as E is to F j let 
AB be the greateft of them, and F 
the leaft. 1 fay, AB and F, are B 
greater than CD and E. 

For, let AG be equal to E, and 
CH to F. Then, becaufe AB is to 
CD as E is to F j and fince AG G 
and CH are each equal to E and F ; 
it (hall be as AB is to DC, fo is AG 
to CH. And becaufe the Whole 
AB is to the Whole CD, as the 
Part taken away AG is to the Part 
taken away CH ; it fliall alfo be *, 
as the Refidue GB to the Refidue 
HD, fo is the Whole AB to the 
Whole CD. But AB is greater 
than CD'; therefore, alfo, GB lhall 
be greater than HD, And fince AG is equal to E, 
, L % and 
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and CH to F ; AG and F will be equal to CH and 
£. But if equal Things are added to unequal Things, 
the Wholes Shall be uii^qual. Therefore GB, HD, 
being unenual, for GB is the greater, if AG and F are 
added to GB ; and CH and £ to HD ; then AB And F 
will necefTarily be greater than CD and E. Where- 
fore, if four Magnitudes it proportional ; thtr. eatejl . , 
and the leajl of , them will be greater than the other two}. 
which was to be demonstrated. •* 


%be End of tie V \ * t h Book. 
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DEFINITIONS. 

1. QTMTL.J R f j ''t- lined Figures are fucb 
as bav* each / .he. ,'t-jeral Angles equal 
to one another , ' v • > v Sides about the equal 
Angles fropottio . - each other. 

II Figures are fil'd «• be reciprocal, when the 
leu* and fjnfeouent Tet"v of the Ratios 
fl' s </» * > , vj. • * 

ill A f ' * r i',. . laid to be cut into mean and 
tV'v <>. r when the Whole is to the 

g>\ ..er <’ gi,iC,:ty as the greater Segment is to 
the lejjer. 

iV. AUituie of any Figure is a perpendicu- 
lar Line drawn from the I op, or Vertex , to 
the Safe. 

V. A Ratio is faid to be compounded of Ratios , 
when the Quantities of the Ratios , being mul- 
tiplied into one another , do produce a Ratio. 
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PROPOSITIONI. 

i* _ 

Theorem. 

Triangles and Parallelograms^ that have tli Jam 
Altitude , /* ***£ other as their B/ffes. 

L ET the Triangles ABC, ACD, and the Pa- 
rallograms EC, CF, have the fame Altitude^ 
viz . the Perpendicular dr^vn from the Point 
A to BD. I fay, as the Bafe BO *s to the Ba'e.CD, 
fo is the T riangie ABC, to the Triangle ACD ; and 
fo is the Parallelogram EC to th/ Parallelogram CF. 

For, produce BD both W ays t' > the Points H and L ; 
and take GB, GH, any Number of Times equal to 
the Bale BC; and DK, KL, $. \y Number of 'rimes 
equal to the Bafe CD-, and join AH, AG, AC, AL. 

Then, bccaufe CB, BG, GH, are equal to one 
another, the Triai.gles AHG, AGB, ABC, alfb, will 
* 'J. ^ be * equal to one another : Therefore the fame Mul- 
tiple that the Bale UC is of the Bafe BC, fliall the 
Triangle AHC be of the Triangle ABC. Vy thi fame 
Rcafon, the fame Multiple that the Bafe LC is of the 
Bafe CD, (hall the Triangle ALC be of the Triangle 
ACD. And if the Bafe HC be cqua ! to the Br.ib CL, 
the Triangle AHC »s alfo * equal to the T riangle 
ALC: And if the Bafe HC exceeds the Bafe CL, 
then the Triangle AHC will exceed the T riangle 
ALC. And if the Bafe HC be lefs than CL, then the 
Triangle AHC will be lefs than ALC. Thciefoio* 
fmee there are four Magnitudes, viz, the two Bats 
BC, CD, and the two T wangles ABC, ACD ; and 
fince the Bafe HC, and the Triangle AHC, are Equi- 
multiples of the Bafe BC, and the Triangle ABC : And 
the Bafe CL, and the Triangle ALC, aie Equimulti- 
, pics of the Bafe CD, and the Triangle ADC *: And it 
has been proved, that if the Bafe HC'cxcecds the Bafe 
CL, the Triangle AHC will exceed the Tiiangle 
ALC; and if equal, equal; if lefs, lefs: Thcicfcrc, 
1 Vtf. 5* 5* as the Bafe BC is to the Bafe CD, fo + is the Triangle 
ABC to the Triangle ACD. 


And 
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Aid becaufe the, Parallelogram EC is f double to 1 4 ** 1 . 
theliriangle ABC; andtheParallelogrom FC, double 
+ to me Triangle ACD ; and Parts have the fame Pro- # 
portion * as their like Multiples: Therefore, as the * 15 , 1# 
Triangle ABC is to the Triangle ACD, fo is the Pa- 
rallelogram EC to the Tarallelogram CF. And fo, 
finceVt has been proved that- the, Bafe BC fs to the 
Bafe OJp, as the Triangle ABC is to the Triangle 
ACD;\^j^the Triangle ABC is to the Triangle 
ACD, as th^Parallelogram Et is to the Parallelo- 
gram CF ; it {fell bet, as the Bafe BC is to the Bafe t “• 5* 
CD, fo is the Patallelogram EC to the Parallelogram 
FC. Wherefore\ Triangles and Parallelograms , that 
have the fame Mtiude^ are to each other as their Bafts \ 
which was to be de.tioiiftratcd. 

PROPpSI TION II, 

Theorb m. 

If a Right Line be drawn parallel to one of the 
Sides of a Triangle , it fhall cut the Sides of the 
T riangle proper tionally ; and if the Sides of the 
Triangle be cut proportionally , then a Right 
Line , joining the Points of Seftion, fljall be 
parallel to the other Side of the Triangle. 

L ET DE be drawn parallel to BC, a Side of the a 
Triangle ABC. 1 fay, DB is to DA, as CUE is 
to EA. 

For, let BE, CD be joined. 

Then the Triangle BDE is * equal to the Triangle # i7* £ * 
CDE ; for they ftand upon the fame Bafe DE, and 
are between the fame Parallels DE and BC ; and ADE 
is fome other Triangle. But equal Magnitudes have 
+ the fame Proportion to one and the fame Magnitude, t 7- 5* 
Therefore, as the Triangle BDE is to the Triangle 
ADE, fo is the Triangle CDE to the Triangle ADE. 

But as the Triangle BDE is to the Triangle ADE, 
fo % is BD to DA ; for fince they have the fame Aid- t * 
tude, viz . a Perpendicular drawn from the Point E to 
AB, they are to each other as their Bafes. And, for 
the lame Reafon, as the Triangle <?DE is to the Tn- 
, L 4 
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ingle ADE, fo is CE to EA : And therefore rs 
• u« p is to DA, fo is * CE to EA. r 

And if the Sides AB, AC, of the Triangle ABC, 
be cut proportionally ; that is, fo that BD be tc DA, 
as CE is to EA 5 and if DE be joined ; I fay, DE is 
parallel to BC. 

For 1 ,' the fame Conftru&ion remaining, beetle BD 
1 1 :bti. is to DA, as CE is to EA ; and BD is f tovDA, as 
the Triangle BDE is to the Triangle ADF , and CE 
is to EA, as the Triangle CDE is to’the Triangle 
ADE ; it (hall be as the Triangle BL^E'is to the Tri- 
angle ADE, fo is * the Triangle CE& to the Triangle 
ADE. And fince the Triangle JfDE, CDE, have 
the fame Proportion to the Triangle APE, tKeTri- 
+ 9- 5* angle BDE lhall be f equal to Me Triangle CDE; 

and they have the fame Bafc < )E : But equal Tri- 
t j9* *- angles, being upcti the fame B:» i, J are between the 
fame Parallels; therefore DE. 1 is parallel to BC. 
Wherefore, if a Right Line be brawn parallel to one of 
the Sides of a Triangle , it Jhall cut the Sides of the Tri- 
angle proportionally ; and if the Sides of the Triangle be 
cut proportionally , then a Right Line 9 joining the Points 
of Seflicn, jhall be parallel to the other Side of fbe Tri- 
angle ; which was to be demouftrated. 

PROPOSITION III. 

Theorem. 

f 

If one Angle of a Triangle be bifetled , end the 
Right line , that bifeffs the Angle., cuts the Bafe 
alfo ; then the Segments of the Bafe will have 
fbe fame Proportion as the other Sides of the 
Triangle. And if (he Segments of the Bafe 
have the fame Proportion that the other Sides 
of the Triangle have\ then a Right Line t 
drawn from the Vertex , to the Point of SeSion 
of the Bafe, will bifeSl the Angle of thf Tri- 
angle. 

T ET there be a Triangle ABC, flnd let its Angle 
* 9. 1. ■*- J BAC be * bifected by the Right Line AD f I 

fay^ as BD is to pC, To is BA to 

- 6 for. 
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thro’ C draw*CE parallel to DA, and pro- 
A, till it meets CE in the Point E. 

?n, becaufe the Right Line AC falls on the Pa- 
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rallelf AD, EC, the Angle ACE will be $ equal to the t x. * 

Andie CAD : But the Angle CAD (by the Hypothecs) 

■ is emial to the Angle BAD. Therefore the Angle 
J BADHwill be equal to the Angle ACE. Again, be- 
caufe tne Right Line BAE falls on the Parallels AD,^^^ 
EC, theV'itward Angie BAD is t eq ual to the inward WKM 
Angle AEC ; <but the Angle JHP has been proved JLCE. 
equal to the A wle BAD : Therefore ACE (hall be 


equal to AEC ; \nd fo the Side AE is equal J to the t & *• 
Side AC. And becaufe the Line AD is drawn parallel 
to ClE,*the Side of t. v e Triangle BCE, it (hall be, * as * 2 eftbin 
BD is to DC, fo is B.\ to AE ; but AE is equal to AC. 
Therefore, as BD is to DC , fo is+ BA to AC. 

And if BD he to t)C, as BA is to AC 5 and the 
Right Line AD be Joined; then, I fay, the Angle 
BXC is bif?&ed by trfe Right Line AD. 

For, the fame Conftru&ion remaining, becaufe BD 
is to DC, as BA is to AC ; and as BD is to DC, fo 


is l BA to AE ; for AD is drawn parallel to one Side 
EC of the Triangle. BCE ; it (hall be, as BA is to 
AC, fo is BA to AE. Therefore AC is equal to AE f ft t §« 4. 
and, accordingly, the Angle AEC is equal to the Angle 
EC A : But the Angle AEC is equal * to the outward * 29. x a 
Angle BAD ; and the Angle ACE equal to the alter- 
nate Angle CAD. Wherefore the Angle BAD is alfo 
equal to the Angle CAD; and fo the Angle BAC is 
bife&ed by the Right Line AD. Therefore, if one 
Angle of a Triangle be bifefledy and the Right Line % 
that^kifefts the Angle y cuts the Safe alfo ; then the Seg- 
ments of the Safe will have the fame Proportion as the 
other Sides of the Triangle . And if the Segments of the 
Safe have the fame Proportion that the other Sides of the 
Tthmgle have j then a Right Line , drawn from the Ver- 
texy to the Point of Section of the Bafe % willbifeCb the 
4*gh of the Triangle y which . was to be 


PRO- 
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a Theorem. ^ 

The Sides about the equab Angles of equiangular 
triangles are proportional ; and the/Sides > 
which are fubtended under the equal ^Angles y 
are homologu^of of like Ratio. 

L ET ABC, DEC, be equiangula;*Triang!es, hav- 
ing the Angle ABC equal to th£ Angle DCE, the 
Angle ACB equal to the Angle D,tC, .and ttye Angle 
BAC equal to the Angle CDE. *1 fay, “he Sides that 
are about the equal Angles of VJhc Triangles ABC, 
DCE, are proportional ; and tpe Sides that are lub- 
trnrled under the equal Angles^ are homologous, or 
of like Ratio. i 

Set the Side BC in the fame Right Line with the 
Side CE; and becaufe the Angles ABC, ACB, are 
*i;. i. * left than two Right Angles, and the Angle ACB 
is equal to the Angle DEC, the Angles ABC, DEC, 
arc left than two Right Angles. And fo BA, ED, 
t Ax> i2. produced, will meet * each other ; let them be pro- 
duced, and meet in the Point F. Then, becaufe the 
Angle DCE is equal to the Angle ABC, BF (hall be 
t X parallel to DC. Again, becaufe the Angle ACB is 

equal to the Angle DEC, the Side AC will be J paral- 
lel to the Side FE; therefore FACD is a Parallelo-^ 
* 3*. i. gVam, and confequcntly F A is * equal to DC, and AC 

to FD ; and becaufe AC is drawn parallel to FE, the 
+ 2 ofthi. Side of the Triangle FBE,' it (hall f be, as BA is to 
AF, fo is BC to CE : But CD is equal to AF, and 
(by Alternation) as BA is to BC, fo is CD- to CE. 
Again, becaufe CD is parallel to BF, it (hall be, f as 
BC is to CE, fo is FD to DE, but FD is equal to 
t 7 » ?• AC. Therefore as BC is to CE, fo is % AC to DE: 

Ar.d/o by Alternation, as BC is to CA, fo is CE to 
ED/ Wherefore, becaufe it is demonftrated, that AB 
is to BC, as DC is to CE ; and as BC is to CA, fo is 
• 5. CE to ED ; it (hall be, * by Equality, as BA is to 

\C, fo is CD to DE. • Therefore, the Sides about the 
equal Angles of equiangular Triangles are proportional 5 
and the Sides , which are fubtended under the equal Angles , 

are 
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are Imiclogous , or of like Ratio ; which was to be de- 
monft Bated. 

PROPOSITION V. 

Theorem, 

If the\Sides of two Triangles are proportional* 
the Ti ^ngles Jhall be equiangular ; and their ^ 
Angles , under which the homologous Sides are 
fub tended* a\e equal. 

T F^T, there be frvo Triangles ABC, DEF, having 
their Sicks propc jrtional ; that is, let AB be to BC, 
as DE is to EF ; anilas BC to CA, fo is EF to FD : 

And, alfo, as BA to ( |JA, lo ED to DF. I fav, the 
Triangle ABC is equiangular to the Triangle 1 )EF ; 
and the Angles arc <l]ual, under which the homolo- 
gous Sides are fubtended ; viz. the Angle ABC equal 
to the Angle DEF ; and the Angle BCA equal to the 
Angle EFD ; and the Angle BAC equal to the Angle 
EDF. 

For, at the Points E and F, with the Line EF, make 
* the Angle FEG equal to the Angle ABC ; and the # 23. x. 
Angle EFG equal to the Angle BCA : Then the re- 
maining Angle BAC is f equal to the remaining An- -fCsr . 32. x, 
gle EGF. 

And fo the Triangle ABC is equiangular to the 
Triangle EGF ; and, confcquently, the Sides that arc 
fubtended under the equal Ang’cs, are proportional. 
Therefore, as AB is to BC, fo is J G£ to EF $ but j 4 ofthu 
(by the Hyp . ) as AB is to BC, fo is DE to EF : There- 
fore, as DE is to EF, fo is * GE to EF. And fince * xx. 5. 
DE, EG, have the feme Proportion to EF, DE (hall 
be f equal to EG. For the fame Reafon DF is equal fp* 5- 
to FG 5 but EF is common. Then,' becaufc the two 
Sides DE, EF, are equal to the two Sides GE, EF, 
and the Bafe DF is equal to the Bafe FG, the Angle 
DEF is % equal to the Angle GEF ; and the Triangle t *• u 
DEF equal to the Triangle GEF } and the other An- 
gles of the' one equal to the other Angles of the other, 
whjph arc fubtended by the equal Sides. Therefore 
the Angle DFE is equal to the Angle GFE, and the 
Angle EDF equal to the Angle EGF. And becaufc 
». the 
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the Angle DEF is equal to the Angle GEF ; a/d die 
Angle GEF equal to the Angle ABC ; therefore the 
Angle ABC mall be alfo equal to the Angle' OEF. 
For the fp me Reafon, the Angle ACB ihall be equal 
to the Ai.'c!- DPE ; as alfo the Angle A equal h" the 
Angle D : Therefore the Triangle ABC will be *^ui» l 
angular to the Triangle DEf*. Wherefore^ iht ' 
Sides of two Triangle s are proportional the triangle* 

" Jhall be equiangular ; and their Angles , ump which the 
homologous Sides art’ fubtended, are tqrui-, which was 
to be dcmonftrated. " 1 

PROPOSITION VI. 

Theorem. *’ 

If two Triangles have one A{gle of the one equal 
to one Angle of the other $ j nd if the Sides about 
the equal Angles be propor ional, then the T ri- 
angles are equiangular ; and have tbofe Angles 
equal , under which are fubtended the homolo- 
gous Sides. 

T E T there be two Triangles ABC, DEF, having 
one Angle BAC, of the one, equal to the Angle 
EDF of the other ; and let the Sides about the equal 
Angles be proportional j viz. let AB be to AC, as 
ED is to DF. I fay, the Triangle ABC is equian- 
gular to the Triangle DEF j and the Angle ABC 
equal to the Angle DEF ; anJ the Angle ACB equal* 
ter the Angle DKE. 

For, at the Points D and F, with the Right Line 

• *j. t. DF, make * the Angle FDG equal to either of the 

Angles BAC, EDF i and the Anale DFG equal to the 
Angle ACB. w n 

fo.ja.1. Then the other Angle B is t equal to the other 
Angle G ; and lo the Triangle ABC is equiangular 
to the Triangle DGF j and, confequemly, as BA is 
to AC, foisj GD toDF: But (by the Hyp.) as BA' 

• ». j. is to AC, fo is ED to DF. Therefore, as ED is * to 
f 9 - j* DF, (b is GD to DF ) whence ED is t equal to DG, 

and DF is common i therefore the two Sides ED,' 
DF, arc equal to the two Sides GD, DF ; and .the 
Angle EDF equal to the Angle GDF : Confequently 

the 
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Che fiufe EF is * equal to the Bafe FG, and the Tri- * 4. 
anglc DEF equal to the Triangle DGF * r and the 
other ^Angles of the one equal to the other Angles of 
the o: each to each ; under which the c^uai Sides 

are fr&tended. Therefore the Angle DFG is equal to 
the Angle DFE, and the*Angle G equal to the Angle 
b E ; du the Angle DFG is equal to the Angle’ACB : 
Whercrore the Angle ACB is equal to the Angle DFE ; 
but the BAG \s% alfo equal to the Angle EDF: f % %• 
Therefore toother Angle at B if f equal to the other t 3** z » 
Angle at E ; o&l fo the Triangle ABC is equiangular 
to the Triangle V DEF. Therefore, if two Triangles 
have one Angle of tf?e one equal to one Angle of the other ; 
and if the Sides about the equal Angles be proportional ; 
then the Triangles are tquiangular \ and have tbofe Angles 
equal \ under which ari fubtended the homologous Sides ; 
which was to be dem mftrated. 

PROPOSITION VII: 

Theorem. 

If there are two Triangles , having one Angle of the 
one equal to one Angle of the other , and the Sides 
about the other Angles proportional ; and if the 
remaining third Angles are either both lefs , or 
both not lefty than Right Angles \ then Jhall the 
T riangles be equiangular . and have tbofe Angles 
equal , about which are the proportional Sides . * 

TE T two Triangles ABC, DEF, have one Angle 
^ of the one equal to otic Angle of the other, viz. 
the Angle BAC equal to the Angle EDF ; and let the 
Sides about the other Angles ABC, DEF, be propor- 
tional; viz. as DE is to EF, fo let AB be to BC ; 
and let the other Angles at C and F be both lefs, or 
both not lef', than Right Angles. I fay, the Triangle 
ABC is equiangular to the Triangle DEF ; and the 
Angle ABC is equal to the Angle DEF ; as alfo the 
other Angle at C equal to the other Angle at F. 

F or, if the Angle ABC be not equal to the Angle 
DEF, one of them will be the greater, which let be 
ABC, Then at the Point B witlj the Right Line 
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• *3* *• AB, make * the Angle ABG equal to the Angle 

DEF. } 

Now, becaufe the Angle A is equal to the v Angle 
D, and tfye Angle ABG equal to the Angle IrfEF ; 
fCon $£» 1. the remaining Angle AGB is f equal to the regain- 
ing Angle DFE: And therefore the Triangle ^t-BG 
is equiangular to the Triangle DEF 5 and fo 9 /Ss AB 
1 40/ this, is to BG, fo is t DE to EF ; but as DE is tqiEF, fo 

• By Hyp . is * AB to BC. Therefore, as AB is tp 2 C, fo is 
J xi. 5* AC to % BG ; and iince AB has the folk Proportion 
t 9 ■ 5 * to BC, that is, as to BG, BC fhali b'. f equal to BG; 

• 5. 1. and, confequently, the Angle at . r J * equal to the 

Angle BGC. Wherefore each of*he Angles BCG, 
or BGC, is lefs than a Right Angle;, and c6nfc- 
quently AGB is greater than a Right Angle. But 
the Angle AGB has been provfcd equal to the Angle 
at F ; therefore the Angle at F greater than a Right 
Angle : But (by the Hyp.) it is ;iot greater, fince C is 
not greater than a Right Ari^le, which is abfurd. 
Wherefore the Angle ABC is not unequal to the An- 
gle DEF ; and fo it muft be equal to the fame ; but 
the Angle at A is equal to that at D ; wherefore the 
Angle remaining at C is equal to the remaining Angle 
at F; and, confequently, the Triangle ABC is equi- 
angular to the Triangle DEF. Therefore, if there 
are two 'Triangles having one Angle of the one equal to 
one Angle of the other , and the Sides about the other An- 
gles proportional \ and if the remaining third Angles are 
either both lefs 9 or both not lefs 9 than Right Angles ; then 
/hall the Triangles be equiangular , and have thofe Angles* 
equal , about which are the proportional Sides 5 which 
was to be demoniliated. 


PRO 
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^ PROPOSITION VIII. 

j Theorem, > 

If a\Perpendicular be drawn , in a Right-angled 
Triangle, from the Right /Ingle to the' Bafe t 
then the Triangle on each Side of the Perpen- 
dicular «r* fmilar % both to the Whole > andalfo 
to one another. 

T £ T ABC be a Right-angled Triangle, whofe 
Right Angle is BAC ; and let the Perpendicular 
AD, be drawn from the Point A to the Bafe BC. I 
fay, the Triangles ABD, ADC, are limilar to one 
another, and to the w ole Triangle ABC. 

For, becaufe the A gle BAC is equal to the An;ile 
ADB, for each of tycm is a Right Angle; and the 
Angle at B is common to the two Triangles ABC, 

ABD; the remaining Angle ACB fliall be* equal tu J3 Tj 
the remaining Angle BAD. Therefore the Triangle 
ABC is equiangular to the Triangle ABD ; and fo, 
as + BC, which fubtends the Right Angle of the Tri- f 4 «//&*,, 
angle ABC, is to BA, fubtending the Right Angle of 
the Triangle ABD, fo is AB, fubtending the AngleC 
of the Triangle ABC, to DJB, fubtending an Angle 
equal to the Angle C ; viz. the Angle BAD, of the 
Triangle ABD ; and fo, moreover, is AC to.AB, fub- 
tending the Angle B, which is common to the two 
Triangles. Therefore the Triangle ABC is % equi- } z>,/ : f , 
angular to the Triangle ABD ; and the Sides about 
the equal Angles are proportional. Wherefore the 
Triangle ABC is % limilar to the Triangle ABD, By 
the fame Way wc demonftrate, that the T ri angle ADC 
is alfo limilar to the T riangle ABC. Wherefore each 
of the Triangles ABD, ABC, is limilar to the whole 
Triangle. 

I fay, the faid Triangles are alfo limilar to one 
another. 

For, becaufe the Right Angle BDA is equal to the 
Right Angle ADC, and the Triangle BAD has been 
proved equal to the Angle C j it follows, that the re- 
maining Angle at B # ihall be equal to the remaining *0,3*.^ 

* Angle 
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Angle D AC. And To the T riangle ABD is (I ."equi- 
1 4 •ftbh, angular to the Triangle ADC. Wherefore as, fr BD, 
fubtending the Angle BAD of the Triangle A^D, is 
to DA, fubtending the Angle at C of the T Riangle 
ADC, Which is equal to the Angle BAD ; fo Ca£>, 
fubtending the Angle B of the Triangle ABD, torDC, 
fubtending the Angle DAC, equal to the Ajp^le B. 
And, moreover, fo is BA to AC, fubtending tie Right 
Angles at D ; and, confequcntly, the Tri^gle ABD 
is nmilar to the Triangle ADC. VJ^irefore, if a 
Perpendicular be drawn in a Right-angled Triangle , 
from the Right Angle to the Bafe> tty n the Triangles on 
each Side of the Perpendicular are fimilar % both to the 
Whole % and aljo to one another g which was tc fc dc- 
snonftrated. 

Coroll. From hence it is maniftft, that the Perpendi- 
cular drawn in a Right-anWed Triangle from the 
Right Angle to the Bafe, is a\jnean Proportional be- 
tween the Segments of the Bafe. Moreover, either 
of the Sides containing a Right Angle, is a mean 
Proportional between the whole Bafe, and the Seg- 
ment thereof, which is next to the Side. 

PROPOSITION IX. 

Problem. 

To cut off any Part required from a given Right 
j Line . 

T £ T AB be a Right Line given, from which muft 9 
be cut off any required Part ; fuppofe a third. 
Draw any Right Line AC from the Point A, mak- 
ing an Angle at Pleafure with the Line AB. Affume 
• 3. >• any Part D in the Line AC ; make * D£, EC, each 

f 31. s. equal to AD ; join BC, and drawf DF thro’ D, pa- 
rallel to BC. 

Then, becaufe FD is drawn parallel to the Side BC 
% % of tbit, of the Triangle ABC, it (hall be, % as CD is to DA, 
fo is BF to FA. But CD is double to BA. Therefore 
BF (hall be double to FA ; and foBA is triple to AF. 
Wherefore, there is cut AF, a third Part requited 
of the given Right Line AB ; which was to be done. 

PRO- 
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"h 

“ PROPOSITION X. 

M .Problem. % • 

To divide a given undivided Right Line , as ano- 
ther given Right Line is divided. 

T E T / B be a given undivided Right Line, and 
^ AC a divided Line. It is required to divide AB, 

AC is di video* 

Let AC be divided in the Points D and E, and fo 
placed, as to contain any Angle with AB. , Join,jhq 
Points C and' B ; through D and E let DF, EG, be 
drawn * parallel to BC ; and through D draw DHK, * 3 X « *• 
parallel to AB. 

7'hen FH, IIB, aie each of them Parallelograms 5 
and fo DH is + equal o FG, and HI^o 6 B.,, ,And t 34- *■ 
hecaufc HE is drawn parallel to the Side KC $\thc 
Triangle DKC, it (hall be % as CE is to ED, fo is t 2 °f tbit • 
KH to HD. But KH is equal to BG, and HD to 
GF. Therefore, as CE is to ED, fo is BG toGF. 

Again, becaufe FD is drawn parallel to the Side EG 
of the Triangle AGE, as ED is to DA, fo fhall | 

GF be to FA. But it has been proved, that CE is to 
ED, a* BG is toGF. Therefore, as CE is to ED, 
f 1 u BCt to GF ; and as ED is to DA, fo isGF to FA. 
Wherefore, the given undivided Line AB is divided at 
the given Line AC is j which was to be done. 

PROPOSITION XL 

Problem. 

Two Right Lines being given , to find a third 
Proportional to them . 

T E T AB, AC, be two given Right Lines, fo placed, 

^ as to make any Angle with each other. It is ic- 
quired to find athiid Proportional to AB, AC. 

Produce AB, AC, to .he Points D and E ; make 
ED equal to AC ; join the Points B, C ; and draw 
t the Right Line DE thro* D, parallel tv BC. t 3 1 * *• 

M • Then, 



i 62 


Euclid’s Elements. Book VJ. 

Then, becaufe BC is drawn parallel to the Si At DE 
% z of i bit, 0 f t ^ e Triangle ADE, it fhall be, % as AB is t* I JD, 
fo is AC to CE. But BD is equal to AC. ID ice, 
as AB is to AC, fo is AC to CE. Therefore, .a ihird 
Proportional CE is found to two given Right Lint y : AB, 
AC; which was to be done* ^ 

PROPOSITION XII' 

P*R OBLEM, 

if 

! 'Three Right Lines being given, „o find a fourth 
Proportional to them. 

T ET A, B, C, be three Right Lines given. It is 
required to find a fourth Proportional to them. 

Let 1)K and DF be two Right Lines, making any 
Angle EDF with each other. *Now make DG equal 
to A, GE equal to B, DH eqif-al to C ; and draw the 
t v- 2- Line GH, as alfo, t EE thro’ E, parallel to GH. 

Then, becaufe GH is drawn parallel to EF, the 
Side of the Triangle DEF, it fhall be, as DG is to 
GE, fo is DH to HF. But DG is equal to A, GE 
to B, and DH to C. Confequently, as A is to B, fo is 
C to HF. Therefore, the Right Line HF, a fourth 
Proportional to the three given Right Lines A, B, C, is 
found j which was to be done. 

PROPOSITION XIII. 

Problem. 

o 

To find a mean Proportional between two given 
Right Lines . 

T ET the two given Right Lines be AB, BC. It is 
required to find a mean Proportional between 
them. Place AB, BC, in a dire«Sl Line ; and on the 
t n- i. Whole AC defcribe the Semicircle ADC, and J draw 
BD at Right Angles to AC from the Point B j and let 
AD, DC, be joined. 

Then, becaufe the Angle ADC, in a Semicircle, 
t jr- 3* is f a Right Angle ; and fince the Perpendicular DB is 
drawn from the Right Angle to the Bafe ; therefore 
* DB 
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DBms a mean Proportional between the Segments J Cor. 8. ®/ 
of the Bafe AB, BC. Wherefore, a mean rropor- *&*% 
tiona ’ between the two given Lines AB, BC, is found ; m 

whuji was to be done. % * 

{ PROPOSITION XIV. 

Theorem. 

1 

Equal Parallelograms , having one Angle of the 
one equal. :o one Angle of the other , have the 
Sides abiut the equal Angles reciprocal ; and 
thofe Parallelograms that have one Angle of 
Abe Kite qyual to one Angle of the other , and the 
Sides that are about the equal Angles recipro - 
cal % are equal. 

T E T AB, BC, be equal Parallelograms, having the 
^ Angles at B equal , and let the Sides DB, BE, be 
in one (trait Lines then alfo will Jthe Sides FI>, BG, J 14. x. 
be in one llrait Line. 1 fay, the Sides of the Parallelo- 
grams AB, BC, that are about the equal Angles, are 
itciprocal s that is, as DB is to BE, fo is GB to BF. 

For, let the Parallelogram FE be complcatcd. 

Then, becaufc the Parallelogram AB is equal to the 
Parallelogram BC, and FE is foine other Parallelo- 
gram ; it (hall be, as AB is to FE, fo is f BC to FE ; f 7. 5. 
but as AB is to FE, fo is J DB to BE ; and as BC is j 1 tftBit, 
to FE, lo is GB to BF. Therefore as DB is to BE, . 
fo is GB to BF. Wherefore the Sides of the ParallS- 
lograms AB, BC, that are about the equal Angles, are 
reciprocally proportional. 

And if the Sides that are about the equal Angles are 
reciprocally proportional ; viz . if DB be to BE, as GB 
is to BF ; I fay, the Parallelogram AB is equal to :he 
Parallelogram BC. 

For, lintc DB is to BE, as GB is to BF ; and DB 
to BE, as the Parallelogram AB J to the Parallelo- 
gram FE ; and GB % to BF, as the Parallelogram 
BC to the Parallelogram FE; it (hall be as AB is to 
FE, fo is BC f to P'E. Therefore the Parallelogram 
AB is equal to the Parallelogram BC. And fo, equal 
Parallelograms , having one Angle of the one equal to one 
Angle of the others have the Sides about the equal An- 

M * * tte 
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gh\ reciprocal ; and thofe Parallelograms that hate one 
jingle of the one equal to one Angle of the other , and the 
Sides that are about the equal Angles reciprocal > are squall 
which was to be demonftrated. * 

1 • 

PROPOSITION XV. 

• / 

Theorem, / 

s' 

Equal T ri angles , having one Angle of the one equal 
to one Angle of the other , have their Sides about 
the equal Angles reciprocal ; add thofe Triangles 
that have one Angle of the one equal to one An- 
gle of the other , and have alfo the Sides about 
the equal Angles reciprocal , are equal. 

T E T the equal Triangles ABC, ADE, have one 
^ Angle of thconeequal to one Angle of the other ; 
viz. the Angle BAC equal to the Angle DAE. I fay, 
the Sides about the equal Angles are reciprocal ; that 
is, as CA is to AD, (6 is EA to AB. 

For, place CA and AD in one ftrait Line ; then 
t 14. 1. EA and AB {hall be J alfo in one ftrait Line ; and let 
iJD be joined. Then, becaufe the Triangle ABC is 
equal to the Triangle ADE, and ABD is foine other 
+ 7. 5. Tiiangle, the Triangle CAB {hall be f totheTii- 
anglc BAD, as the Triangle ADE is to the Triangle 
BAD. But, as the Triangle CAB is to the Triangle 
J 1 of tbii. BAD, fo is CA J to AD $ and as the Triangle EAD 
is to the Tiiangle BAD, fo % is EA to AB. There- 
• 11. 5. fore, as CA is to AD, * fo is EA to AB. WhereforS 
the Sides of the Triangles ABC, ADE, about the 
equal Andes are reciprocal. 

And, if the Sides about the equal Angles of the Tri- 
angles ABC, ADE, be reciprocal, viz . if CA be to 
AD, as EA is to AB ; I fay, the Triangle ABC is 
equal to the Triangle ADE. 

For, again, let BD be joined. Then, becaufe CA 
is to Al), as EA is to AB ; and CA to ADJ, as the 
Triangle ABC to the Triangle BAD; and EA to 
AB J, as the Triangle EAD to the Triangle BAD ; 
therefore, as the Triangle ABC is to the Triangle 
BAD, * fo {hall the Triangle EAD be to the Triangle 

BAD. 
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BAD. Whence the T riangles ABC, ADE, have the 
fame Proportion to -the Triangle BAD* and fo the 
Triarfgle ABC is J equal to the Triangle ADE. t 7 - 5 * • 
vThertfore, equal Triangles , having one AngS of the one 
equal to one Angle of the other , have their Sides about the 
equate Angles reciprocal ; and thoje Triangles tbqf have 
one Angle of the one equal to one Angle of the other , and 
have atf& the Sides about the equal Angles reciprocal , are 
equal , which was to be demonftrated. 

PROPOSITION XVI. 

'Theorem. 

If four Right Lines be proportional \ the Re £i angle 
contained under the Extremes is equal to the 
Reftangle contained under the Means ; and if the 
Retlangle contained under the Extremes be equal 
to the Rectangle contained under the Means > 
then are the four Right Lines proportional. 

T E T four Right Lines AB, CD, E, F, be propor- 
tional, fo that AB be to CD, as E is to F. I fay, 
the Re&angle contained under the Right Lines AB and 
F, is equal to the Reflangle contained under the Right 
Lines CD and E. 

For, draw AG and CH, from the Points A and C, 
at Right Angles to AB and CD ; and make AG equal 
to F, and CH equal to E ; and let the Parallelograms 
BG, DH, be compleated. 

Then, becaufe AB is to CD, as E is to F ; and fmee 
CH is equal to E, and AG to F 5 it lhall be, as AB is 
to CD, fo is CH to AG. Therefore, the Sides that are 
about the equal Angles of the Parallelograms BG, DH, 
are reciprocal ; and iince thofe Parallelograms are 
equal*, that have the Sides about the equal Angles * \\oftbiu 
reciprocal ; therefore the Parallogram BG is equal to 
the Parallelogram DH. But the parallelogram BG is 
equal to that contained under AB and F ; for AG is 
equal to F, and the Parallelogram DH equal to that 
contained under CD and E, fince CH is equal to E. 

Therefore the Reftangle contained under AB and F, 
is equal to that contained under CD and E. 

# M 3 And 
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And if the Redangle contained under All and F be 
equal to the Rcdangle contained under CD and E; I 
fay, the four Right Lines are Proportionals; vix, as 
AB is to CD, fo is E to F. 

For, the fame Cenftruflion remaining, the Redun- 
gle contained under AB and“ F is equal to that con- 
tained under CD and E ; but the Rectangle contained 
tinder AB and F is tue Rectangle BG ; lor AG is equal 
to F; and the Redangle contained under CD and E 
is the Reftangle DPI ; for CH is equal to E. There- 
fore the Parallelogram BG (hall beequah'to the Paral- 
lelogram DH, and they a te equiangular; hut the Sides 
of equal and equiangulai Parallelograms, which are 

* 14 if ibis, about the equal Angles, are * reciprocal. Wherefore, 

as AB is to CD, fo is CH to AG *, but CH is equal to 

E, and AG to F ; therefore, as AB is to CD, fo is E to 

F. Wherefore, if four Right Linn be p< opart icmd, the 
Re Ban gle contained under the Extremes is equal to the 
ReBanglc contained under the Means *, and if the. Rett- 
angle contained under the Extremes be equal to the Rett - 
angle contained under the Means , then are the four Right 
Lines proportional ; which was to be demonftrated, 

PROPOSITION XVII. 

T II E O R E M. 

Jf three Right Lines be proportional, the Rett angle 
contained under the Extremes is equal to the 
0 Square of the Mean \ and if the Rett angle 
under the Extremes be equal fo the Square of 
the Mean, then the three Right Lines are 
proportional. 

1 E T there he three Right Lines, A, B, C, propor- 
tional ; and let A be to B, as B is to C. i fay, 
the Rcdangle, contained under A and C, is equal to 
the Square of B. 

For, make D equal to B. 

Then, becaufe A is to 15 as B is to C ; and B is 

• 7. 5. equal to D ; it lhallbe *, as A is to B fo is D to C. 

But, if four Right Lines be Proportionals, the Rtrdan- 
•| 16 of (list gle contained under the Extremes is f equal to the 
Kedangle under, the Means. Therefore the Redan- 
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glc contained under A and C is equal to the Redaugle 
under B and D : But the Redangle under B and L? is 
equal to the Square of D ; for B is equal to D : Where- 
i fore the Rcdangle contained under A, C, «s equal to 
\he Square of B. 

/\pd if the Redangle'contained under A and C be 
equal to the Square of B : I fay, as A is to B. fo is 
B to C. 

For, the fame Conftrudion remaining, the Redan- 
gle contained under A and C, is equal to the Square of 
B ; but the Square of B is the Ke&angle contained un- 
Vyder B and D ; for B is equal to D * and the Redangle 
contained under A and C (hall be equal to the Redangle 
conftin&d under B and D. But if the Redangle con- 
tained under the Extremes be equal to the Redangle 
contained under the Means, the four Right Lines fhall 
be | Proportionals. Therefore A is to B, as D is to f 16 eft lit, 
C ; but B is equal to D. Wherefore A is to B, as B 
» » to C. Therefore,# if three Right Lines be proper - 
t tonal , the Reft angle contained under the Extremes is equal 
to the Square of the Mean ; and if the Reftangle wider 
the Extremes be equal to the Square of the Mean, then the 
three Right Lines are proportional ; which was to be 
dt meliorated. 

PROPOSITION XVIII. 

Problem. 

Upon a given Right Line , to defcrzoe a Right Ihhkt 

Figure , fimiiar , and fimilarly fituale , to a 
Right fined Figure given. 

T ET AB be the Right Line given, and CE the 
Right-lined Figure. It is required to deferibe 
upon the Right Line AB a Figure fimibr, andfimilar- 
■y innate, to the Right-lined Figure CE. 

J*un DF, and make, * at the Points A and B, with * 23. 1, 
the Line AB, the Angles GAB, ABG, feverally equal 
to the Angles C and CDF. Whence the other An- 
gle CFD is f equal to the other Angle AGB ; and fo t 
the Triangle FCD is equiangular to the Triangle 
GAB: And, confcquently, as FD is to GB, fo is 
l I*C to GA $ and 10 is CD to AB, Aiain, make t 4 •/ ihtU 
m M 4 ~ the 



1 68 


Euclid's Elements. Book VJl 

the Angles 13 GH, GBH, at the Points B and G, 
with the Right Line BG, feveially equal to the Angles 
t Cor, 32. 1, EFD, EDF ; then the remaining Angle at K is [ equal 
to the renaming Angle at H. Therefore the Triangle 
FDE is equiangular to the Triangle GBH 5 and, oon- 
t 4 fequentlv, as FD is to GB, fo is J KE to CiR ; a\'d fo 
El) to‘HB. But it has been proved, that FD is toGB, 
as FC is to GA, and as CD to All. And therefore, as 

* »- 5 - FC is to AG, fa is * CD to AB ; and fo FE to Of J ; 

and fo ED to HB. And beraufe the Angle CFD is 
equal to the AneJe AGB j and the Angle DFE equal 
to the Angle BGH ; the whole Angle CFE fhall be 
equal to the whole Angle AGH. By'the fame Reafbn, 
the Angle CDE is equal to the Angle ASrl ; and the 
Angle at C equal to the Angle at A ; and the Angle E 
equal to the Angle H. Therefore the Figure AH is 
equiangular to the Figure CE ; and tiny have the 
Sii.es about the equal Angles proportional. Confe- 

* n.f. 1 . cf queuily, the* Right-lined Fig uit 1 AH will be * iimiUr 
tvu, to the Right-lined Figure CE. Therefore, there h de- 

fit ibed upon 1 be givi.it Right Line AB the Right-lined 
F'gnrc AH, j‘tnii " , and jimilat ly jituatc , to the given 
Right-lined Figure CE ; which was tu be dune. 

PROPOSITION XIX. 

T H E O R E M. 

Similar Triangles are in the duplicate Proportion 
of their homologous Sides. 

t 

T E T ABC, DEF, be fimilar Triangles, having the 
^ Angle B equal to the Angle E ; and let AB be to 
BC, as DE is to EK, fo that BC be the Side homolo- 
gous to EF. I by, the Triangle ABC, to thcTii- 
angle DEF, has a duplicate Proportion to that of the 
Side BC to the Side EF. 

* 11 ef thn. For, take * BG a third Proportion to BC and KF ; 

that is, let BC be to EF as EF is to BG, and j »in GA. 

Tlun, becaufe AB is 10 BC, as DE is to EF; it 
fljall be (by Alternation), as AB is to DE, fo is BC 
co EF ; but as BC is to EF, fo is EF to BG. There- 
i u. 5. fore, as AB is to DE, fo is J EF to BG : Confe- 
quently, lire Sides that arc abuiit the equal Angles of 
6 the 
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the Triangles ABG, DEF, are reciprocal : But thofe 
Triangles that have one Angle of the one equal to one 
Angle of the other, and the Sides about the equal An- 
gles reciprocal, are J equal. Therefore the 1 Triangle \ 
ABG is equal to the Triangle DEF ; and becaufe BC 
is to EF, as EF is to BG; and if three Right Lines 
be proportional, the firft has * a duplicate Proportion ! 
to the third, of what it has to the fecond ; BC to BG 
(hall have a duplicate Proportion ?f that which BC has 
to EF ; and as BC is to BG, fo is the Triangle ABC 
to the T rianjde ABG ; whence the Triangle ABC 
bears to the 1 rtangle ABG a duplicate Proportion to 
what BC Jr,th to ; but the Triangle ABG is equal 
to tne Trfift.gle DEi'V Therefore the Triangle ABC, 
tothcTriangle DEF,tfi M bein the duplicate Proportion 
jf that which the Side |iC !>^s to the Side EF. Whcre- 
t ire, fimihr Triangles are in the duplicate Proportion of 
iheir humoLgoui Sides ; which was to be d;monftr«ted. 

• 

Curoll. From hence it is manifeft, if three Right Lines 
be proportional ; then, as the firft is to the third, 
fo i** a Triangk made up.>n the firft, to a fimilar arid 
4 finul.irly defer ibe ! Triangle upon the fecond ; be- 
caule it has been proved, that as CB is to BG, fo is 
the Triangle ABC to the Triangle ABG ; that is, to 
the Triangle DEF ; ivhiib was to be demonjlrated . 

PROPOSITION XX. 

Theorem. m 

Similar Polygons are divided into fimilar Trian- 
gles , equal in Number , and homologous to the 
Wholes ; and Polygon to Polygon , is in the du- 
plicate Proportion of that which one homolo- 
gous Side has to the other . 

T ET ABCDE, FGHKL, be fimilar Polygons, and 
lc: the S:de AB hr homologous to ihe Side FG. 

I fay, the Polygons ABCDE, FGHKL, are divided 
into equal Numbers of fimilar Triangles, and homolo- 
gous to the W noles ; and the Polygon ABCDE, to the 
Polygon FGHKL, is in the duplicate Proportion of 
thar which the Sde AB has to the Side FG. 

For let BE, EC, GL, LH, be joined. 

♦ Then, 


1 5 »f tbit, 
Dtf. 10.5. 
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Then, becaufe the Polygon ABCDE is fimilar to 
the Polygon FGHKL, the Angle BAE is equal to the 
Angle GFL; and BA is to AE, as GF is to FL. 
Now, fin<^ ABE, FGL, are two Triangles having , 
one Angle of the one equal to one Angle of the other, 
and the Sides about the equal Angles proportional ; the 
*6 «/ this. Triangle ABE will be * equiangular to the Triangle 
FGL, and alfo fimilar to ir. Therefore the Angle 
ABE is equal lo the Angle FGL 5 but the whole An- 
1 1. 5/ L’C ABC is * equal to the whole Angle fGll, becaufe 

in * c't th- Simihriry of the Polygons; therefore the le- 
ro'i’fii ig Angle KBC is equal to the retaining Angle 
LGH : (And fincc by the Similarity, of the Triangle 
ABE, FGL), as EB is to BA, (p .s LG ;*.md 
fmee, alio, by the Similarity ojj'.qe Polygons, AB is to 
“ 2 *> 5 4 BC as FG is to G II ; it (bailee , by Equality of Pro- 
portion, as EB is to BC, fc is LG to GH ; that is, the 
Sides about the equal Angles El >C, LGH, are propor- 
tional. Wherefore the Trianglq EBC is equiangular 
to the Triangle LGH, and, tonfequently, alfo fimilar 
t ) it. For the fame Reafon, the Triangle ECD is 
hkewife fimilar to tlu. Triangle LHKj therefore the 
fimilar Polygons ABCDE, FGHKL, aie divided into 
equal Numbers of fimilar Triangles. 

I fay, they are alfo homologous to the Wholes ; that 
IS that the Triangles are proportional and the An- 
tecedents arc ABE, EBC, ECD; and their Con fe- 
quents F GL, LGH, LHK. And the Polygon ABCDE, 
to the Polygon FGHKL, is in the duplicate Proportion 
? oSan homologous Side of the one, to an homologous 
Side of the otner; that is, as AB to FG. 

For, bcc.'ufe the Triangle ABE is fimilar to the 
19 tftbis. Triangle hGL, the Triangle ABE fball be*tothe 
Triangle FGL, in the duplicate Proportion of BE to 
GL: For the fame Reafon, the Triangle BEC, to 
the Triangle GLH, is * in a duplicate Proportion of 
BE to GL: Therefore the Triangle ABE isfto 
the Triangle FGL, as the Triangle BEC is to the 
Triangle GLH. Again, becaufe the Triangle EBC, 
is lirmlar to the Triangle LGH, the Triangle EBC, 
to the Triangle LGH, (hall be in the duplicate Pro- 
portion of the Right Line CE to the Right Line 
HL ; and D, likewife, the Triangle ECD to the Tii- 
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a ngle LHK, (hall he in the duplicate Proportion of 
CE to HL. Therefore the Triangle BEC is to the 
VTriangle LGH, as the Triangle CED is to the Tri- 
angle LHK. But it has been proved, thatsthe Tri- 
angle EBC is to the Triangle LGH, as the Triangle 
’AB'E is to the Triangle* FGL. Therefore, as the 
Triangle ABE is to the T riangle FGL, fo is th* T ri- 
angle BEC to the Triangle GHL ; and fois the Tri- 
angle ECD to the Triangle LHK. But as one of the 
Antecedents is to one of the Conicquents, fo are]: all { 12. 5. 
the Antecedent to all the Confequents. Wherefore, 
as the Triangl^ABE is to the Triangle FGL, fo is 
trWfc, Polygon ABCDE to the Polygon FGHKL: But 
the ^rialk ABE, \ > the Triangle FGL, * is in the * 19 of tbit* 
duplicate Proportion otr'ie homologous Side AB to the 
homologous Side FG I fo ^ fimilar Triangles are ill 
the duplicate Proportion 6>' the homologous Sides. 
Wherefore the Polygon ABCDE, to the Polygon 
FGHKL, is in the duplicate Proportion of the homo- 
logous Side AB to the homologous Side FG. There- 
fore, fimilar Polygons ere divided into fimilar Triangles , 
equal in Number , and homologous to the Wholes j and Po- 
lygon to Polygon , is in the duplicate Proportion of that 
which one homologous Side has to the other j which was 
to be demonftrated. 

It may be demonftrated, after the fame manner, that 
fimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides $ and * 
this has been aiieady proved in Triangles. » 

Coroli 1. Therefore, univcrfally, fimilarly Right-lined a 
F igures are to one another in the duplicate Propor- 
tion of their homologous Sides ; and if X be taken 
a third Proportional to AB and FG, then AB will 
have to X a duplicate Proportion of that which AB 
has to FG ; and a Polygon to a Polygon, and a 
quadrilateral Figure to a quadrilateral Figure, will 
be in the duplicate Proportion of that which one 
homologous Side has to the other j that is, AB to B 
FG ; but this has been proved in Triangles. 

2. Tnerefore, universally, it is manifeft, if three Right 
Lines be proportional, as the firft is to the third, fo 
is a Figure deferibed upon the firft, to a fimilar and 

• fimilarly 
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fimiJarty deferibed Figure on the fecond j which was 
to be 

PROPOSITION XXI. J 

Theore m. 

Figure s that art fimilar to the fame Right-lined 
I-j£X 7 1', are alfo jimilar to one another . 

T KT each of the Right lined Figures A, B, be 
to the Right-lined Figuieu^* I fay, the ^ 
Rir h'-Smcti r A is aifo fimilar tc the Right liner 1 
Flg»“C If. sV 

For, htca*. ifc the Right- line&Figure A is fimilar to 
* Dcf. i, the Kighl-!ined Figure C^rit rhail be * equiangular 
thereto; and me Sides about ahe equal Angles pro- 
portional. Again, becaulc the Right-lined Figure B 
in fimilar to the Right-lined Figure C, it (hail * be 
equnjHulai thereto; and the Sides about the equal 
Angies will be proportional. Therefore each of the 
R gi:t lined Figuies A, B, are equiangular to C, and 
th w *y have ht. Sides about the equal Angles propor- 
tional. Wheiefuie the Right-lined Figure A is cquian- 
gu ar to the R'ght-lined Figure B ; and the Sides about 
the equal Angles arc proportional. Wherefore, A is 
fimilar to B; which was to be demonftrated. 


PROPOSITION XXII. 

K 

Theorem. 

If four Right Lines be proportional, the Right- 
lined Figures, fimilar and Jimilarly deferibed 
upon them , fhall be proportional ; and if Jimi- 
lar Right -lined Figures fimilar ly deferibed upon 
Lines be proportional , then the Right Lines 
fhall be alfo proportional. 

T El' four Right Lines AB, CD, EF, GH, be pro- 
■*“ < poitional ; and as AB is to CD, To let EF be to 
GH. 

Now, let the fimilar Figures KAB, LCD, be fi- 
• i&tftlU. mtlsuly deferibed * upon AB, CD; and the fimilar 

Figures 
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Figures MF, NH, fimilarly defcribed upon the Right 
Lines EF, GH. 1 fa y, as the Right-lined Figure 
.KAB is to the Right-lined Figure LCD, fo is the 
^Right-lined Figure MF to the Right- lined Figure NH, # 

For, take* A a third Proportional to AB, CD; * 11 *f thiu 
and O a third Proportional to EF, GH. 

Then, becaufe AB is to CD, as EF is to GFj; and 
as CD is to X, fo is GH to O ; it (hall be f, by f 22. 5. 
Equality Of Proportion, as AB is to X, fo is EF to O. 

But AB is tnX- ■* ' T,> 

w , - iuv. iMguc-iined 

figure NH. therefore, as the Right-lined Figure 

i c *£cahe Right-lined Figure LCD, fo is * the *u. 
Right-lined Figure hit? to the Right lined Figure NH. 

And, if the Right, In Figure KAB be to the 
Right-lined Figure J.jpD, as tne Right-lined Figure 
MF is to the Right-lined Figure NH ; 1 fay, as AB 
is to CD, fo is EF to GH. 

For, make f EF td PR, as AB is to CD, and de- f 12 of tb s. 
feribe upon PR a Right-lined Figure SR fimilar, and 
alike fituate, to either of the Figures MF, NH. 

Then, becaufe AB is to CD, as EF is to PR ; and 
there are defciibed upon AB, CD, frmilar and alike 
fituate Right-lined Figures KAB, LCD ; and upon 
EF, PR, fimilar and alike fituate Figures MF, SR; 
it (hall be (by what has been already proved), as the 
Right-lined Figure KAB is to the Right-lined Figure 
LCD, fo is the Right-lined Figure MF to the Right- 
lined Figure SR : But (by the Hyp.) as the Right-lingd 
Figure KAB is to the Right-lined Figure LCD, fo 
is the Right-lined Figure MF to the Right-lined Fi- 
gure NH. Therefore, as the Right-lined Figure MF 
is to the Right-lined Figure NH, fo is the Right-lined 
Figure MF to the Right-lined Figure SR : And fincc 
the Right-lined Figure MF has the fame Proportion 
to NH, as it hath to SR, the Right-lined Figure NH 
fliail bet equal t0 the Eight-lined Figure SR; it is t 9. 
alfo fimilar to it, and alike defcribed ; therefore GH 
is equal to PR. And becaufe AB is to CD, as EF 
is to PR; and PR is equal to GH ; it (hall be as AB is 
to CD, fo is EF to GH. Therefore, if four Right 
Lines be proportional , the Right-lined Figures^ fimilar 
and fimilarly dejeribed upon them , jhall be proportional ; 
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and if ftmilar Right-lined Figures, Jimilarly defcribed 
upon Lines , be proportional , then the Right Lines Jhall 
alfo be proportional j which was to be dcmonftraled. ' 

LEMM A. 

Any three Right Lints A, B, and C, being given, 
the Ratio of lbq fir ft A, to the third C, is equal 
to the Ratio compounded of the Ratio of the firft 
A to the fecond B, and of the F'atio to the fe- 
cond B to the third C. ■> 

ffOR Example , Let the Number 3 be the Exponent 
or- Denominator of the. “Ratio of A to B ; that is, 
let A be three Times B, tllnd lit the Number 4 be the 
Exponent of the Ratio of B to Cj then the Number 
12, produced by the Multiplication of 4 and 3, is the 
compounded Exponent of the Ratio of A to C : For,Jince 
A contains B thrice , and B contains C four Times , A will 
contain (J thrice four Times , that is, 12 Times. This is 
alfo true of other Multiples , or Submultiples ; but this 
Theorem may be uni verf ally demonjirated thus: The 

A 

Quantity of the Ratio of A to B, is the Number — j viz. 

JJ 

which, multiply ing the Confcquent, produced the Antece- 
dent. So likewife the Quantuy of the Ratio ofB to C, is 

— . And thefe two Quantities , multiplied by each other , 
^ /V x H * 

produce the Number which is the Quantity of the 

1 1 | ^l ’ 1 * * * * * * * * 10 the ReClangle, comprehended under the Right 

ABC Lines A and B, has to the Rehangle comprehended under 

the Right Lines B and C 5 and Jo the faid Ratio of the 

ReClangle under A andB, to the Rectangle under B and 

C, is that which, in the Senfe of Def. 5. of this Book, 

is compounded of the Ratios if A to B, and B(sC; but 

[by 1.6.) the Rectangle contained under A andB, is to the 

Reffangle contained wider B end C, as A is to C ; there- 

fore the Ratio of A to (J, is equal to the Ratio compounded 

of the Ratios of A to 15, and ofB to C. 
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If any four Right Lines A, B, C, and D, he pt y- 
pofed , the Ratio of the firfl A to the fourth D, is equal 
.to the Ratio compounded of the Ratio of the firji A r o 
^ the fecond B, and of the Ratio of the ftcornj U to the 
third C, and of the Ratio of the third C to tide fourth ^ 

For, in three Right Lines A, C, and D, the P t atio of 
A to D is equal to the Ratio compounded of the Ratios of 
A to C, and of C to D $ and it has been already demon - 
fttated , that the Ratio of A to C *is equal to the Ratio 
compounded of , the Ratios of A to B, and of B to C. 
Therefore the l&\Uo of A to D is equal to the Ratio com- 
pounded of the ReSjos of A to B, of B to C, and ofCto 
jD '^Aftyr the fafo* manner we demonjlratc , in any 
Number of Right Line I, that the Ratio of the firfl to the 
lafl is equal to the Rat in compounded of the Ratios of the 
firfl to the fecond , of th'f Jeco to the third , of the third ABCD 

to the fourth , and Jo on to the lajl . 

This is true of any other Quantities befides Right 
Lines , which will be tnanifeft , if the fame Number cf 
Right Lines A, B, C, &c. as there are Magnitudes be 
affumed in the fame Ratio ; viz . fo that the Right Line 
A is to the Right Line B, as the firfl Magnitude is to 
the fecond, and the Right Line B to the Right Line C, 
as the fecond Magnitude is to the third, and fo on. It 
is manifejl {by 22. 5.), by Equality of Proportion , that 
the firji Right Line A is to the lafl Right Line , as the 
firji Magnitude is to the lajl ; but the Ratio of the Right 
Line A to the lajl Right Line is equal to the Ratio com- 
pounded of the Ratios of A to B, B to C, and fo on to thj 
lajl Right Line: But ( by the Hyp.) the Ratio of any one 
of the Right Lines to that neareft to it, is the fame as the 
Ratio of a Magnitude of the fame Order to that near eft 
it. And therefore the Ratio of the firji Magnitude to 
the laft, is equal to the Ratio compounded of the Ratios of 
the fivft Magnitude to the fecond, of the fecond to the 
third, and fo on to the laft\ which was to be demon* 
ft rated. 
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PROPOSITION XXIII. 

( Theorem. 

Equiangular Parallelograms have the Proportion 
to o,ne another that is compounded of their Sides. 

T ET AC, CF, be equiangular Parallelogram?, 
■*“' having the Angle BOD equal to the Angle KCCi. 

I fay, the Parallelogram AC to the Parallelogram CF, 
is in the Proportion compounded of tbeir Sides ; viz. 
compounded of the Proportion of B'll to CG, and <>*’ 
DC to CE. 

For, let BC be placed in the fame Right Line with 
CG. ’ ' 

• 14. i. Then DC (hall bc*iiyj. Line with CE, and 
t 12 of this, compleat the Paralleilogram DG ; and then as BC 

is to CG, fo is Tome Right Line K to Lj and as DC 
is to CE, fo let L be to M. 

Then the Proportions of K to L, and of L to M, 
arc the fame as th* Proportions of the Sides; viz, of 
BC to CG, and DC to CE 5 but the Proportion of 
t Lemma to j s -j- compounded of the Proportion of K to L, 
t reita ' ?t nd of the Proportion of L to M. Therefore, alfc, 
K to M hath a Proportion compounded of the Sides. 
Then, becaufe BC is to CG as the Parallelogram AC 

* 1 of tbit. i s * to the Parallelogram CH : And fince BC is to 
t 5 * CG, as K is to L 5 it fhall be +, as K is to L, fo is the 

, Parallelogram AC to the Parallelogram CH. Again, 
Becaufe DC is to CE, as the Parallelogram CH is to the • 
Parallelogram CF ; and fince as DC is to CE, fo is L 
to M j therefoie as L is to M, fo (hall f the Paralle- 
logram CH be to the Parallelogram CK : And con- 
fequently fince it has been proved that K is to L, as 
the Parallelogram. AC is to the Parallelogram CH ; 
and as L is to M, fo is the Parallelogram CH to the 
t **• 5 * Parallelogram CF ; it (hall be J, by Equality of Pro- 
f portion, as K is to M ? fo is the Parallelogram AC to 
the Parallelogram CP' ; but K to M hath a Proportion 
compounded of the Sides : Therefore, alio, the Paral- 
lelogram AC, to the Parallelogram CF, hath a Pro- 
portion compounded of the Sides. Wherefore, equi- 
* angular Parallelograms have the Proportion to one an - 
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ether that is compounded of their Sides ; which was to be 
demonftrated. 

PROPOSITION X&V. 

Theorem, * 

In every Parallelogram^ the Parallelograms that 

are about the Diameter , are ftmilar to the 

Whole , ai\d alfo to one another . 

J ET ABCD\be a Parallelogram, whofe Diameter 

AC; and HK, be Parallelograms about 
thc^Jia'iW *?r AC. J fay, the Parallelograms EG, 

HK, are funilar to the Whole ABCD, and alfo to 
each other. 

For, bccaufe EF is drawtf parallel toBC, the Side 
of the Triangle ABC, it fhall be*, as BE is to EA, # itftbis, 
to is CF to FA. Again, bccaufe FG is drawn paral- 
lei to CD, the Side of the Triangle ACD, it (hall be 
as CF is to FA, fo is * DG to GA. But CF is to 
FA (as has been proved), as BE is to EA. There- 
fore, as BE is to EA, fo is f DG to GA; and by f u. 5 , 
compounding, as BA is to AE, fo is J DA to AG; t 5. 
and, by Alternation, as BA is to AD, fo is AE to 
AG. Therefore the Sides of the Parallelograms 
ABCD, EG, which are about the common Angle 
BAD are proportional. And bccaufe GF is paral- 
lel to DC, the Angle AGF is * equal to the Angle * 19. x» t 
ADC, and the Angle GFAequal to the Angle DCA ;• 
and the Angle DAC is common to the two Trian- 
gles ADC,~AGF. Wherefore the Triangle ADC 
will be equiangular to the Triangle AGF. For the 
fame Reafon, the Triangle ACB is equiangular to the 
Triangle AFE. Therefore the whole Parallelogram 
ABCD is equiangular to the Parallelogram EG; 
and fo AD is to DC, as AG is f to GF; DC is to +4 of tbit. 
CA, as GF is to FA ; and AC is to CB, as AF is to 
FE ; and, moreover, CB is to BA, as F£ is to to EA* 
Wherefore, fince it has been proved, that DC is toCA, 
as GF is to FA ; and AC it to £B, as AF is to FE ; 
it iliall be, by Equality of Proportion, as DC is to CB, 
fo is GF to FE. Therefore the Sides that are about 
the equal Angle? of the Parallelograms ABCD, EG, 
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are proportional 5 and, accordingly, the Parallelogram 
ABCD is ftmilar to the Parallelogram EG. For the 
fame Rcafon, the Parallelogram ABCD is fimilar to - 
the Parallelogram KH. Therefore both the Paralle- 
lograms EG, HK, are fimilar to the Parallelogram 
ABCD. But Right-lined Figures that are fimilar to 
1 21 */ this, the f Arne Right-lined Figure, are fimilar to one an- 
other. Therefore the Parallelogram EG is fimilar to 
the Parallelogram tJK. And fo, in every Parallelo - 
gram y the Parallelograms that are about the Diameter , 
are fimilar to the Whole , and alfo to one another $ which 
was to be demonftrated. / 

b 

PROPOSITION XRY. 

Problem. 

( - 

To defcr'tbt a Right-lined Figure fimilar to a 
Right lined Figure which fall be given, and 
equal to another Right lined Figure given. 

T ET ABC, and D, be two given Right-lined Fi- 
gures ; it is required to delcribe another Figure, 
fimilar to ABC and equal to D. 

• 44. x. On the Side BC of the given Figure ABC *, make 

the Parallelogram BE equal to the Right-lined Figure 
ABC ; and on the Side CE make * the Parallelo- 
gram CM equal to the Right-lined Figure D, in the 
Angle FCE, equal to the Angle CBL. Then BC, 
t 14. 1. CF, as alfo LE, EM, will be f in two ftrait Lines, 

X 13 of tbh. Find % GH a mean Proportional between BC and CF 5 

* 18 of tbit, and on GH let there be deferibed * the Right-lined 

Figure KGH, fimilar, and alike fituatc, to the Right- 
lined Figure ABC. 

And then, becaufe BC is to GH, as GH is to CF ; 
and fince, when three Right Lines are proportional, the 
firft is to the third, as the Figure deferibed on the firlt 
t Cor. 10. is t to a fimilar and alike fituate Figure deferibed on 
of tbit . fecond ; it fhall be, as BC is to CF, fo is the Right- 

lined Figuie ABC to the Right-lined Figure KGH, 
j 1 of Mu But as BC is to CF, fo is J the Parallelogram BE to 
the Parallelogram EF. Therefore, as the Right-lined 
Figure ABC is to the Right-lined Figure &GH, fo 
is the Parallelogram BE to the Parallelogram EF. 

6 Where- 
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Wherefore (by Alternation), as the Right-lined Figure 
ABC is to the Parallogram BE, fo is the Right-lined 

* Figure KGH to the Parallelogram EF. But the 
Right-lined Figure ABC is equal to the Parallelogram 
BE. Therefore the Right-lined Figure KGH is alfo 
equal to the Parallelogram EF. But the Parallelogram. 

EF is equal to the Right-lined Figure D. Thefefore 
the Right-lined Figure KGH is equal to D. But 
KGH is iimilar to ABC. Confeduently, there is de - 
feribed the Right-lined Figure KGH fimilar to the given 
Figure ABC, *and equal tc the given Figure D j which 
Was to be done, r 

* 'H \ 

PROPOSITION XXVI. 

Theorem. 

* \ 

If from a Parallelogram be taken away another 
fimilar to the Whole* and in like manner fitu- 
ate , having alfo an Angle common with it * 
then is that Parallelogram about the fame Di- 
ameter with the Whole . 

T E T the Parallelogram AF betaken away from the 
Parallelogram ABCD, fimilar to ABCD y and in 
like manner fituate, having the Angle DAB common. 

I fay, the Parallelogram ABCD is about the fame Dia- 
meter with the Parallelogram AF. 

For, if it be not, let AHC be the Diameter of the. 
Parallelogram BD, and let GF be produced to H ; 
alfo let HK be drawn parallel to AD, or BC. 

Then, becaufe the Parallelogram ABCD is about 
the fame Diameter as the Parallelogram KG # the Pa- 
rallelogram ABCD (hall be * fimilar to the Parallel©- * 
gram KG ; and fo, as DA is to AB, fo is t GA to f v/. 1. 
AK. But becaufe of the SimiMrity of the Parallel©- of /An. 
grams * ABCD, EG ; as DA is to AB, fo is GA to * /*>/>. 
AE. And therefore, as GA is X t0 AE, fo is GA to j n. 5. 
AK. And fince GA has the fame Proportion to AK 
as to AE, AE is f equal to AK* the lefs to a;greater, f 9 . 5, 
or the greater to a lefs ; which is abfurd. Therefore 
the Parallelogram ABCD is not about the fame Dia- 
meter as the Parallelogram AH, And thciefore it will 
be about the fame Diameter with thePajallvlogram 

N 2 AF. 
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AF. Therefore, If from a Parallelogram be taken away 
another firm la r to the Whok s and in like manner fttuate , 
r having alfo an Angle common with it ; then is that Pa - * 

raUogram 0 about the fame Diameter with the Whole ; 
which was to be dcmonltratcd. 

PROPOSITION XXVII. 

Theorem. 

Of all Parallelograms applied to the fame Right 

Line , and wanting in Figure by. Parallelograms 
fimilar , and alike fttuate , to that deferibed on th • 
half Line . the greatefi is that wbiefy ; ; applied 
to the half Line> and it is fimilar to the Defcft . 

T E T AB be a Right Linc,bife&ed in the Point C ; 
^ and let the Parallelogram AD be applied to the 
Right Line AB, wanting in Figure the Parallelogram 
CE, fnniJar and alike fituate to that deferibed on half 
of the Right Line AB. I fay, AD is the greateft of all 
Parallelograms applied to the Right Line AB, wanting 
in Figure by Parallelograms fimilar and alike fituate to 
CE. For, let the Parallelogram AF be applied to the 
Right Line AB, wanting in Figure the Parallelogram 
HK, fimilar and alike fituate to the Parallelogram CE. 

I fay, the Parallelogram AD is greater than the Paral- 
lelogram AE. 

For, becaufe the Parallelogram CE is fimilar to the 
* i*6 of tbi»» parallelogram HK, they ftand * about the fame Dia- 
meter. Let DB, their Diameter, be drawn, and the Fi- 
t 43* *• gure deferibed ; then, fince the Parallelogram CF is f 
equal to FE, let HK, which is common, be added; 
and the Whole CH is equal to the Whole KE. Bu£ 
t 3 6 * *• CH is % equal to CG, becaufe the Right Line AC is 
equal to CB ; therefore CG is equal to KE ; add the 
common Parallelogram CF, and the Whole AF is equal 
to the Gnomon LN M £ and fo CE, that is the Paral- 
lelogram AD, is greater than the Parallelogram AF. 
Thcicforc, of all the Parallelograms applied to the fame 
Right Line, and wanting in Figure by Parallelograms 
fimilar , and alike fituate , to that deferibed on the half Line* 
the greatefi is that which is applied to the half Line % and 
it is fimilar to the Defe£t ; which was to be demon- 
ftrated. «. PRO- 
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PROPOSITION XXVIiL 

Problem. » 

To a Right Line given to apply or Parallelogram 
equal to a Right -lined Figure given ^ deficient by 
a Parallelogram , which is fimilar to another 
given Parallelogram ; but it is necejfary that the 
Right-lined Figure given , to fahich the Paralle- 
logram tote applied muft be equal , be not greater 
than the Parallelogram which is applied to the 
'Fqlf Line>Jinc&jhe Defects mujl be fimilar 
the DejeSi of the Parallelogram applied to the 
half Line , and the DefeEl of the Parallelogram 
to be applied . # % 

T E T AB be a given Right Line, and let the given 
^ Right-lined Figuri, to which the Parallelogram to 
be applied to the Right Line AB muft be cqu J, he C, 
which muft not be greater than the Paralielo£u,m ap- 
plied to the half Line, the Defects being fimdar ; and 
let D be the Paral Id ngraiji,to which the Defect of the 
Parallelogram to be applied is fimila**. Now it is re- 
quired to apply a Parallelogram equal to the given 
Right-lined Figure C to the given Right Line A 13 , de- 
ficient by a Paral?ei''grmn fimilar to JJ. 

Let AB be bife&ed in E, and on Ell ch-frrihc * the * iS •f,Liu 
Parallelogram EBFG, fimilar and alike fuuatc to \: 4 • 

and compJcat the Parallelogram AG. 

Nov/, AG is either equal to C, or greater than it, 
becaufe of the Determination. If AG be equal to C, 
what was propofed will be done; for me Parallelogram 
AG is applied to the Right Line AB equal ;orhe given 
Right-lined Figure C, deficient to the Pa: ail Ingram 
EF, fimilar to the ParaMe'ogram D. But, if it be not 
equal, then HE is greater than C ; but EF is equal to 
HE ; therefore EF fnall alfo be greater than C., Now 
make + the Parallelogram KLMN fimilar and, alike ^25 *f-Uu 
iiiuate toD, and equal to the Exceft, by which EF ex- 
ceeds C. But I) is fimilar to EF ; wherefore KM 
{ball alfo be fimilar to EF. Therefore let rhe Right 
Line KL be homologous tft GE, and LM to (}F : 

Then, becaufc EF is equal to C and KLM together, EF 
f N 3 will 



Euclid's Element$. Book VI. 

will be greater than KM ; and fo the Right Line GE 
is greater than KL, and GF than LM. Make GX 
< equal to KL, and GO equal to LM, and compleat the 

Parallelogram XGOP. Therefore XO is equal and 
fimilar to KM; but KM is fimilar to EF ; therefore 
**t tf this. XO is * fimilar to EF 5 arfd fo XO is f about the 
+ a6 °f tli * • fame f Diameter with FE : Let GPB be their Diame- 
ter, and the Figure bedeferibed. 

Then, fince EF«is equal to C and KM together, 
and XO is equal to KM, the Gnomon YOT remain- 
ing is equal to the remaining Figure C ; and becaufe 
OR is equal to XS, let SR, w.dch is common, be 
added ; then the Whole OB is fqual to the Wh^e 
XB ; but XB is equal to TE, fince the'Cide A* 3 
equal to the Side ELI. Wherefore TE i-; equal to r » . 
Add XS, which is common, and then the Whole i'S 
is equal to the Whole Gi.bmoifYOT ; but the Gnomon 
TOT has been proved equal ro C; and TS flu’’ be 
equal to C; and fo, the Pur allclogr am TS is applied v> 
the Right Line AB, equal to the given Right-lined Figure 
C.\ and deficient by a Parallelogram SR, fimilar io the 
Parallelogram D, bee a ufe SR is fimilar io FE ; which 
was to be done. 


PROPOSITION XXIX. 

P R O E J j-. M. 

a Right 1. ‘>ic "hen r* appi m , V: \ Udogram 
4 # qua: to ii Right- lined Pmoe gha\ exceeding 

ly a PtiraLJograiK, c; : >uk fijjll he fimilar io 
another given Par allele gram. 

* 

T E T AB be a given Right Line., and let C be the 
given Right-lined Figure, to which that to be ap- 
plied to AB muft be equal : Likewise, let D be ' ■: 
Parallelogram, to which the exceeding Paralielogi^ri 
is to be fimilar ; it is required to apply a Parallelogram 
to the Right Line AB, equal to thcgLen Right-lined 
Figure C, exceeding by a Parallelogram fimilar to D. 
Bifect AB in E, and let the ParalL'ogram EL be 
• is if tb\s. deferibed * upon the Right Line EB, fimilar and auke 
t *3 If *%*• fituate to D ; and let + the Parallelogram GH be equal 
to EL and C together, but fimilar to D, and alike 
^ fituate $ 
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fituatc ; therefore GH i6 fimilar to EL. Let KH be 
a Side homologous to FL, and KG to FE j then be- 
caufe the Parallelogram GH is greater than the Paral- 
lelogram EL, the Right Line KH will be greater than 
FL, and KG greater than FE. -Let FL, FE, be 
produced, and let FLM»be equal to KH, FEN equal 
to KG, and comp* cat the Parallelogram MNq there- 
fore MN is equal and fimilar toGH ; but GH is fimi- 
lar to EL, and (o MN fhall be £ fimilar to EL ; and, t a 1 of thiu 
accordingly, EL is * ?bout the* fame Diameter with * 26 of tbit, 
MN. LcrFX b< * Mf Diameter, and deferibe the 
Figure. 

Then, fnce QH n ial to EL and C together, as 
iutfewifl MN ^ the. t. lore MN fhall be equal to EL 
C c!»r r. Lei EL, which is common, be taken 
"’ays *!'e Gnomon tit* remaining is equal to 
k. ; and :i * . AE is equaUto EB, the Parallelogram 
AN will b alfo equal 10 the Parallelogram EP, that is, 
to LO ; and if BX, which is common, be added, then 
the whole Parallelogram AX is equal to the Gnomon 
QW ; but the Gilt mon W is equal to C 5 therefore 
AX fliali ai!o be equal to C. Wherefore the Pa - 
rallelogram AX u applied to the given Right Line AB, 
equal to the given Right-lined Figure C, and exceeding by 
Par a He Icgt a?n PO, fimilar to the Parallelogram D j 
wJiich was to bo done. 

P PO’ ' S IT I O N XXX. 


i? o O R L E M. • * 

lo act a given terminate Right Ltne according to 
extreme and mean Ratio . 

f E T , a given terminate Line ; it is required 
to cut the fame according to extreme and mean 
Ratio. 

DefcriU * CB, th r* Square of AB; and apply the *46. 1. 
Parallelogram CD to AC, equal to the Square BC, 
exceeding f hy the Figure AD fimilar to BC ; but BC t ***** 
is a Square ; therefore AD fhall alfo be a Square. 

Now, becaufe BC is equal to CD, take away CE, 
which is common ; then BF remaining (hall be equajr 

N 4 to 
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to AD remaining ; but BF is equiangular to AD 5 
therefore the Sides that arc about the equal Angles are 
J i ±ftbu> X reciprocally proportional ; and fo as FE is to ED, 

* 34. i. (6 is AE to EB ; but KE is * equal to AC, that is, to 

AB ; .;nd ED to AE : Wherefore, as AB is to AE, 
fo is AE to EB ; but AB is greater than AE ; thcie- 
f 74. 5* fore AE is f greater than EB ; and fo the Right Line 
AB is cut, according to extreme and mean Ratio, in 
the Point E ; and AE is the greater Segment thereof ; 
which was to be done . 

Otherwife thus : Let AB be the Right'Line given ; 
it is required to cut the fame into cxtiemc and mean 
Ratio. , ^ 

J 11. 2. Divide % AB fo in C, that the Reflangle^ontai'ued 
under AB, BC, be equal to the Square of AC. 

Then, becaufe the Redangle under AB, BC, is 

* if of tbit, equal to the Square of AC, it Ihall be *, as AB is to 

AC, fo is AC to CB ; and 1b, the Right Line AB is cut 
into mean ami extreme Ratio j whi^h was to be done. 

PROPOSITION XXXI. 

Theorem. 

Any Figure deferibsd upon the Side of a Right - 
cngled Triangle, fubtending the Right /Ingle, is 
equal to the two Figures defended ttpen the Sides 
containing the Right Angle , being Jimlar and 
alike Jit note to the former Figure . 

T E T ABC be a te&angular Triangle, having the 
Right Angle BAC. 1 fay, the Figure defer ibed B 
on BC is equal to the two Figmcs deft ri bed on BA, 
AC, together, which are fmiiiar and alike lunate to 
the Figure defciibcd on BC. 

For, draw the Peipcndicular AD. 

Then, becaufe the Right Line AD is drawn in the 
Right* angled Triangle AC B, from the Right Angle A, 
perpendicular to the Bafe BC ; the Triangles ABD, 
ADC, which are about the Perpendicular AD, will 

* 8 f :bh, . be * fimilar to the whole Triangle ABC, and alfo to 

each other. Then, becaufe the Triangle A BC is fimi- 
la 10 the Triangle ABD, it fhall be as CB is to BA, 

4 t 16 
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fo is BA to BD : And fmce, when three Right Lines 
are proportional, the firft fhall be f to the third, as a f G»r. a©. 
Figure defer ibed on the firft, to a fimilar and alike •/&*• , 

fituate Figure deferibed on the fecond ; therefore, as 
CB is to BD, fo is a Figure deferibed on CB, to a 
fimilar and a like fituate Figure deferibed on BA, 'For 
the fame Reafon, as BC is to CD, fo is a Figtfre de- 
feribed on BC to one deferibed on CA. Wherefore, 
alfo, as BC is to BD and DC, together, fo is % the 
Figure deferibed on BC to thofe two together, that 
are deferibeef fimilar and alike fituate on BA and AC; 
but BC is equal* to BD and DC together : Therefore 
i V Figure deferibrd on BC is equal to thofe together, 
whtfcb arc Jcfcribed on BA and AC, fimilar and alike 
fituate to that on BC. Wherefore, any Figure deferibed 
upon the Side of a Right-angled Triangle , fubtending the 
Right Angle, h equal xo the Figures deferibed upon the 
Sides containing the Right Angle , being fimilar and alike 
fituate to the farmer Fgure ; which was to be demon- 
ftratid. 

PROPOSITION XXXII. 

Theorem. 

If two Triangles, having two Sides proportional to 
two Sides , be fo compounded, or fet together, at 
one Angle , that thetr homologous Sides be paral- 
lel ; then the other Sides of thefe Triangles will 
be in one Jlrait Line. ’ 

T ET there be two Triangles ABC, DCE, having 
^ two Sides BA, AC, ot the one, proportional to 
two Sides CD, DE, of the other viz . let BA be to 
AC, as CD is to DE j alfo let AB be parallel to DC, 
and AC to DE. I fay, BC, CE, are both in one ftrait 
Line. 

For, becaufc AB is parallel to DC, and the Right 
Line AC falls on them, the alternate Angles BAG, 

ACD, will be * equal to each other. Arid by the • *9* *• 
fame Reafon, the Angle CDE is equal to the Angle 
ACD j wherefore the Angle BAG is equal to the 
Angle CDE. Then, becaufe ABC, DCE, are two 
Triangles, having one Angle A equal to one Anele 

; D, 
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D, and the Sides about the equal Angles proportional, 
viz. BA to AC, as CD to DE; the Triangle ABC 
will be * equiangular to the Triangle DCE; where- 
fore the ‘Angie ABC is equal to the Angle DCE; 
but the Angie ACD has been proved to be equal to 
the Angle B AC ; therefore the whole Angle ACE is 
equal ito the two Angles ABC, BCA; and if ACB, 
which is common, be added, then the Angles ACE 9 
ACB, are equal to the Angles BAC, ACB, CBA; 
t 3 »* but the Angles BAC, ACB, CBA J, are equal to two 
Right Angles. Therefore the Angles<ACE, ACB, 
will alfo be equal to two Right Angles; and fo at the 
Point C, in the Right Line AC, two Right Lines BC, 
CE, tending contrary Ways, make the adjacent 'An- 
cles ACE, ACB, equal to two Right Angles ; there- 
of 14. i. fore BC (hall be f in the fame Right Line with CE. 

Wherefore, if two Triangles having two Sides propor- 
tional to two Sides , be fo compounded or fet together , at 
one Angle^ that their homologous Sides be parallel ; then 
the other Sides of thefe Triangles will be in one Jlrait 
Line 2 which was to be demonftrated. 

PROPOSITION XXXIII. 

Theorem. 

In equal Circles the Angles have the fame Propor- 
tion with the Circumferences on which they 
fiandi whether the Angles be at the Centres , or 
at the Circumferences ; and fo likewife are the 
SeSors , as being at the Centres . 

L ET ABC, DEF, be equal Circles ; and let the 
Angles BGC, EHF, be at their Centres G, H ; 
and the Angles BAC, EDF, at their Circumferences. 

I fay, as the Circumference BC is to the Circumfe- 
rence EF, fo is the Angle BGC to the Angle EHF ; 
and fo is the Angle BAC to the Angle EDF ; and fo 
is the Se&or BGC to the Se&or EHF. 

For, aflume any Number jof continuous Circumfe- 
rences CKL, KL, each equal to BC; and alfo any 
Number FM, MN, each equal to EF ; and join GKL, 
Gh % HM, BN. 
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Then, becaufe the Circumferences BC, CK, KL, 
are equal to each other 5 the Angles BQC, CGK, 

KGL, will be alfo * alfo equal to one another ; and fo • *7, 3, 
the Circumference BL is the fame Multiple of the 
Circumference BC, as the Angle RGL is of the An- 
gle? BGC. For the fame Reafon, the Circumference 
NE is the fame Multiple of the Circumference »EF, as 
jthe Angle EHN is of the Angle EHF ; but if the 
Circumference BL be equal to the Circumference 
EN, then the Angle BGL fhall be equal to the An- 
gle EHN ; ‘and if the Circumference BL be greater 
than the Circumference EN, the Angle BGL will 
he greater than the Angle EHN ; and if lefs, left* 
Therefore here are four Magnitudes, viz. the two 
Circumferences BC, EF, and the two Angles BGC* 

EHF j and fince there are taken Equimultiples of the 
Circumference BC, and *he Angle BGC, to wit* 
the Circumference BL, and the Angle BGL ; as alfo 
Equimultiples of the Circumference EF, and the 
Angle EHF, viz . the Circumference EM, and tho 
Angle EHN ; and becaufe it is proved, if the Cir- 
cumference BL exceeds the Circumference EN, the 
Angle BGL will likewife exceed the Angle EHN ; 
and, if equal, equal; if lefs, lefs; it fhall be, as the 
Circumference BC is to the Circumference EF, fo is 
t the Angle BGC to the Angle EHF; but as the f Def. 5.5, 
Angle BGC is to the Angle EHF, fo is J the Angle 1 15. 5. 
BAC to the Angle EDF, for the former are * double * 3» 

to the latter: Therefore, as the Circumference BC is 
to the Circumference EF, fo is the Angle BGC to she 
Angie EHF ; and fo the Angle BAC to the Angle 
£DF. 

Wherefore, in equal Circles , the Angles have the fame 
Proportion as the Circumferences they Jiand on , whether 
they he at the Centres , or at the Circumferences • 

i fay, moreover, that as the Circumference BC is to 
the Circumference EF, fo is the Sector GBC to the 
Sector HFE. 

For, join BC, CK, and afiume the Points X, 0 9 
in tl £ Circumferences BC, CK ; and join BX, XC, 

CO, Oly. 

Then, becaufe the two Sides BG, GC, are equal 
$0 the'two Sides CG, GK, and they contain equal 
£nglcs, the Bafe BC (hall be f equal to the Bafef 4 . 

CK ; 
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CK; as likewife the Triangle GBC to the Triangle 
GCK. And, becaufe the Circumference BC is equal 
to the Circumference CK, and the Circumference 
remaining/ which makes up the Whole Circle ABC, 
is equal to the remaining Circumference, which makes 
up the fame Circle ABC, the*Angle BXC is equatfto 
the Angle COK ; and fo the Segment BXC is limilar 
to the Segment COK j and they arc upon equal Right 
Lines BC, CK; but Similar Segments of Circles, that 
ftand upon equal Right Lines, are* equal to each 
other: Therefore the Segment BXC is equal to the 
Segment COK. But the Triangle BGC is alfo 
equal to the Triangle CGK, and fojhe whole Se£fc«v 
BGC will be equal to the whole Se&or CGK. By 
the fame Rcafon, the Se&or GKL will be equal to 
the Se&or GBC, or GCK ; therefore the three Sec- 
tors BGC, CGK, KGL arc equal to one another; 
fo likewife are the Seftors HEF, HFM, HMN. 
Wherefore the Circumference I B is the fame Mul- 
tiple of the Circumference BC, as the Se&or GBL 
is of the Se&or GBC. For the fame Reafon, the 
Circumference NE is the fame Multiple of the Cir- 
cumference EF, as the Se&or HEN is of the Scftor 
HEF; but if the Circumference BL be equal to the 
Circumference EN, then the Se&or BGL will be 
equal to the Se&or EHN; and if the Circumference 
BL exceeds the Circumference EN, then the Se&or 
BGL will alfo exceed the Seflor EHN ; and, if lefs, 
iefs. Therefore, fince there are four Magnitudes, to 
wk, the two Circumferences BC, EF, and the two 
Sectors GBC, EHF ; and there are taken the Circum- 
ierence BL, and the Se&or GBL, Equimultiples of 
the Circumference CB, and the Se&or GBC ; as alfo* 
the Circumference EN, and the Se&or HEN Equi- 
multiples of the Circumference EF, and the Se&or 
HEF ; and becaufe it is proved, that, if the Circum- 
ference BL exceeds the Circumference EN, the Se&or 
BGL will alfo exceed the Se&or EHN ; and, if equal, 
equal ; if lefs, lefs ; therefore, f as the Circumference 
BC is to the Circumference EF, fo is the Setter GBC to 
i he Sector HEF ; which was to be demonftrated. 

Coroll. i. An Angle at the Centre of a Circle is to 
four Right Angles, as an Arc on which it ftands is 

to 
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to the whole Circumference $ for as the Angle BAC 
is to a Right Angle, fo is the Arc BC to a Quadrant 
of the Circle : Wherefore, if the Confcqucnts be 
quadrupled, the Angle BAC fhall be to^four Right 
Angles as the Arc BC is to the whole Circumfe- 
rence. 

2. The Arcs IL, BC, of unequal Circles, which fub- 
tend equal Angles, whether at their Centres, or 
Sircumferences, are fimilar ; for JL, is to the whole 
Circumference ILE, as the Angle I AL is to four 
Right Angles ; but as IAL, or BAC, is to four 
Right Angles, fo is the Arc BC to the whole Cir- 
cumference BCF. Therefore, as IL is to the whole 
Circumference ILE, fo is BC to the whole Circum- 
ference BCF ; and fo the Arcs IL, BC, arc fimilar* 

3. Two Semidiameters AB, AC, cut off fimilar Arcs 
IL, BC, from concentric Circumferences* 


The End of the Sixth Book* 
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DEFINITIONS. 

t 

I. A Solid is that which has Length, Breadth , 

■ and fhicknefs. 

II. The ‘Term of a Solid is a Superficies. 

III. A Right him is perpendicular to a Plane, 
when it ma ces Right Angles with all the 
Lines that touch it, and are drawn in the faid 

Plane. 

IV. A Plane is perpendicular to a Plane, when 
all the Right Lines in one Plane, drawn at 
‘ Right Angles to the common SeEtion of thefwo 
Plants, are at Right Angles to the other Pit ne. 

V. The Inclination of a Right Line to a Planei it 
the acute Angle contained under that Line, and 
another Right one drawn in the Plane from 
that End of the inclining Line which is in the 
Plane, to the Point where a Right Line falls 
from the other End of the inclining Line per- 
pendicular to the Plane. 

VI. ‘The Inclination of a Plane to a Plane, is the 
• acute Angle contained under the Right Lines 

'drawn in both the Planes to the fame Point of 
• their 





Book XI. Euclid s Elements.’ 

their common Interfeffion, and making Right 
Angles with it. 

VII. Pianos are /aid to he inclined Jimilarly , 
when the /aid Angles of Inclination ari equal 
N VIII. Parallel Planes are fucb, which, being 
produced, never meet: 

IX. Similar folid Figures are fuch, as are ‘con- 
tinued under equal Numbers of fimilar Planes. 

X. Equal and fimilar folid Figures are thofe , that 
■ are contained under equal Numbers of fimilar 

and equal Planes. 

• XI. A folid Angle is the Inclination of more than 
two Right Lines, that touch one another , and 
are not in the fame Superficies : Or, a folid 
Angle is that which is contained under more 
than two plane Angles, which are not in the 
fame Superficies , but being all at one Point. 

XII. A Pyramid is a fdid Figure comprehended 
under divers Planes fet upon one Plane, and 
put together at one Point. 

XIII. A Prifm is a folid Figure contained under 
Planes, whereof the two oppofite are equal, fimi- 
lar, and parallel, and the ether Parallelograms. 

XIV. A Sphere is a folid Figure, made when the 
Diameter of a Semicircle remaining at Reft, the 
Semicircle is turned about till it returns to the 
fame Place from whence it begun to move. * 

XV. .' The Axis of a Sphere is that fixed Line, 
aifeut which the Semicircle is turned . 

XVk The Centre of a Sphere is the fame with 
that of the Semicircle. 

XVII. The Diameter of a Sphere is a Right Line 
drawn through the Centre, and terminated on 
either Side by the Superficies of the Sphere. 

XV ill. A Cone is a Figure defer ibed when- one. of 
the Sides of a Right-angled Triangle , containing 
the Right Angle, remaining fixed, the Triangle 
is turned about until it returns to the Place from 
whence 
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whence it jirji began to move. And if the fixed 
Right Lines be equal to each other , that contains 
the Right Angle , then the Cone is a re&angular 
Cone-, i but t tf it be lefs, it is an obtufe-angled 
Cone i if greater, an acute-angled Cone. 

XIX. The Axis of a Cone is that fixed Right 
ifine , about which the Triangle, is moved. 

XX. The Bafe of a Cone is the Circle def.flbed 
by the Right Line moved about. 

XX I. A Cylinder is a Figure defcribed by the Mo- 
tion of a Right-angled Parallelogram , one of the 
Sides containing the Right Angle , remaining fix- 
ed while the Parallelogram is turned about to the 
fame Place from whence it began to be moved. 

XXII. The Axis of a Cylinder is that fixed Right 
Line , about which the Parallelogram is turned. 

XXIII. And the Bafes of a Cylinder are the Cir- 
cles that are defcribed by the Motion of the two 
eppofite Sides of the Parallelogram. 

XX IV. Similar Cones and Cylinders are fucb, 
whofe Axes and Diameters of their Bafes are 
proportional. 

XXV. A Cube is a folid Figure contained under 
fix equal Squares. 

XXVI. A Tetrahedron is a folid Figure contained 
under four equal equilateral Triangles. 

XXVII. An Otlahedton is a folid Figure ^ con- 
tained tinder eight equal equilateral T riangtjs. 

XXVIII. A Dodecahedron is a folid Figure Con- 
tained under t welve equal equilateral and equi- 
angular Pentagons. 

XXIX. An Icofahedron is a folid Figure contained 
under twenty equal equilateral Triangles. 

XXX. A Po ra'lelopipedon is a Figure contained 
under fix quadrilateral Figures , whereof tbofe 

. which are oppofite are parallel. 
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PROPOSITION I. 

k Theorem. . 

Qnc Part of a Right 'Line cannot he in a plane 
\ Superficies , and another Part above it . 

O R, if pofiiblc; let the F^rt AB of the Right 
Line ABC be in a plane Superficies, and the 
Part BC above the fame. 

There will be feme Right Line in the aforefaid 
Plane, which, with AB, will be but one ftrait Line. 
Let this Line be DB, 

Then the two given Right Lines ABC, ABD, have 
one common Segment A B, which isimpoffible; for 
one Right Line will not meet another in more Points 
than one. Wherefore, one Part of a Right Line can- 
not be in a plane Superficies , and another Part above it ; 
which was to be demonftrated. 

PROPOSITION II. 

- Theorem. 

If two Right Lines cut each other , they are loth 
in one Platte ; and every C T riangle is in one 
Plane . 

T ET two Right Lines AB, CD, cut each other in 
the Point E. I fay, they are both in one Plane ; 
and e-pery Triangle is one Plane. 

ForV*take any Points F and G, in the Right Lines 
AB, CD; and join CB, FG ; and let there be drawn 
FH, GK. In the firft Place, 1 fay, the Triangle EBC 
is in one Plane. 

For, if one Part FIIC, or GBK, of the Triangle 
EBC, be in one Plane, and the other Partin another 
Plane; then one Part of each of the Lines EC,. EB, 
fhall be in one Plane, and the other Part in another 
Plane; which we have proved * to be abfurd.' There- * 1 
fore the Triangle EBC is in one Plane; but both the 
Right Line* EC, EB, arc in the fame Plane as the 
O • Triangle 
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Triangle BCE is; and AB, CD, are both in the fame 
Plane as EC, EB, arc. Wherefore, the Right Lines 
AB, CD, are both in one Plane ; and every Triangle 
is in one /* lane $ which was to be demonftrated. 

PROPOSITION III. 

T II E O R £ M. r 

If two Plane:, cut each other , their •common Sec- 
tion will be a Right Line . 

T LT two Planes AB, BC, cut each other, whofs 
common Section is the Liue DB $ 1 fay, DB is 
a Rii:!.: Live. 

Fo: it I", be not, dr.;w the Right Line DEB in the 
Plane AB, from the Point D to the Point B, and the 
Right Line DEB in the Plane J3C. 

Ti.rn two K ght Lines DEB, DE B, have the fame 
and i: elude a Space, which is * abfurd. 
Therefore DEB, DFB, are not Right Lines. In 
the fame manner we dernenfirate, that no ether Line 
drawn from the Point D 10 the Point B, is a Right 
Line, betides DB, the common Section of the Planes 
AB, BC. 1J\ therefore, two Planes cut each other , 
their common Seflion will be a Right Line \ which was 
to be dvuionft rated. 

PROPOSITION IV. 

Theore m. 

4tf 

If to (no Right Lines , cutting one another , a 
third fiands at Right Angles in the common 
S. Hion, it (Jjall he alfo at Right Angles to the 
Tic. he dra wn tiro * the /aid Lines. 

1 ET the Right Line EF ftand at Right Angles to 
;'-.e two Right Lines AB, CD, in the common 
S.cii hi E. I f,iv, EF is alfo at Right Angles to the 
Plane drawn through AB, CD. 

For, 
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For, take the equal Right Lines EA, EB, CE, 

DE; and thro’ E any how draw the Rifht Line 
GEH, and join AD, CB ; and from the P'liur F, let 
there be drawn FA, FG, FD, FC, EH, FB: Then, 

\becaufe two Bight Lines AE, ED, arc equal to two 
Sight Lines CE, EB, and they contain* the equal * u. i. 
A^Ies A ED, CEB ; the Bafe AD fhallbe f equal to + 4. 1. 
thc^Bufe CB, and the Triangle AP^D equal to the Tri- 
angle and fo, likewife, is the Angle DAE equal 
to the Angle liBCi but the Angle AEG is * equal to 
the Angle BEH; therefore AG £, BEH, are two Tri- 
angles, having two Angles of the one equal to two 
• Angles of the other, each to each, and one S.Je AE 
equal to one Side EB ; viz . thofe that ate at the equal 
Angles; and fo the other Sides of the one wdl bc'j' l a£>, 1 . 
equal to the other Sides of the other. Thcrefoie GK 
is equal t > CjM, and AG to BH ; and iince AE E cquul 
to EB, and FE is common and at Right Angles, the 
Bafc AF fhall be f equal to the Bale FB: For the f 4. x , 
fame Rcafon, likewife, (hall CF be equal to FI). 

Again, bccaufe AD is equal to CB, and AF to FB, 
the two Sides FA, AD, will be equal to th * t o b.d s 
FB, BC, each to each; but the Bale DF has been 
proved equal to the Bafe FC. Therefore the Angle 
FAD is * equal to the Angle FBC: Moreover, AG * x * 
has been proved eqml to BH; but FB alfo, is equ I 
to AF, there!' -c the two Sales FA, AO, ate equal to 
the two Side? FB, BH ; and the Angle FAG is equal 
to the Angle FBH, as has been uemonftrated ; where- • 

fore the Bale GF f is equal to the Bafe FH. A^air/ 
bicaufj GE has been proved equal to EH, and LF is 
common, the two Sides GE, EF, arc equal to the 
two S des HE, EF; but the Bafe IIF is equal to the 
Bafe i* 4 J ; therefore the Angle GEF is* equal ut 
the Angle MEF ; and fo both the Angles GEF, 

UEF, are Right Angles : Therefore FE makes R ; ght 
Angles with GH, which is any how drawn thio’ E. 

After the fame manner we demonftratc, that FE is 
at Right Angles to all Right Lines that are drawn in 
the Plane to it ; but a Right Line is* at Right Angles * Di f- V °f 
to a Plane, when it is at Right A'gl^s to aM R'ghi e *' Sh 
Lines drawn to it in the Plane. Therefore FE is at 
Right Angles to a Plane drawn thr Ik RkIu Li res 
O 2 AB, 
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AB, CD. Wherefore, if two Right Lines , anting 
one another , a third Jiands at Right Angles in the com- 
mon Scflitn, it ft hi l l be alfo at Right Angles to the Plane 
drawn thro the Jaid Lines ; which was to be demon- 
ftrated. 

PROPOSITION V. 

Theore m. 

If to three Right Lines , touching one another , a 
fourth Jiands at Right Angles in their common 
Seftion, thofe three Right Lines Jhall be in one 
and the fame Plane . 

L ET the Right Line AB ftand at Right Angles, in 
the Point of Contact B, to the three Right Lines 
BC, BD, BE. I fay, BC, BD P BE, are in one and 
the fame Plane. 

For, if they are not, let BD, BE, be in one Plane, 
and BC above it ; and let the Plane pafling thro’ AB, 
*3 of tbit. BC, be produced, and it will* make the common 
Se&ion, with the other Plane, a ftrait Line, which 
let be BF ; then three Right Lines AB, BC, BF, are 
in one Plane drawn thro* AB, BC : And fince AB 
1 4 of tbit. Hands at Right Angles to BD and BE, it {hall be fat 
Right Angles to a Plane drawn thro’ BE, DB ; and fo 
Xt)ef. 3. AB {hall make {Right Angles with all Right Lines 
touching it that are in the fame Plane ; But BF, being 
in the laid Plane, touches it j wherefore the Angle 
ABF is a Right Angle : But the Angle ABC (by the 
Hyp.) is alfo a Right Angle; therefore the Angle ABfr 
is equal to the Angle ABC, and they arc both in the 
fame Plane, which cannot be ; and fo the Right Line 
EC, is not above the Plane palling thro’ BE and BD. 
Wherefore the three Right Lines BC, BD, BE, are 
is one and the fame Plane. Therefore, if to three Right 
LineSy touching one another , a fourth Jiands at Right An- 
gles in their common Seflion 9 thofe three Right Lines 
JJmll he in one and the fame Plane ; which was to be 
demonftrated. 


PRO- 
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"N PROPOSITION VI. 

Theorem. . 

two Right Lines be • perpendicular to one and 
jhe fame Plane, thofe Right Lines are parallel 

. "> one another. 

\ 

T ET'tVaJJjght Lines AB, Cb, be perpendicular 
^ to one and theTSme Plane. I lay, AB is parallel 
to CD. 

For, let them meet the Plane in the Points B, D; 
and ‘join the Right Line BD, to which let DE he 
drawn in the fame Plane, at Right Angles, make 
DE equal to AB; and join BE, AE, AD. 

Then bccaufe AB is at Right Angles to the aforc- 
faid Plane, it fhall be* at Right Angles to all Right * ZX/. 3 . ef 
Lines, touching it, drayrn in the Plane; but AB touches thl,m 

BD, BE, which are in the faid Plane; therefore each 
of the Angles ABD, ABE, is a Right Angle. So, for 
the fame Reafon, likewife, is each of the Angles 
CDB, CDE, a Right Angle. Then, becaufc A3 
is equal to DE, and BD is common ; the two Sides 
AB, BD, (hall be equal to the two Sides ED, DB ; 
but they contain Right Angles: Therefore the Bafc 

AD is f equal to the Bafe BE. Again, becaufc AB t 4 * *• 
is equal to DE, and AD to BE ; the two Sides AB, 

BE, are equal to the two Sides ED, DA ; but AE, 

their Bafe, is common; wherefore the Angle ABK * 
is X equal to the Angle EDA. But ABE is a Right t 
Angle ; therefore EDA is alfo a Right Angle ; and fo 
ED is perpendicular to DA: But it is alio perpendi- 
cular ‘q 3D and DC ; therefore ED is at Right Angles, 
in the Point of Contafl-, to three Right Lines BD, L)A, 

DC: Wherefore thefe three laft Right Lines are* *softbiu 
in one Plane. But BD, DA, arc in the fame Plane as 
AB is; for every Triangle is fin the fame Plane ; t * •/ 
therefore it is neceflary, that AB, BD, DC, be in one 
Plane. But both the Angles ABD, BDC, are Right 
. Angles; wherefore AB is % parallel to CD. There- i iS. i» 
fore, if two Right Lines be perpendicular to one and 
the fame Plane y thofe mght Lines are parallel to one 
; another ; which was tofbe demonftrateJ. 

O 3 


PRO- 
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PROPOSITION VII./" 

Tiieo R l- Tvf. 

If then' It two parallel Tines , and any Points b 
taken in both of them , the Rip hi line joint ig 
tboje Points flail be in the Jane Plane the 
Para! Uls are . 

T KT A 15 , CO, he two parallel Richt Lines, in 
which are taken any Points K, V. J fav, a Right 
Line joining the Point E, F, is m the fame Plane as 
the Parallels arc. 

inv, ii it Lc not, let it be elevate-'* ah »ve t fame, 
if peffibie, as ETiF, thro’ v.imh let lorio Plane be 
drawn, whofc Section, with the Plane i:*. which the 
•3 <?//£//. Paiullels arc, let* he the Right Line EF ; t h. rs t»*c 
two {• 1 live:. E(»F, EF, will sncli-de .1 
io. 1. v/hic !i ii. f al.f.nd : 'I iim'foic a Right i. c::\w n 
fton the Point E L-the Point F, i> i.ot thi.i.vJ ,.how 
trn* Plat <■; ronfcipic fitly, it inuft be in tl:..f 

pHPmg A: o’ the Parallels AB, Cl). VV'l-cjrfon*, // 
the I-,* j /*.. uiUrl Li:;£Si c:rl n:y / V.’- 'r /■? /a«v»/ f 
l'i j f //wv, Lm.: j;:hv\g w j • Pehn: f-n.'l 

lc in j< ftie Plntic ns ih Pat diets are j v. .v.lIi to 
be dci)vuiliat‘.d» 


P R O P O S I T I O I\ VIII. 


T H E G R L M. 

]f there be tree p.v Plel Right IP., ore 'I +!lfh 
is perpendicular to force Ph: :: * /£<:;/ //v//V 
other be perpendicular to tie fame Plane . 


S'* f - /v. 
c/'A/ />. v;. 


* 


J E 7 ' AI>, CD, be two pawdM R’ght Lines, o\c 
*” J of Vv’h.rh, ns AlJ, is perpendicular to tone Plane, 
i fay, is’.o ou>ci, CD, is alfj pcipciicicuia; - 10 the fame 
Plane. 

r’f.% V. -Mw CD, meet the, Plane in the Points ]], 
D j &»:ti ift I’D rejoined ; ther AB, CD, BD, are*- ni 
or»c Plane. Let DK be diawn 111 the other Plane, at 

Right 
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.Tlight Angles to BD, and make DB equal to AB ; and 
join ±iE, AE, AD : Then, fince AB is perpendicular 
to the rlane, it will * be perpendicular to all Right * p f. 
Lines touching it, that are drawn in the fame Plane; 
therefore each of the Angles ABD, ABE, is a Eight 
Angle. And fince the Right Line BD falls on the 
-?.ight Lines AB, CD ; the Angles ABD, CDBj flivill 
Ik f equal to two Right Angles : Therefore the Ang !e f ,9. 
CDl is alfo a Right Angie; and fo CD 13 perpendi- 
cular to PR. And fince AB is equal to DE, and BD 
is common,; "the ivv^Sidcs AB, BD, arc equal fo the 
two Sides ED, DB. But the Angle ABD is equal to 
the Angle EDB; for each of them is a Right Angie; 
therefore the Bafe AD is J equal to the" Bale BE. t 4* i* 
Again, fince AB is equal to DE, and B E to AD; the 
two Sides AB, BE, ihall be equal to the two Sides 
ED, DA, each to each: But the Bafe AE is common ; 
wherefore the Angle ABE is * equal to the Angle # g. If 
EDA: But the Angle ABE is a Right Angle; there- 
fore EDA is alfo a Rfght Angle, and ED is perpendi- 
cular to DA: But it is like wile perpendicular to DB; 
therefore ED fhall alfo be + perpendicular to the Plane \ $ of this. 
palling thro’ BD, DA, and, likewife, fhall be % at j v t f 3 . 
Right Angles to all Right Lines, drawn in the (aid 
Plane that touch it. But DC is in the Plane pafiing 
thro* BD, DA, becaufe AB, BD, arc* in that Plane ; * 2 eftbis* 
and DC is f in the fame Plane that AB and BD arc in; -| 7 oftblu 
wherefore ED is at Right Angles to DC, and fo CD 
is at Right Angles to DE, as alfo to DB. Therefore, 

CD Jlands at Right Angles , in the common Set lion D, to 
tivo Right Lines DE, DB, mutually cutting we another ; 
and^ accordingly , is at Right Angles to the Plane pajjlng 
thro DE, DB, which was to be demonflrated. 

.3 


PRO- 
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PROPOSITION IX./" 

• < _ 

Theorem. 

Right Line s that are parallel to the fame Right f 
Line* not being in the fame Plane with it , aiA 
clfo parallel to each a her. / 

T ET both the Right Lines AB, CD, be • .irallel to 
the Right Line EE, not fame Plane 

with it. I fay, AB is parallel to CL). 

For affume any Point G in EE, from which Point 
G let GH be drawn, at Right Angles to EE, inr the 
Plane palling thro’ EE, AI3: Alfo let GK be drawn 
at Right Angles to EE in the Plane palling thro* EE, 
CD: Then, becaufe EE is perpendicular to GH and 
+ ^tfthU. GK, the Line EE lhall alfo be* at Right Angles to a 
Plane palling thro’ both GH and GK : But EF is pa- 
t 6 of tbiu rallel to AB ; therefore AB is f aifo at Right Angles to 
the Plane palling thio’ FIGK. For the lame Reafon, 
CD is alfo at Right Angles to the Plane palling thro’ 
HGK; and therefore AB, and CD, wi’l be both at 
Right Angles to the Plane palling thro’ HGK. But if 
two Right Lines be at Right Angles to the fame Plane, 
* 6 •/ tbit, they lhall be * parallel to each other ; theicforc AB is 
parallel to CD. And fo, Right Lines that pjratlti 
to tie fame Right Line , not being hi the J'lnie Plavc 
with it , are aljo parallel to each Giber ^ which was to 
4 demonftrated. 

PROPOSITION X. 

Theorem. 

If two Right Lines , touching one another, be pa* 
rallel to two other Right Lines , touching one 
another , but not in the fame Plane, thofe Right 
Lines contain equal Angles. 

T ET two Right Lines AB, BC, touching one an- 
other, be parallel to two Right Lines DE, EF, 
touching one another, but nol m the fame Plane. I 
fay, the Aigle ABC is equal to* the Angle DEF. 

For, 
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. .For, take BA, BC, ED, EF, equal one to another, 
and j^in AD,CF, BE, AC, DF : Then, becaufe BA 
is equal and parallel to Eli), the Right Line AD ihall 
alfo be * equal and parallel to BJE. For the fame * 33 , i * 
Reafon, CF will be equal and parallel to BE ; there- 
fore AD, CF, are both equal and parallel to BE. But 
Right Lines that are parallel to the fame RighfrLine, 
not being in the fame Plane with it, will be f parallel 
to ea~h other. Therefore AD is parallel and equal to 
CF ; bit" AC, DF, join them; wherefore AC is $ t 33. 1. 
equal and parallel *wjt)F. And becaufe the two Right 
Lines AB, BC, are equal to the two Right Lines DE, 

EF, and the Bafc AC equal to the Bafe DF ; there- 
fore the Angle ABC will be * equal to the Angle DEF. * *. 1. 
Whence, if two Right Lines , touching one mother , be 
parallel to two other Right Lines touching one another , 
but not in the fame Plane , thofe Right Lines contain equal 
Angles 3 which was to be demonftrated. 

PROPbSITION XI. 

Problem. 

From a Point given above a Plane , to draw a 
Right Line perpendicular to that Plane . 

T E T A be the Point given, above the given Plane 
^ BH. It h required to draw a Right Line from 
the Point A, perpendicular to the Plane BH. 

Let a Right Line BC be any how drawn in the Plane • 
BH ; and let AD be drawn * from the Point A, * is. 1, 
perpendicular to BC ; then if AD be perpendicular to 
the Plane BH, the Thing required is already done ; 

— tra^flOot, let DE be drawn in the Plane from the 
PointTD, at Right Angles to BC ; and let AF be drawn 
* from the Point A, perpendicular to DE : Laftly, 
thro* F draw GH, parallel to BC. 

Then, becaufe BC is perpendicular to both DA and 
DE, BC will alfo be f perpendicular to a Plane palling f 4 rf tbits 
thro’ ED, DA. . But GH is parallel to BO ; and if 
there are two Right ines parallel, one of which is at 
Right Angles to fom Plane, then (hall the other be J t * «/'*»« 
at Right Angles to th fame Plane : Wherefore GH is 
at Right Angles to ie Plane palling thro’ ED, DA, 

. and 
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* Di f* 3* and fo is * perpendicular to all the Right Lines, in the 

Tame Plane that touch it. But AF, which is » rtfie 
Plane palling thro* ED and DA, doth touch it. Vhcre- 
% fore GH is perpendicular to AF ; and fo AF is perpen- 

dicular to GH; but AF, likewife, is perpendicular to 
DE ; therefore AF is perpendicular to both HG, DE. 
But if <t a Plight Line {lands at Right Angles to two 
Right Lines, in their common Se&ion, that Line will 
t be fat R‘ght Angles to the Plane pafling thro* thefe 

Lines. '1 hcreiore AF is perpendicular tg. ijic Plane 
drawn thro’ El), GH ; that is, tqH*h^gfvcn Plane BH. 
Therefore, AF is drawn from the given Point A, 
chvi the given Point BH, perpendicular to the /aid 
Plane ; which was to be done. 

PROPOSITION XII. 

Problem. 

9 o ereft a PJght Line perpendicular to a given 
Plane , from a Point given therein . 

T ET A be a given Point in a given Plane MN. It 
is required to draw a Right Line from the Point 
A, at Right Angles to the Plane MN. 

Let feme Point B be fuppofed above the given Plane, 

* §f this* from which let BC he drawn * perpendicular to the 
1 3 1 * *• f*id Plane ; and let AD be drawn + from A, parallel 

to BC. Y 

Then, bccaufe AD, CB, are two parallel Right 
Lines, one ot which, viz* BC, is perpendicular to the 
X%tftSis, Plane MN ; the other, AD, fliall be J alio perpendi- 
cular to the fame Plane. • Therefore, a Right Line is 9 
fretted perpendicular to a given Plane, from * Point 
given thereon ; which was to be done. \-- 


PRO. 
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Theorem. • 

Two Right Lines cannot he erefted at Right An- 
gles to a given Plane, from a Point therein 
given . 

Tj' O P,, if it is pofliblc, let two^ight Lines AB, AC, 

A be crec^J wncnihcular to a given Plane on the 
fame Side, at a given Point A, in the given Plane. 

Then let a Plane be drawn thro* BA, AC, cutting 
the given Plane thro 7 A in the Right Line * DAE ; • 3 of tbit* 
but the Line DAF being in the given Plane, touches 
it ; therefore the Right Lines AB, AC, DAE, are in 
one Plane : And becaufc CA is perpendicular to the 
given Plane, it (hall alfo be f perpendicular to all 1 3. 

Right Lines drawn in that Plane, and touching it : 

'1 'hercforc the Anglo CA E is a R ; ght Angle. For the 
fame Rcafon, JJAK is alfo a Right Angle; whercfuic 
the Angle CAE is equal to BAE, and they are both 
in one Plane* ; which is abftird. Therefore, two 
Right Lines cannot be crctlccl at Right Angles, to a given 
Plum, from a Point therein given \ which was to be 
cie mo nitrated. 


PROPOSITION XIV. 

Theorem. 

T bo/e Planes , to which the fame Right lane is 
perpendicular , are parallel to each other. 


T'Tij}' the Right Line AB be perpendicular to earn 
^ of the Planes DC, EF. 1 fay, thefc Planes are 
parnliel. 

For, if they he not, let them be produced til! they 
meet each other, and let the Right Line GIJ be the 
common Seflion, in which take any Point K, and 
AK, UK. Thjn, bccaufe AB is perpendicular 
to the Plane EF, it jail alfo be perpendicular to the 
Right Line BK, be ig in the Plane EF produced ; 
whercfoie the Angl AfiK is a Right Angle. A 1 .. 1 , 
for the fame Reafo , BAK is alfo a Right Angle. 
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And fo the two Angles ABK, BAK, of the Triangle 
f • > 7 - *• ABK, are equal to two Right Angles, which is * im- 
r poflible: Therefore the Planes CD, EF, beiifg pro- 

duced, will* not meet each other; and fo are necefla- 
rily parallel. Therefoie, thofe Planes , to which the 
fame Right Line is perpendicular , are parallel to each 
ether ; * which was to be demonftrated. 

PROPOSITION XV- 

Theore JCf? 

If two Right Lines , touching one another, be pa- 
rallel to two Right Lines , touching one another , 
and not_ being in the fame Plane with them ; 
the Planes drawn thro 9 thofe Right Lines are 
parallel to each other . 

T E T two Right Lines AB, BC, touching one an- 
■*- J other, be parallel to two Right Lines l)E, EF, 
touching one another, but not in the fame Plane with 
fhem. I fay, the Planes palling thro’ AB, BC, and 
DE, EF, being produced, will not meet each other. 

• ii sf tits. For, let BG be drawn * from the Point B, perpen- 

dicular to the Plane palling thro 5 DE, EF, meeting 
the fame in the Point G ; and thro’ G let GH be 
1 31. 1. drawn % parallel to ED, and GK parallel to EF ; then, 
becaufe BG is perpendicular to the Piane palling thro* 

• i>/. 3. DE, EF, it lhall alfo make * Right Angles with all 

Right Lines that touch it, and are in the fame Plane. 
But GH and GK, which are both in the fame Plane, * 
touch it ; therefore each of the Angles BGH^BQK, 
is a Right Angle. And fince’BA is parallel GH, 

• 29. 1. the Angles GBA, BGH, are * equal to two Right An- 

gles : But GA is a Right Angle ; wherefore GBA 
lhall alfo be a Right. Angle ; and fo BG is perpendi- 
cular to BA. For the fame Reafon, GB is alfo perpen- 
dicular to BC ; therefore fince a Right Line BG 
t Hands at Right Angles to two Tight Lines BA, BC, 

X 4 of this, mutually cutting each other; AG lhall alfo be J at 
Right Angles to the Plane draw * thro* BA, BC. But 
it is perpendicular to the Plane d awn thro’ DE, EF 3 
therefore BG is perpendicular to L oth the Planes drawn 

thro* 
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# tbro’ AB, BC, and DE, EF. But thofe Planes to 
which the fame Right Line is perpendicular, are * pa- • 14 /*!;>. ( 
rallel 5 therefore the Plane drawn thro* AB, BC, is pa* 
rallel to the Plane drawn thro’ D £ , -EF. Wherefore, 
if two Right Lines , touching one another , be parallel to 
two Right Lines touching one another , and not being in 
the fame Plane with them j the Planes dr aw /t thru 
thofe Right Lines are parallel to each other j which was 
to be demonftrated. t 

PROPOSITION XVI. 

Theorem. 

If two parallel Planes are cut by another Plane , 
their common Seflions will be parallel. 

T E T two parallel Planes AB, CD, be cut by any 
Plane EFGH ; and let their common Sections be 
EF, GH. I fay, EF is parallel to GH. 

For, if it is not parallel, EF, GH, being produced, 
will meet each other either on the Side FH, or EG. 

Firft, let them be produced on the Side FH, and meet 
in K 5 then, becaufe EFK is in the Plane AB, all 
Points taken in EFK will be in the fame Plane. But 
K is one of the Points that is in EFK; therefore K is 
in the fame Plane AB. For the fame Reafon K is 
alfo in the Plane CD ; wherefore the Planes AB, CD, „ 
will meet each other. But they do not meet, fince 
they are fuppofed parallel ; therefore the Right Lilies • 

EF, GH, will not meet on the Side FH. After the 
fame manner it is proved, that they will not meet, if 
produced, on the Side EG. But Right Lines, that 
will neither Way meet each other, are parallel ; there- 
fore EF, is parallel to GH. If therefore, two parallel 
Planes are cut by any other Platie 9 their common Setlicnt 
will be parallel i which was to be demonftrated. 


p*o- 
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PROPOSITION XVII. 
e Theorem. 

If two Right Lines are cut by parallel Planes , 
they fhall be cut in the fame Proportion , 

L E T two Right Lines AB, CD, be cut by parallel 
Planes GH, KE, MN, in the Points A, E, B, 
C, F, D, I fay, as the Right Line AE is u> the Right 
Line EB, fo is CF to FD. 

For, let AC, BD, AD, be joined ; let AD meet the 
Plane KL in the Point X ; and join EX, XF. Then, 
becaufc two parallel Planes KL, MN, are cut by the 
* 16 ofthiu Plane EBDX, their common Sections EX, BD, are * 
parallel. For the fame Reaforj, becaufc two parallel 
Planes GH, KL, are cut by the Plane AXFC, their 
common Sections AC, FX, are parallel; and becaufc 
EX is drawn parallel to the Sidd BD of the Triangle 
t 2* ABD, it fhall be, as AE is to EB, fo is f AX to XL). 

Again, becaufe XF is drawn parallel to the Side AC of 
the Triangle ADC, it (hall be f, as AX is to XD, fo is 
CF to FD. But it has been proved, as AX is to XD, 
J ii. 5. fo is AE to EB. Therefore, as AE is to EB, fo is X CF 
to FD. Wherefore, if two Right Lines are cut by 
parallel P lanes > they fhall be cut in the Janie Proportion j 
which was to be deinonftrutcd. 

a PROPOSITION XVIII. 
Theorem. 

If a Right Line be perpendicular to fome Plane , 
then all Planes paffing thro 9 that Line will be 
perpendicular to the fame Plane . 

T E T the Right Line AB be perpendicular to the 
Plane CL. I fay, all Planes that pafs thro’ AB, 
are likewife perpendicular to the Plane CL. 

* For, let a Plane DE pafs tlmV the Right Line AB, 
whofe common Sedtion, with the Plane CL, is the 
Right Line CE ; and take fome Point F in CE ; from 
which let FG be drawn in the Plane DE, perpendicu- 
lar 
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lar to the Right Line CE : Then, becaufe AB is per- 
pendicular to the Plane CL, it {hall alfo be * perpen- • Df ?, 
tdicular to all the Right Lines whicli touch it, and ar«* in 
the fame Plane : Wherefore it is perpendicular to CE ; 
and, consequently, the Angle ABF is a Right Angle : 

But GFB is likewife a Right Annie; therefore AB is 
parallel to FG. But AB is at Right Angles 1 9 the 
Plane CL ; therefore FG will be f at Right Angles to f S 
that fame Plane. But one Plane is perpendicular to 
another, when the Right LinesMrawn in one of the 
Planes, pcrpsndicular % to the common Seclion of the 
Planes, are J perpendicular to the other Plane. Rut t n f 4 . 
FG is drawn in one Plane DE, perpendicular to the 
common Section CK of the Planes, and it has been 
proved to be perpendicular to the Plane CL : In like 
manner any other Line in the Plane DE, drawn per- 
pendicular to CE, is proved to be perpendicular to ths 
Plane CL. Thertfore the Plane DE is at Right An- 
gles to the Plane CL. After the fame manner we de- 
monftrated, that all Planes pafiing thro* the Right 
Line AB, arc perpendicular to the Plane CL. There- 
fore, if a Right Line he perpendicular to fome fL’\e. 
all Planes, faff \ ng turn 9 that Line , will be perpendicular 
U the fame Plane ; which was to be demonftrated. 

PROPOSITION XIX. 

Theore m. 

If two Planes , cutting each other , be perpendicu- 
lar to fome Plane, then their common Seflite 
will be perpendicular to that fame Plane . 

T E T two Planes AB, BC, cutting each other, b.» 

perpendicular to fome third Plane, and let their 
common Sedtion be BD. I fay, BD is perpendicular 
to the faid third Plane, which let be ADC. 

For, if poffible, let BD not be perpendicular to 
the third Plane; and from the Point D let DE bs 
drawn in the Plane AB, perpendicular to AD ; and 
let DF be drawn, in tile Plane 13C, perpendicular to 
CD : Then, becaufe the Plane AB is perpendicular to 
the third Plane, and DE is drawn in the Plane AB, 
perpendicular to their common Ss£t Ln AD; DE 

flu! x 
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* Def. 4, ftall be * perpendicular to the third Plane ADC. In 

like manner we prove, that DF alfo is perpendicular 
to the faid ( Plane ; wheiefore two Right Lines ftand at 
Right Angles to this third Plane, on the fame Side, at 
1 1 $tftbis. the fame Point D ; which is f abfurd : Therefore, to 
this third Plane cannot be erected any Right Lines 
perpendicular at D, and on the fame Side, except BD, 
the common Se&ion of the Planes AB, BC : Where- 
fore DB is perpendicular to the third Plane, ^there- 
fore, two P lanes i cutting each other , be perpendicular 
to fome Plane % then their common Scftion ' will be per- 
pendicular to that fame Plane j which was to be dc- 
monftrated. 

PROPOSITION XX. 
Theorem. 

If a folnl Angle be contained under three plane 
Angles any two of them, howfoever taken> are 
greater than the third . 

T E T the folid Angle A be contained under three 
" plane Angles BAC, CAD, DAB. 1 fay, any two 
of the Angles BAC, CAD, DAB, are greater than the 
third, howfoever taken. 

For, if the Angles BAC, CAD, DAB, be equal, 
it is evident, that any two, howfoever taken, are great- 
er than the third ; hut, if not, let BAC be the greater, 

* 13! 1. aitd make * the Angle BAE, at the Point A, with 

the Right Line AB, in a Plane palling thro* BA, AC, 
equal to the Angle DAB ; make AE equal to AD*; 
thro* E draw BEC, cutting the Right Lines AB, 
AC, in the Points B, C ; and join DB, DC : 
Then, bccaufe DA is equal to AE, and AB is conw 
mon, the two Sides DA, AB, arc equal to the two 
Sides AE, AB j but the Angle DAB, is equal to the 
t 4. u Angle BAE 5 therefore the Bafe DB is f equal to 
the Bafe BE : And fince the two Sides DB* DC, are 
greater than BC, and DB lias boen proved equal to BE ; 
therefore the remaining Side DC fhall be greater than 
the remaining Side EC; and llnce DA is equal to 
AE, and AC is common, and the Bafe DC greater 
t *5* *• than the Bafe EC j the Angle D AC {ball be t greater 

than 
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thjn the Angle FAC, But, from Conftructicn, the 
’Angle DAB, is equal to the Angle BAE ; wherefore 
the Angles DAB, DAC, are greater thai^the Angle 
RAC. After this manner we dernonftrate, if any two 
other Angles be taken, that they are greater than the 
•third. Therefore, if a filid Angle be contained under 
three plane Angles , any two of thcm 9 howfoever ihken 9 
are greater than the third j which was to be demon- 
firated 


PROPOSITION XXL 
Theorem. 

Every /olid Angle is contained under plane An - 
gles 9 together , lefs than four Right ones . 

L ET A be a folid Angle, contained under plane 
Anpks BAC, CftD, DAB. I fay, the Angles 
BAC, CAD, DAi3, are lefs than four Right An- 
gles. 

For. take any Points B, C, D, in each of the Lines 
A 3, AC, AD; and join BC, CD, DB : Then, 
becaufe the folid Angle at B i«? contained under three 
plane Angles CBA, ABD, CBD ; any two of thefe 
are * greater than the third; Therefore the Angles * 10 of tku 
CBA, ABD, are greater than the Angle CBD. For 
the fame-Reafon, the Angles BCA, ACD, are greater 
than the Angle BCD ; and the Angles CDA, ADE^ • 
greater than the Ar.de CDB. Wherefore the fix 
Angles CBA, ABD;BCA, ACD, CDA, ADB, are 
great t than the three Angles CBD, BCD, CDB. 

But the tluec Angles CBD, BCD, CDB, are | equal t 3-* *' 
tn two Right Angles ; wherefore the fix Angles CBA, 

ABD, BCA, ADC, DCA, ADB, are greater than 
two Right Angles. And fince the three Angles of 
each of the Triangles ABC, ACB, ADB, are equal 
to two Right Angles, the nine Angles of thole Tri- 
angles CBA, BCA, BAC, ACD, CAD ADC, ADB, 

ABD, DAB, are equal to fix Right Angles ; fix of 
which Angles CBA, BCA, ACD, ADC, ADB, ABD, 
are greater than two Right Angles. Therefore the 
three other Angles BAC, CAD, DAB, which contain 

P the 

» 
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the folid Angle, will be left than four Right Angles. 
Wherefore, ^ every folid Angle is contained under plane 
Angles , together, left than four Right ones ; which was to 
be demonftrated. 

PROPOSITION XXII. 

•f 

Theorem. 

If there be three plane Angles , whereof two, any 
how taken, are greater than the thwi, and the 
Right Lines that contain them be equal ; then 
it is poffble to make a Triangle of the Right 
Lines joining the equal Right Lines which form 
the Angles . 

T E T ABC, DEF, GHK, be given plane Angle?, 
any two whereof are greater ihan the third; and 
let the equal Right Lines AB, BC, DE, EF, GH, 
HK, contain them ; and let AC, DF, GK , be joined. 

I fay, it is poflible 10 make a Triangle of AC, DF, 
Gk ; that is, any two of them, howfoever taken, aro 
g! cater than the third. 

For, if the Angles at B, E, H, are equal; then AC, 
# 4* «• DF, GK, will be * equal, and any two of them 
greater than the third; but, if not, let the Angles at 
B, E, H, be unequal ; and let the Angle B be greater 
than either of the others at E, or H : Then the Right 
t *4* *• Line AC will be t greater than either DF, or GK ; 

and it is maniftft, that AC, together with either DF, 
or GK, is greater than the other. I fay, likewife, that 
t *3* *• DF, GK, together, are greater than AC. For make 

at the Point B, with the Right Line AB, the Angle 
ABL equal to the Angle GHK ; and make BL equal 
to either AB, BC, DE, EF, GH HK ; and join 
AL, CL. Then, becaufe the two Sides AB, BL, 
are equal to the two Sides GH, HK, each to each ; 
and they contain equal Angles ; the Bale AL {ball be 
equal to the Bafe GK. And fince the Angle E and 

II arc greater than the Angle ABC, the Angle GHK 
is equal to the Angie ABL, and therefore the other 
Angle at E {hall be greater than the Angle LBC. 
And fince the two Sides LB, BC, are equal to the 
two Sides DE, EF, each to each, and the Angje 
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b EUEF is greater than the Angle LBC, the Bafe DF 
«(hall be * greater than the Bafe LC But GK has * »+ i. « 
been proved equal to AL; therefore DF* GK, are • 

greater than KL, LC : But AL, LC, are greater 
than AC; wherefore DF, GK, fliall be much greater 
than AC. Therefore, jftiy two of the Right Lines 
AC, DF, GK, howfoever taken, are greater thin the 
third : And fo, a Triangle may be made of AC, DF, 

GK ; which was to be dcmonftiated. 

PROPOSITION XXIII. 

i 

Problem. 

To make a folid Angle of three plane Angles % 
whereof any two , howfoever taken , are greater 
than the third ; but thefe three Angles mufi be 
lefs than four Rigpt Angles . 

T E T ABC, DEF, GHK, be three plane Angles 
given, whereof any two, howfoever taken, are 
greater than the third ; and let the faid three Angles 
be Jefs than four Right Angles ; it is required to make 
a folid Angle of three plane Angles equal to ABC, 

DEF, GHK. 

Let the Right Lines AB, BC, DE, EF, GH, HK, 
be cut off equal ; and join AC, DF, GK ; then it is 
poflible to make * a Triangle of three Right Line^ *zzof&u. 
equal to AC, DF, GK : And fo + let the Triangle -j* 22 . i, 
LMN be made, fo that AC be equal to LM, and DF 
to MN, and GK to LN ; and let the Circle LMN 
be deferibed J about the Triangle, whofe Centre let J 5. 4. 
be X, which will be either within the Triangle LMN, 
or on one; Side thereof, or without the fame. 

• Firft, let it be within,' and join LK, MX, NX : 

I fay, AB is greater than LX. For, if this be not fo, 

AB (hall be either equal to LX, or lefs* Firft, let it 
be equal ; then, becaufe AB is equal to LX, and alfo 
to BC, LX (hall be equal to BC : But LX is equal 
to XM ; therefore the two Sides AB, BC, are equal 
to the two Sides LX, XM, each to each ; but the 
Bafe AC is put equal to the Bafe LM ; wherefore the 
Angle ABC (hall be * equal to the Angle LXM. # *• 

P 2 • For 
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For the fame Reafon, the Angle DEF is equal to the , 
Angle MXN, and the Angle GHK to the Angle. 

* NXL ; therefore the three Angles ABC, DEF, GHK, 
are equal to the three Angles LXM, MXN, NXL. 

*C0r.i5.i. But the three Angles LXM, MXN, NXL are * 
equal, to four Right Angles ;* and fo the three Angles 
ABC, DEF, GHK, ihall alfo be equal to four Right 
An.;!es : But they are put lefs than four Right Angles, 
which is abfurd 5 therefore AB is not equal to LX. 
I fay alfo, it is neither lei's than LX ; fcut^if this be 
poflible, make XO equal to BA, and XPto BC, and 
join OP : Then, becaufe AB is equal to BC, XO 
{hall be equal to XP ; and the remaining Part OL, 
t 2. 6. equal to the remaining Part PM ; and fo LM is + pa- 
rallel to OP, and the Triangle LMX is equiangular 
t 4. 6. to the Triangle OPX : Wherefore XL is J to LM, as 
XO is to OP ; and (by Alternation) as XL is to XO, 
fo is LM to OP. But LX is gieater than XO ; there- 
fore LM ihall alfo be greater than OP. But LM is 
put equal to AC ; wherefore AC ihall be greater than 
OP : And fo, bccaufe the two Right Lines AB, BC, 
sre equal to the two Right Lines OX, XP, and the 
ilafc AC greater than the Bafe OP 3 the Angle ABC 

* *5. 1. will be * greater than the Angle OXP. In like 

manner we demonftrate, that the Angle DEF is 
greater than the Angle MXN, and the Angle GHK 
than the Angle NXL; therefore the three Angles 
ABC, DEF, GHK, a*e greater than the three An- 
« gles LXM, MXN, NXL: But the Angles ABC, 
JDEF, GHK, are put lefs than four Right Angles ; 
therefore the Angles LXM, MXN, NXL, ihall 
be lefs by much than four Right Angles, and alfo 
‘\Cot* 15. i. equal f to four Right Angles; which is abfurd: 

Wherefore AB is not lefs than LX. It has alfo 
been proved not to be equal to it ; therefore it mud: 
J tziftbiu neceflaiiJy be greater. On the Point X raife J XR$ 
perpendicular to the Plane of the Circle LMN, 
vvhofe Length let be fuch, that the Square thereof be 
equal to the Excels by which the Square of AB ex- 
. cezds the Square of LX ; and let RL, RM, RN, 
joined : Becaufe RX is perpendicular to the Plane 

* Dtf* 3. of the Circle LMN, it (hall alfo be * perpendicular 

to LX, MX, NX: And becaufe LX is equal to 

XM, 
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.XM, and XR is common, and at Right Angles to 
Jthem, the Bafe LR (hall be* equal to the Bafe'RM. * 4> 
For the fame Reafon, RN is equal RL, or RM ; 
therefore three Right Lines RL, RM, RN, arc equal 
to each other. Andbecaufe the Squaie of XR is equal 
to the Excefs by which the Square of AB exceeds the 
Square of LX, the Square of AB will be equal tb the 
Squares of LX, XR, together : But the Square of RL 
is f equal to the Squares of LX t XR, for LXR is a 1 %7 
Right Ang 1 *? ; therefore the Square of AB will be equal 
to the Square of RL ^and fo AB is equal to RL. But 
BC, DE, EF, GH, HK, are every one of them equal 
to AB ; and RN, or RM, equal to RL ; wherefore 
AB,* BC, DE, EF, GH, HK, are each equal to RL, 
RM, or RN : And fince the two Sides RL, RM, are 
equal to the two Sides AB, BC ; and the Bafe LM is 
put equal to the Bafe AC ; the Angle LRM In all be % l 8. 
equal to the Angle ABC. For the fame Reafon the 
Angle MRN is equal jo the Angle DEF, and the An- 
gle LRN equal to the Angle GHK : Therefore, a fo - 
lid Angle is made at R of three plane Angles LRM, 
MRN, LRN, equal to three plane Angles given ABC, 
DEF, GHK. 

Now, let the Centre of the Circle X be in one Side 
of the Triangle, viz. iu the Side MN ; and join XL. 

I fay, again, ihat AB is greater than LX. For, if it 
be not lo, AB will be either equal, or lefs than LX. 

Flrft, let it be equal; then the two Sides AI3, BC, are 
equal to the two Sides MX, LX, that is, they are 
equal to MN : But MN is put equal to DF ; there* 
fore DE, EF, are equal to DF, which is* impoffible ; # 20. 
therefore AB is not equal to LX. In like manner we 
prove, that it is neither lefler ; for the Abfurdity will 
much more evidently follow. Therefore AB is greater 
than LX. And if the Square of RX be made equal 
to the Excels by which the Square of AB exceeds the 
Square of LX, and RX be railed at Right Angies to 
the Plane of the Circle, the ■ Problem may be done in 
like manner as before. 

Laftly, Let the Centre X of the Circle be without 
the Triangle LMN, andjoin LX, MX, NX: 
i fay, AB is greater than LX. For, if it be not, it- 
mult either be equal, oriels. Firft, let it be equal ; 

P 3 then 
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then the two Sides AB, BC, are equal to the two 
Sides MX, XL, each to each ; and the Bafe AC 
equal to tte Bafe ML ; therefore the Angle ABC is 
f equal to the Angle MXL. For the fame Rcafon, 
the Angle GHK is equal to the Angle LXN ; and fo 
the whole Angle MXN is Vqual to the two Angles 
ABC", GHK: But the Angles ABC, GHK, are 
greater than the Angle DEF ; therefore the Angle 
MXN is greater thin DEF : But bccaufc the two 
Sides DE, EF, are equal to the two Sides ,MX, XN, 
and the Bafe DF is equal to the Bafe MN ; the Angle 
MNX lhall be f equal to the Angle DEF : But it has 
been proved greater, which is abfurd ; therefore AB 
is not equal to LX. Moreover, we will prove, that 
it is not lefs ; wherefore it (hail be neceflarily greater. 
And if, again, XR be raifed at Right Angles to the 
Plane of the Circle, and made equal to the Side of 
that Square by which the Square of AB exceeds the 
Square of LX ; the Problem* will be determined. 
Now, I fay, AB is not lefs than LX : For, if it is 
poflible that it can be lefs, make XO equal to AB, 
and XP equal toBC, and join OP ; then, bccaufe AB 
is equal to BC, XO fhall be equal to XP, and the 
remaining Part CL equal to the remaining Part PM; 
therefore LM is * parallel to PO, and the Triangle 
LMX equiangular to the Triangle PXO : Where- 
fore, as f XL is to LM, fo is XO to OP ; and (bv 
Alternation) as LX is to XO, fo is LM to OP : But 
LX is greater than XO ; therefore LM is greater than 
OP; but LM is equal to AC j wherefore AC iball be 
greater than OP : And fo, becaufe the two Sides A B, 

BC, are equal to the two Sides OX, XP, each tn 
each ; and the Bale AC is greater than the Bafe OP ; 
the Angle ABC (hail be* % greater than the Angle 
OXP. So, likewifc, if XR be taken equal ro XO, 
or XP, and OR be joined, we prove, that the Angle 
GHK is greater than the An^le OXR. At the Point 

X, with the Right Line LX, make the Angie LXS 
equal to the Angle ABC, and the Angle LXT equal 
to the Angle GHK, and XS, XT, each equal to XO, 
and join OS, OT, ST; then, becaufe the two Sides 
AB, BC, are equal to the two Sides OX, XS, and 
the Angle ABC is equal to the Angle OXS, the Bafe 
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AC, that is, LM, (hall be equal to the Bafe OS. 

I 1 or the fame Reafon, LN is alio equal to OT : And 
Tince the two Sides ML, LN, are equal to the two # 

Sides OS, OT 5 and the Angle MLN, or POR, is 
evidently greater than the Angle SOT ; the Bafe MN 
fhall be greater than the Bafe ST. But MN is equal to 
DF ; therefore DF (hall be greater than ST. Where- 
fore, becaufe the two Sides. EF, DE, are equal to the 
two Sides SX, XT ; and the Bafe DF is greater than 
the Bafe ST ; the Angle DEF (hall be greater than the 
Angle SX f . But thye Angle SXT is equal to the An- 
gles ABC, GHK ; therefore the Angle DEF is greater 
than the Angles ABC, GHK : But it is alfo lefs (by 
Hyp.) which is abfurd ; and confequently, AB is not 
lefs than LX. And fo, a foiid Angle may be made of • 
three plane Angles that have the necejfary Limitations $ 
which was to be done. 

% 

PROPOSITION XXIV. 

Theorem. 

If a Solid be contained under fix parallel Planes , 
the oppofite Planes thereof are equal Paralle- 
lograms. 

T E T the Solid CDGH be contained under parallel 
^ Planes AC, GF, BG, CE, FB, AE. I fay, the 
oppofite Planes thereof are equal Parallelograms. 

For, becaufe the parallel Planes BG, CE, are Ait 
by the Plane AC, their common Sedions are * paral- * 16 
lei 5 wherefore AB is parallel to CD. Again, becaufe 
the two parallel Planes BE, AE, are cut by the Plane 
AC, their common Sefiions are parallel 5 therefore 
AD is parallel to BC. But AB has been proved to 
be parallel to CD ; wherefore AC (hall be a Parallelo- 
gram. After the fame manner we demonibate, that 
CE, FG, GB, BF, and AE, are Parallelograms. 

Let AH, DF, be joined : Then, becaufe AB is pa- 
rallel to DC, and BH to CF ; the Lines AB, BH, 
touching each other, (hall be parallel to the Lines 
DC, CF, touching each other, and not being in the 
fame Plane ; wherefore they (hall f contain equal An*- 1 10 eftbiu 
gles ; And fo the Angle ABH is equal to the Angle 

P 4 • DCF. 
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t 34* >• DCF. And fincc the two Sides AB, BH, are % equal 
to the two Sides DC, CF, and the Angle ACH equal v 
i. to the Anpdc DCF ; the Bafe AH fhall be * equal to 
the Bafe DF, and the Triangle ABH equal to the 
Triangle DFC : And fince the Parallelogram BG is 
t 41. i. -f double to the Triangle ABfJ, and the Parallelogram 
Ci£ to the Triangle DCF ; the Parallel 'gram EG 
fhall be equal to the Parallelogram CE. In like man- 
ner we demonftrate, that the Parallelogram AC is equal 
to the Parallelogram GF, and the Paialielograin AE 
' equal to the Parallelogram BF.« If \ therefore, a Solid 

be contained under fix parallel Planes, the oppofite Planes 
thereof are Para! telegrams \ which was to be demon- 
ftrated. 

Coroll. It follow*;, from what has been now demon- 
ftrated, that, if a Solid be contained under fix paral- 
lel Plai-es, the oppofite Plants thereof aiefimilarand 
equal, becaufe each of the r^ngles are equal, and 
the Sides about the equal Angles are propoitional. 

PROPOSITION XXV. 

Theore m. 

If a folid Parallelcp’pedon he cut by a Plane, 
parallel to eppeftte Planes , then, as Bafe is to 
Bafe , Jo is Solid to Solid. 

T ET the folid Paralklepipcdon ABCD be cut by a 
Plane YE, parallel to the oppofite Planes JlA, 
DH. I fay, as the Bale EF <& A is to the Bafe EIICK, 
io is the Solid ABFY to the Solid EGCD. 

For, let AFJ be both Ways produced, and make 
HM, MN, CV. equal to EH, ami AK, KL, &V. 
equal to AE ; and let the Parallelograms LO, K 
HX, MS, as Lknvifc the Solids LP, KK, H ci, 
MT, be complcated : Then becaufe the Right Liries 
LK, KA, AF, are equal j the Parallelograms LO, 

** 3 $. t. K 4 >, AF, fhall be * aifo equal ; as likewifu the Pa- 
za this, rallelograms K h, KB, AG: And, moreover, + the 
Parallelograms L Y, KP, AR, for they are oppofite to 
one another. For the fame Reafons, the Parallelograms 
EC, HX, MS, aifo, are equal to each other j as alfo the 

Paral- 
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t Parallelograms HG, HI, IN ; and fo are the Paralle- 
lograms DH, Mil, NT: Therefore three Plants of • 

the Soiid LP are equal to three Planes o£ the Solid . 
KR, or AY, each to each; and the Planes oppnfitcco 
thefe are equal to them : Therefore the three SoliJs 
LP, K.R, RY, will be equal* to eacli other. For the* * o,/. 10. 
fame Rcafon, the three Solids ED, H fl, MT, arc °t iii:i • 
equal to each other j therefore the JBafe LF is the fame 
Multiple of the Bafe AF, as the Solid LY is of the 
Solid AY. For the fame Reafon, the Bafc NF is 
the fame Multiple of the Bafe HF, as the Solid NY is 
of the Solid ED ; and if the Bafe LF be equal to the 
• Bafe NF, the Solid LY (hall be equal to the Solid NY ; 
and'if the Bafe LF exceeds the BafcNF, the S fiid LY 
{hall exceed the Solid NY ; and, if it be lets, lefs : 
Wherefore, becaufe there are four Magniunbs,* viz. 
the two Bafes AF, FK, and the two Sulnis AY, ED, 
iviioft Equimultiples arc taken, to wit, the lLfc LF, 
and the Solid LY ; a # nd the Bafe NF, and the Sol:d 
NY : And fi nee it is p.oved, if the Ball LF exceed., 
the Bale NF, then tnc Solid LY vviil c. acd the Sdid 
NY; if equal, equal; and if lei’s, lefs: Therefore as 
the Bafe AF is to the Bad FH, (bib* (he Solid AY * 5 5 - 

to the Solid El). Wherefore, if a fetid Paralldepip:- 
dm be cut Ij a Plane, par cdlcl to oppojitc Planes ; then, 
as BaJ'e is to Bafe , f fall Solid be to Solid ; which was 
to be demoiiftratcd. 

PROPOSITION XXVI. # 
Problem. 

At a Right Lino given , and at a Point given in 
it, to make a Jolid Angle equal to a jolul An • 
glc given. 

L ET AB he a Right Line given, A a given Po.nt in 
ir, and D a givtn folid Angle contained undei the 
plane Angles EDC, LDF, l'DCj it is icquued to 
make a fblid Angle at the given Point A, in the give:. 

Right Line AB, equal to the given folk! Angle D. 

Afliime any Point F in the Right Line Dr, from 
which let FCj be drawn *nprnpmK/«..i— Plane 

pain no: 
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palling thro’ ED) DC, meeting the (aid Plane in the 
t *• Point G, and join DG ; make f the Angles BAL, 
BAK, at the given Point A, with the Right Line AB,^ 
equal to th r e Angles EDC, EDG. 

Laftly, Make AK equal to DG, and at the Point 

♦ 1% cf /£/i. K erc Q j HK, at Right Angles to the Plane paffing 

thro\BAL; and make KH equal to GF ; and join 
HA. I fay, the folid Angle at A, which is contained 
under the three plane Angles BAL, BAH, HAL, is 
equal to thefolid Angle at D, which is contained under 
the plane Angles EDC, EDF, FDC: For let the 
equal Right Lines AB, DE, be taken ; and join HB, 
KB, FE, GE : Then, becaufe FG is perpendicular 

* /><■/• 3* °f to the Plane paffing thro’ ED, DC, it (hall be * per- 
tin. pendicular to all the Right Lines touching it, that are 

in tTie laid Plane : Wherefore both the Angles FGD, 
FGE, are Riebt Angles. For tr.e fame Reafon, both 
the Angles HKA, HKB, are Right Angles; and be- 
caufe the two Sides KA, AB, are equal to the two 
Sides GD, DE, each to each, and contain equal An- 
f 4.1. gles, the 13 ale B1C (hall be + equal to the Bafe EG : 

But KH is alio equal to GF ; and they contain Right 
Angles; therefore, HB (hall be f equal to FE. Again, 
becaufe the two Sides AK, KH, are equal to the two 
Sides DG, GF, and they contain Right Angles; the 
Bafe AH (hall be equal to the Bafe DF : But AB is 
equal to DE ; therefore the two Sides HA, AB, arc 
equal to the two Sides FD, DE. But the Bafe HB is 
equal to the Bafe FE; and fo the Angle BAH will be 
1 3 .*, J^qual to the Angle EDF: For the fame Reafon, 
the Angle HAL is equal to the Angle FDC: For 
f.nce, if AL be taken equal to DC; and ICL, HL, 
GC, FC, be joined; the whole Angle BAL is equal 
to the whole Aftgle EDC ; and the Angle BAK, «a 
Part of the one, is put equal to the Angle EDG, a 
Part of the other ; the Angle KAL, remaining, will 
be equal to the Angle GDC remaining. And becaufe 
the two Sides K A, AL, are eaual to the two Sides GD, 
DC, and they contain equal Angles ; the Bafe KL 
will be equal to the Bafe GC : But KH is equal to 
GF ; wherefore the two Sides LK, KH, are equal to 
the two Sides CG, GF : But they contain Right An- 
gles ; therefore the Bafe HL will be equal to the Bafe 

FC. 
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F£b Again, becaufe the two Sides HA, AL, are 
'.equal to the two S ; des FD, DC ; and the Bafe HL is 
equal to the Bafc FC; the Angle HAL wjjl be eqtnl 
to the Angle FDC : But the Angle BAL was made 
equal to the Angle EDO : Therefore, a /olid Angle is 
made equai to a /olid Angle given j which was to be 
done. • 


PROPOSITION XXVII. 
Problem. 

Upon a Right Lin: given * to defer r be a Par allele- 
pipedw , fimiiar , and in like manner fituate , to 
a [olid Pu^allHepiptdon. 

T ET AlU»*a^ ighr Line, and CD a given folid Pa- 
rulielep.nc.'inn; it is required to deferibe a folid 
ParalleK pii enor. upon the giveii Right Line, AB, fimi- 
lar, and ;!»kc liquate* to the given ioiid Purallelepi- 
prdon CD. 

Make a »1»1M Anjle u: the given Point A, in the 
Right Line AB, * '''*n».* : ned under the Angles BAH, * 26 °f tbiu 
HAR, KAB; fr. rftat rhe Angle BAH may be equal 
to the Angle ECI'\ the Angle BAR to the Angle ECG, 
and the Angle HAK to the Angle GCF; and make, 
as EC is to CG, To BA f to AK ; and as GC to CF, f 6. 

V 1 KA to AH : Then (hy Equality of Proportion) ?.s 
EC is to CF, lo flu 11 BA be to AH : Com pleat the Pa- 
rallelogram BH, and the Solid AL; then, been He* it 
is, as EC is to GC, fo is AB to AR ; viz . the Sides 
about the equal Angles ECG, BAR, proportional ; the 
Parallelogram KB fhall be fimiiar to the Parallelogram 
GE. Alfo, for the fame Rcafon, the Parallelogram 
KH fliall be fimiiar to the Parallelogram GF, and the 
Parallelogram HB to the Parallelogram FE : There- 
foie three Parallelograms of the Solid AL, are fimiiar 
to three Parallelograms of the Solid CD. But thefe 
three Parallelograms arc $ equal and fimiiar to their t 
three oppofite ones ; therefore the whole Solid ALwill ^ 
be fimiiar to the whole Solid CD \ and fo, a folid Pa* 
raHelepipedon AL is deferibed upon the given Right Line 
AB, fimiiar and alike fituate , to the given folid Parade - 
tepiped&n CD s which was to be done* 

4 
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PROPOSITION XXVIII. 

« 

Theorem. 

If a Jplid Parallelepipedon 'be cut by a Plane faf- 
fing thro* the Diagonals of two oppofite Planes , 
that Solid will be bifecied by the Plane . 

T ET the folid Parallelepipedon AB be cut by the 
^ Plane CDEF, palling thro*' the Diagonals fcF, 
DE, of two oppofite Planes. I fay, the Solid AB is 
bifefled by the Plane CDEF. 

* 34 . 1 . For, becaufe the Triangle CGF is* equal to the 
Tiianglc CDF, and the Triangle ADE to the Triangle 
1 3 4 V tbi *' DEH, and the Parallelogram CA to f the Parallelo- 
gram BE, for it is oppofite to it; and the Parallelo- 
gram GE to the Parallelogram CH ; the Prifm con- 
tained by the two Triangles GGF, ADE, and the 
three Parallelograms GE, AC, CE, is equal to the 
Prifm contained under the two Triangles CFB, DEH, 
i Dtf. 10 . and the three Paiallelograms CH, BE, CE; ioi X they 
•J “a* arc contained under Planes equal in Number and Mag- 

• nitride. Therefore, the whole Solid AB is bijefted by 

the Plane CDEF ; which was to be demoniirated. 




PROPOSITION XXIX. 

' Theorem. 

Solid Parallelepipedons , being conftituted upon tie 
fame Bafe , and having the fame Altitude , and 
whofe infiftent Lines are in the fame Right 
Lines^ are equal to one another . 

T ET the folid Parallelepipedons CM, BF, be con- 
J ftituted upon the fame Bafe AB, with the fame 
Altitude, whofe infiflent Lines AF, AG, LM, LN, 
CD, CE, BH, BK, are in the fame Right Lines 
FN, DK. 1 fav, the Solid CM is equal to the Solid 

BF. 

For, becaufc CH, CK, are both Parallelograms, 
CB fliall be # equal to DH, or EK ; wherein, e DH 

« is 


34 . x. 
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is equal to EK. Let EH, which is common, be taken 
away, then the Remainder DE will be equal to the 
Remainder HK, and fa the Triangle DECJsf equal t 
to the T riangle HfCB, and the Parallelogram DG equal 
to the Parallelogram HN ; for the fame Reafon the 
Triangle AFG is equal to«the Triangle LMN. Now 
the Parallelogram CF 1 is equal to the Parallelogram t 

BM, and the Parallelogram CG to the Parallelogiam 

BN, for they are oppofite . Theyfoia the Prifm con- 
tained under the two Triangles AFG, DEC, mid the 

three Parallelograms GF, DG, CG, is* equal to ihe * I0 * 

Prifm contained under the two Triangles LMN, HBK, 
and the three Parallelograms BM, HN, BN. Let the 
comhion Solid, whofe Bafe is the Parallelogram AB, 
oppofite to the Parallelogram GEHM, be added, then 
the whole folid Parallelepipedon CM is equal to the 
whole folid Parallelepipedon BF. Thetcioie, [did 
Paraltelepipedons, being conjUtued upon the jam* i.'v/V, 
and having the fame Altitude, and whofe injjfhnt Lines 
are in the fame Right 'Lines, are equal to one another * 
which was to be demonftiatul. 


PROPOSITION XXX. 

Theorem. 

Solid Parallekpipedons, being conflituted upon the 
fame Bafe , and having the fame Altitude , whofe 
infifient Lines are not placed in the fame Rigfrt 
Lines , are equal to one another . 

T ET there be folid jP^rallelepipedons CM, CN, 
having equal Altitudes, and (landing on*thc fime 
Bafc AB, and whofe infifient Lines AF, AG, LM, 

LN, CD, CE, BH, BK, are not in the fame Right 
Lines. I fay, the Solid CM is equal to the Solid 
CN. 

For let NK, DH, be produced, and GE, FM, be 
drawn, meeting each other in the Points R, X : Let 
alfo FM, GE, be produced to the Points O, P, and 
join AX, LO, CP, BR. The Solid CM, whofe Bafe 
is the Paralielogam ACBL, being oppofite to the Pa- 
rallelogram FDHM, is * equal to the Solid CO, * 19 *ft*L 

whofe 
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whofe Bafe is the Parallelogram ACBL, being op* 
pofite to XPRO, for they ftand upon the fame Bafe 
ACBL; and the infiftent Lines AF, AX, LM, LO,* 

• CD, CP* BH, BR, are in the fame right Lines FO, 
DR : But the Solid CO, whofe Bafe is the Parallelo- 

* 29 of tbit* g ram ACBL, being oppofueto XPRO, is * equal to 

the Solid CN, whofe-. Bafe is the Parallelogram ACBL, 
being oppofire to GEKN ; for they ftand upon the 
fame Bale ACBL, and their infiftent Lines AG, AX, 
CE, CP, LN, LOt BK, BR, are in the fame Right 
Lines GP, NR : Wherefore the Solid Cftl (hall be 
equal to the Solid CN\ Therefore, folid Parallelepi - 
pedons , being conftituted upon the fame Bafe , and having 
the fame Altitude, whofe infiftent Lines are not placed in 
the fame Right Lines , are equal to one another ; which 
was to be demonftrated. 

PROPOSITION XXXI. 

Theorem. 

Solid Parallelepipedons , being conftituted upon 
equal Bafes , and having the fame Altitude , are 
equal to one another . 

TET AE, CF, be folid Parallelepipedons, confti- 
tuted upon the equal Bafes AB, CD, and having 
the fame Altitude. I lay, the Solid AE is equal to the 
Solid CF. 

Firflr, Let HK, BE, AG, LM, OP, DF, Ch, 
RS, .be at Right Angles to the Bafes AB, CD ; let 
the Angle ALB not be equal to the Angle CRD^and 
produce CR to T, fo that RT be equal to AL; then 
make the Angle TRY, at the Point R, in the Right 
•23. 1. Line RT, equal* to the Angle ALB; make RY 
equal to LB ; draw XY, thro* the Point Y, * parallel 
1 3 1 * *• to RT J, and compleat the Parallelogram RX, and the 
Solid *Y. Therefore, becaufe the two Sides TR, 
RY, are equal to the two Sides AL, LB, and they 
contain equal Angles ; the Parallelogram RX (hall be 
equal and fimilar to the Parallelogram HL. And 
again, becaufe AL is equal to RT, and LM .to RS, 
and they contain equal Angles, the Parallelogram R* 

{hall 
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fhaJI be equal and fimilar to the Parallelogram AM. 

*For the fame Reafon the Parallelogram LE is equal 
and fimilar to the Parallelogram SY $ therefore three 
Parallelograms of the Solid AE are equal ahd fimilar 
to three Parallelograms of the Solid y Y ; and fo the 
three oppofite ones of oqp Solid afe f aifo equal and t *4*/**u, 
fimilar to the three oppoliie oiu-s of the other : There- 
fore the whole folid Parallclepipedon AE is equal to the 
s whole folid Parallelepipedon Y Y. Let DR, XY, be 
produced, and meet each other in*the Point ft, and let 
T be drawn thro’ T * parallel to D ft, and pro- * ji. i. 
duce TQ, OD, till they meet in V , and compleat the 
Solids ftY, R1 : Then the Solid Yft, whofe Bafe is the 
Parallelogram R y, and ftr is that oppofite to it, is J t 2 9 °f tlitt 
equal to the Solid yY, whofe Bafe is the Parallelogram 
Ry, andYe> is that oppofite to it, for they ftand 
upon the fame Bafe Ry, have the fame Altitude, 
and their infiftent Lines Rft, RY, TQ_, TX, 

SZ, SN, Yr, Y4>, are in the fame Right Lines 
ftX, Z<&; but the Solid yY is equal to the Solid 
AE; and fo AE is equal to the Solid Yft. Again, 
bccaufe the Parallelogram RYXT is equal to the 
Parallelogram ftT, for it ftands on the f 2 ine Bale 
RT, and between the fame Parallels RT, ftX; and 
the Parallelogram RYXT 19 equal to the Parallelo- 
gram CD, becaufc it is alfo equal to AB ; the Paral- 
lelogram ftT is equal to the Parallelogram CD, and 
DT is fome other Parallelogram : Therefore, as the 
Bafe CD is to the Bafe DT, fo is ft T to TD. And 
bccaufe the folid Parallelepipedon Cl is cut by the , 
Plane RF, being parallel to two oppofite Planes ; *it 
fhall be*, as the Bale CD is to the Bafe DT, fo is # *$ 
the Solid CF to the Solid RI. For the fame Rea- 
fon, becaufe the folid Parallelepipedon ft I is cut by 
the Plane R Y, parallel to two oppofite Planes ; as 
the Bale ftT is to the Bafe DT, fo dull * the Solid 
ftY be to the Solid RI. But as the Bafe CD is 'o the 
Bafe DT, fo is the Bafe ftT to TD : Therefore, as 
the Solid CF is to the Solid RI, fo is the Solid ftY 
to the Solid RI. And fince each of the Solids CF, 
ftY, has the fame Proportion to the Solid RI, the 
Solid CF is equal to the Solid ftY : But the Solid 
ftY has been proved equal to the Solid AE ; there- 
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1 9 * 5 * fore, the Solid AE (hall be f equal to the Solid CF. 
But. now let the infiftent Lines AG, HK, BE, 
Lm, CN, OP, DF, RS, not be at Right Angles 
• to the Bkfes AB, CD. I fay, again, that the Solid 4 

AE is equal to the Solid CF. Let there be drawn 
from the Points K, E, G, M, P, F, N, S, to the Plane 
wherein are the Bafes AB, CD, the Perpendiculars 
Kz, ET, GY, M<D, SI, F*, Nft, PX, meeting 
the Plane in the Points s, T, Y, <j>, I, r, n, X 5 
and join sT, Ye>; sY, T <D, X*, Xsi, nl, * 1 ; 
then the Solid K is equal to the Solid PI* for they 
ftand on equal Bafes KM, PS, have the fame Altitude, 
and the infiftent Lines are at Right Angles to the Bafes. 
But the Solid K$, is equal to the Solid AE, and the 
t 29 9/ tbit. Solid PI tot the Solid CF, fince they ftand upon the 
fame Bafe, have the fame Altitude, and their infiftent 
Lines are in the fame Right Line : Therefore the So- 
lid AE fhall be equal to the Solid CF. Wherefore, 
folid Parallelepipedons , being conjiituted upon equal Bafes % 
and having the fame Altitude , c v e equal to one another 5 
which was to be demonftrated. 

PROPOSITION XXXII. 

Theorem. 

Solid Parallelepipedons , that have the fame Al- 
titude , are to each other as their Bafes . 

Y ET AB, CD, be folid Parallelepipedons, that 
^ have the fame Altitude. I fay, they are to one 
another as their Bafes 5 that is, as the Bafe AE is to 
the Bafe CF, fo is the Solid AB to the Solid CD. 

For, apply a Parallelogram FH to the Right Line 
FG, equal to the Parallelogram AE; and complcat 
the folid Parallelepipedon GK upon the Bafe FH, 
having the fame Altitude as CD has: Then the 
*31 eftbis. Solid AB is* equal to the Solid GK, for they ftand 
upon equal Bafes AE, FH, and have the fame Alti- 
tude ; and fo, becaufe the folid Parallelepipedon CK 
t is cut by the Plane DG, parallel to two oppofice 
t *5 Planes, it fhall be f, as the Bafe HF is to the Bafe 
.FCj foisthe Solid HD to the Solid DC: But the 

Bafe 
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\Bffe FH is equal to the Bafe AE, and the Solid AB to 
’ the Solid GK. Therefore, as the Bafe AE is to the 
Bafe CF, fois the Solid AB to the Solid CD* Where* 
fore, filtd ParaUelepipedonSy that have the fame Alii - 
tude y are to^ ea^hjtt her as their Bafes ; which was to be 
demonftrated. • 
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PROPOSITION XXXIII. 

. Theorem. 

• 

Similar folid Parattelepipedons are to one another 
in the triplicate Proportion of their homologous 
Sides. 


T E T AB, CD, be fimilar folid Parallelepipedons, 
and let the Side AE be homologous to the Side 
CF. I fay, the Solid AB, to the Solid CD, hath a 
Proportion, triplicate bf that, which the Side AE has 
to the Side CF. 

For, produce AE, GE, HE, to EK, EL, EM ; 
and make EK equal to CF, and EL to FN, and 
EM to FR ; and let the Parallelogram KL, and like- 
wife the Solid KO, becompleated: Then, becaufethe 
two Sides KE, EL, are equal to the two Sides CF, 

FN j and the Angle KEL equal to the Angle CFN 
(fincethe Angle AEG is equal to the Angle CFN, be- 
caufe of the Similarity of the Solids AB, CD) the Pa- 
rallelogiam KL fhall be fimilar and equal to the Pa»- 
rallelogram CN. For the fame Reafon, the Paralle- 
logram KM is equal and fimilar to the Parallelogram 
CR, and the Parallelogram OE to DF ; therefore 
three Parallelograms of the Solid KO are equal and 
fimilar to three Parallelograms of the Solid CD : But 
^hofe three Parallelograms are * equal and fimilar to * 94 of this. 
the three oppofite Parallelograms ; therefore the whole 
Solid KO is equal and fimilar to the whole Solid CD. 

Let the Parallelogram GK be compleated, as alfo the 
Solids EX, LP, upon the Bafes GK, KL, having the 
fame Altitude as AB : And fince, becaufe of the Simi- 
larity of the Solids AB and CD, it is, as AE is to CF, " 
fo is EG to FN ; and fo EH to FR ; and FC is equal 
to EK, and FN to EL, and FR to EM $ it fhall be, as 

Q. . AJ£ 
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t i. 6. AE is fo EK, fo is f the Parallelogram AG to the 
Parallelogram GK ; but as GE is to EL, fo is GK to 
r KL ; and $s HE is f to EM, fo is PE to KM : There- 
fore, as the Parallelogram AG is to the Parallelogram 
GK, fo is GK toKL, and PE to KM/, Blit as AG 
1 32 of tbit, is to GK, fo is X the Solid AB to the Solid EX 3 and 
as GK is to KL, fo .is the Solid EX to the Solid PL 3 
and as PE is to KM, fo is the Solid PL to the Solid 
KO : Therefore, as /he Solid AB is to the Solid EX, 
# ii- 5* lb is * EX to PL, and PL to KO : But if four Mag- 
nitudes be continually propor/ional, the iirft to the 
fourth hath | a triplicate Proportion of that which it 
lias to the fecond. Therefore, alfo, the Solid AB to 
the Solid KO, hath a triplicate Proportion of that 
which AB has to EX : But as AB is to EX, fo is the 
Parallelogram AG to the Parallelogram GK ; and fo is 
the Right Line AE to the Right Line EK: Where- 
fore the Solid AB to the Solid KO, hath a Proportion 
triplicate of that which AE has to EK. But the Solid 
KO is equal to the Solid CD, and the Right Line EK 
equal to the Right Line CF : Therefore, the Solid AB, 
to if e Solid CD, has a Proportion triplicate of that which 
the homologous Side AE has to the homologous Side CF 3 
which was to be demonftrated. 

CorolL From hence it is manifeft, if four Right Lines 
be continually proportional, as the firft is to the 
fourth, fo is a folid Parallelepipedon deferibed upon 
the firft, to a fimilar folid Parallelepipedon, alike 
* fituate, deferibed upon the fecond 3 becaufe the iirft 
to the fourth, has a Proportion triplicate of that 
which it has to the fecond. 


PRO- 
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PROPOSITION XXXIV. 

Theorem.. 

The Safes and Altitudes of equal folid Parallelepi - 
pedons are reciprocally proportional ; and'tbofe 
folid Parallelepipcdons, wbofe Safes and Alti- 
tudes are reciprocally proportional, are equal. 
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I ET AB, CD, be equal folid Parallelepipedons. I 
fay, their Bafes and Altitudes are reciprocally 
proportional ; that is, as the Bafc EH is to the Bale 
FP, fo is the Altitude of the Solid CD to the Altitude 
of the Solid AB. 

Firft, let the infiftent Lines AG, EF, LB, HK, 

CM, NX, OD, PR, be at Right Angles to their 
Bafes : I fay, as the Bale EH is to the Bafe NP, fo is 
CM to AG. For, if* the Bafe EH he equal to the 
Bafe NP, and the Solid AB is equal to the Solid CD ; 
the Altitude CM (hall alfo be equal to the Ahiiude 
AG : For if, when the Bafes EH, NP, are equal, the 
Altitudes AG, CM, are not fo; then the Solid AB 
will not be equal to the folid CD, but it is put equal 
to it : Therefore the Altitude CM is not unequal to 
the Altitude AG, and fo they are neccflaiily equal to 
one another ; and, confequently, as the Bafe EH is ro 
the Bafe NP, fo (hall CM be to AG. But now let 
the Bafe EH be unequal to the Bafe NP, and let EJH 
be the greater; then, fmee the Solid AB is equal to 
the Solid CD, CM is greater than AG ; for, other- 
wife, it would follow,’ that the Solids AB, CD, aie 
not equal, which are put fuch : Therefore, make CT 
equal to AG, and complcat the folid Paralldcpipedon 
VC upon the BafeNP having the Altitude CT 
Then, becaufe the Solid AB is equal to the Solid CD, 
and VC is fonic other Solid ; and fince equal Magni- 
tudes have * the fame Proportion to the fame Magni- # 7 . 
tudes ; it ihall be, as the Solid AB is to the Solid C V, 
fo is the Solid CD to the Solid C V : But as the Solid 
AB is to the Solid CV, fo is f the Bafe EH to the 1 1 * «f tbit, 
Bafe NP; for AB, CV, are Solids having equal Al- 
titudes : And as the Solid CD is to the Solid CV, fo 

Q.2 is 
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J *s •/ tbiu is J the Bafe MP to the Safe PT , and fo is MC to CT 
- Therefore, as the Bate EH is to the Bafe NP, fo is MC 

< to CT. But CT is equal to AG ; wherefore, as the, 
Bafe EH is to the Bafe NP, fo is MC to AG : There- 
fore, the Bafes and Altitudes of the eqwtfi tar allele- 
pipedons AB, CD, are reciptofally proportional . 

Ndw, let the Bafes and Altitudes of the folid Pa- 
rallelepipedons AB, CD, be reciprocally proportional ; 
that is, let the Bafe EH be to the Bafe NP, as the Al- 
titude of the Solid CD is to the Altitude of the Solid 
AB. I fay, the Solid AB is equal to the Solid CD. 

For, let again the infiftent Lines be at Right Angles 
to the Bafes ; then, if the Bafe EH be equal to the* 
Bafe NP, and EH is to NP as the Altitude of the So* 
lid CD is to the Altitude of the Solid AB; the Alti-’ 
tude of the Solid CD (hall be equal to the Altitude of 
the Solid AB. But folid Parallelepipcdons, that (land 
• 13*/ tbit, upon equal Bafes, and have the fame Altitude, are * 
equal to each other ; therefore the Solid AB is equal 
to the folid CD. 

But now let the Bafe EH not be equal to the Bafe 
NP, and let EH be the greater; then the Altitude of 
the Solid CD is greater than the Altitude of the Solid 
AB; that is, CM is greater than AG: Again, put 
CT equal to AG, and complcat the Solid CV, as be- 
fore ; and then, becaufe the Bafe EH is to the Bafe 
NP, as MC is to AG, and AG is equal to CT ; it 
(hall be, as the Bafe EH is to the Bafe NP, fo is MC 
to CT : But as the Bafe EH is to the Bafe NP, fo is 
the Solid AB to the Solid CV ; for the Solids AB, CV, 
have equal Altitudes ; and as MC is to CT, fo is the 
Bafe MP to the Bafe PT, and fo the Solid CD to the 
Solid CV : Therefore as the Solid AB is to the$olid 
CV, fo is the Solid CD to the Solid CV : But lince 
each of the Solids AB, CD, has the fame Proportion 
to CV ; the Solid AB (hall be equal to the Solid CD ; 
whence, the two folid Par allelepipedons AB, CD, whofe 
Bafes and Altitudes arc reciprocally proportional 9 an 
equal ; which was to be demonftrated. 

Now, let the infiftent Lines FE, BL, GA, KH, 
XN, DO, MC? RP, not be at Right Angles to the 
Bafes ; and from the Points F, G, B, K, X, M, D, 
R, let there be drawn Perpendiculars to the Planes 

of 
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•f the Bafts EH, NP, meeting the fame in the 
Points S, T, Y, V, Q^, Z, «, and compleat the 
Solids FV» X n. Then, I fay, if the £o!ids AB, 

CD, J g equal, their Bafes and Altitudes are recipro- 
cally propdrt/jifirf $ viz. as the Bafe EH is to the Bale 
NP, fo is the Altitude oF the Solid CD to the Altitude 
of the Solid AB. • 

For, becaufe the Solid AB is equal to the Solid CD, 
and the Solid AB is * equal to the Solid B T ; for they • 30 of tbit. 
Band upon the lame Bafe FK, and have the fame AN 
titude; and the Solid*DC is * equal to the Solid DZ, 
fince they ftand upon the fame Bafe XR, and have the 
Kune Altitude; therefore the Solid BT {hall be equal to 
■"fW Solid DZ. But the Bafes and Altitudes of thofe equal 
Solids, whofe Altitudes are at Right Angles to their 
Bafes, are + reciprocally proportional ; therefore as t Frfifn 
the Bafe FK is to the Bale XR, fo is the Altitude of ™ bat kttt 
the Solid DZ to the Altitude of the Solid BT. But 
the Bafe FK is equal go the Bafe EH, and the Bafe XR F 
to the Bafe NP ; wherefore, as the Bafe EH is to the 
Bafe NP, fo is the Altitude of the Solid DZ to the Al- 
titude of the Solid BT. But the Solids DZ, DC, have 
the fame Altitude, and fo have the Solids BT, BA ; 
therefore the Bale EH is to the Bafe NP, as the Alti- 
tude of the Solid DC is to the Altitude of the Solid AB ; 
and fo, the Bafes and Altitudes of equal folid Paralleled 
pipedons are reciprocally proportional. 

Again, let the Bales and Altitudes of the folid Pa- 
rallelepipedons AB, CD, be reciprocally proportional ; 
viz . as the Bafe EH is to the Bafe NP, fo let the Alti- 
tude of the Solid CD be to the Altitude of the Solid 
AB : I fay, the Solid AB is equal to the Solid CD. 

For, the fame Conftruftion remaining, becaufe the 
Bafe EH is to the Bafe NP, as the Altitude’of the 
Solid CD is to the Altitude of the Solid AB ; and fince 
the Bafe EH is equal to the Bafe FK, and NP to XR ; 
itftall be, as the Bafe FK is to the BafeXR, fo is the 
Altitude of the folid CD to the Altitude of the Solid 
AB. "But the Altitudes of the Solids AB, BT, are 
the fame ; as alfo of the Solids CD, DZ ; therefore 
the Bafe FK is to the Bafe XR, as the Altitude of the 
Solid DZ is to the Altitude of the Solid BT ; where- 
fore the Bafes and Altitudes of the folid Parallelepip- 
ed 3 dona 
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dons BT, DZ, are reciprocally proportional; bu L 
«• thofe (olid Parallelepipedons, whofe Altitudes are at 

* Right Angles to their Bafes, and the Bafes and Alti- 

+ Frm tudes are reciprocally proportional, are equal to f ea'ch 

other * But the Sol,d BT is ec l ual Sol ‘ d BA > 

pnvtd, f° r *h c y ftand upon the famd Bafe FK, and have the 

. fame’ Altitude ; and the Solid DZ is alfo equal to the 

Solid DC, fince they ftand upon the fame Bafe XR, 
and have the fame Altitude : Therefore the Solid AB 
is equal to the Solid CD ; whence fotid Parallclcpipe- 
dsns, whofe Bafes and Altitudes* are reciprocally propor- 
tional, are equal ; which was to be demonftrated. 

PROPOSITION XXXV. ’ 

Theorem. 

If there he two plane Angles equal, and from the 
Vertices of thofe Angles two Right Lines be ele- 
vated above the Planes, in which the Angles 
are, containing equal Angles with the lines firft 
given, each to its correfpondent one ; and if in 
thofe elevated Lines any Points be taken , from 
which Lines be drawn perpendicular to the 
Planes in which the Angles firft given are, and 
Right Lines be drawn to the Angles firft given 
from the Points mode by the Perpendiculars in 
, the Planes ; thofe Right Lines will contain 
equal Angles with the elevated Lines. 

T E T BAC, EDF, be two equal Right-lined plane 
Angles, and from A and D, the Vertices of thofe 
Angles, let two Right Lines, AG and DM, be elevated 
above the Planes of thefaid Angles, making equal An- 
gles with the Lines firft given, each to its correfpon- 
dent one ; viz. the Angle MDE equal to the Angle 
GAB, and the Angle MDF to the Angle GAC ; and 
take any Points G and M in the Right Lines AG, 
DM ; from which let GL and MN be drawn perpen- 
dicular to the Planes paffins thro* BAC, EDF, meet- 
ing the fame in the Points L and N ; and join LA and 
ND. I fay, the Angle GAL is equal to the An^le 
MDN. Make 
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Make AH equal to DM, and thro* H let HK be 
drawn parallel to GL ; but GL is perpendicular to 
the Plane paflingthro’ BAC; therefore H^ftallbef \% 0 ftbh. 
alfo perpendicular to the Plane palling thro' BAC : 
DrawTjftifrft*?* joints K and N, to the Right Lines 
AB, AC, DE, pqd DF, the Perpendiculars KB, KC, 

NE, NF; and join HC, CB, MF, FE: Then, be- 
caufe the Square of HA is % equal to the Squares of ( 47. 
HK, KA; and the Squares of,KC and CA aref 
equal to jhe Square of KA ; the Square of FI A fliall 
be equal to the Squares of HK, KC, and CA: But 
the Square of HC is equal to the Squares of HK and 
KC ; therefore the Square of HA will be equal to the 
xSfcHfares of HC and CA; and fo the Angle HCA is J t4*. 1. 
a Right Angle. For the fame Reafon, the Angle DFM 
is alio a Right Angle; therefore the Angle ACH is 
equal to DFM : But the Angle HAC is alfo equal to 
the Angle MDF ; therefore the two Triangles MDK, 

HAC, have two Angles of the one equal to two Angles 
of the other, each to each, and one Side of the cute 
equal to one Side of the other; vi%. that which is fub- 
tended by one of the equal Angles ; that is, the Side 
II A equal to DM ; and lb the other Sides of ihe one 
(hall be*equal to the other Sides of the other, each # *<>• 
to each : Wherefore AC is equal to DF. In like man- 
ner we demonftrate, that AB is equal toDE: For, 
let HB, ME, be joined; then, becaufe the Square of 
AHgs equal to the Squares of AK and KH j and the 
Squares of AB and BK are equal to the Square of AK ; 
the Squares of AB, BK, and KH, will be equal to tfee 
Square of AH. But the Square of BH is equal to the 
Squares of BK, KH ; for the Angle HKB is a Right 
Angle, becaufe HK is perpendicular to the Plane paf- 
fing thro' BAC 5 therefore the Square of AH is equal 
to the Squares of AB and BH : Wherefore the Angle 
ABH is f a Right Angle. For the fame Reafon the f 4?, 2. 
Angle DEM is alfo a Right Angle; and the Angle 
BAH is equal to the .Angle EDM, for fo it is put; 
and AH is equal to DM ; therefore AB is * alfo equal # 4* *• 
to DE: And fo, fince AC is equal to DF, and AB 
to DE ; the two Sides CA, AB, (hall be equal to 
the two Sides FD, DE: But the Angle BAC is equal 
to the Angle FDE; therefore the Bafe BC is * equal 
to the Bafe EF, the Triangle to the Triangle, and the 

4. other 
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ether Angles to the other Angles : Wherefore the An^ 
gle ACB is equal to the Angle DFE. But the Right 
Angle ACK is equal to the Ri jht Angle DFN ; and 
therefore the remaining Angle BCK is equal to the re- 
maining Angle £FN. F »r the fameJkfc^/npthe An- 
gle CBK is equal to the Angle FEN.v*nd •'<», becaufe 
fiCK*and EFN are two Triangles, having two Angles 
equal to two Angles, e.-.ch to each, and one Side equal 
to one Side, which ii at the equ*l Angles; viz • BC 
* 26. 1. equal to EF ; therefore * they (hall have the other 
Sides equal to the other Sides : Therefore CK, is equal 
to FN. But AC is equal to DF ; therefore the twq 
Sides AC, CK, are equal to the two Sides DF, FN ) 
and they contain Right Angles ; confequently, * 

Bate AK is equal to the Bale DN. And fince AH is 
equal to DM, the Square of Ail (hall be equal to the 
Square of DM : But the Squares of AK and KH ate 
equal to the Square of AH ; lor the Angle AKH is a 
Right Angle ; and the Squares^of DN and NM are 
equal to the Square of DM, fince the Angle DNM is 
a Right Angle 5 therefore the Squares of AK and KH 
are equal to the Squares of DN and NM ; of which 
the Square of AK is equal to the Square of DN : 
Wherefore the Square of KH remaining is equal to the 
remaining Square of NM ; and fo the Right Line HK 
is equal to MN. And fince the two Sides HA, AK, 
are equal to the two Sides MD, DN, each to each, and 
the Bale KH has been proved equal to the Bale %M, 
f s. the Angle HAK, or GAL, (hall be + equal to the An- 
gle MDN ; -which was to be demonjlrated. 

Cor oil. From hence it is manifefi, that if there be two 
Right-lined plane Angles equal, -from whofe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines firft 
given, each to each 5 Perpendiculars drawn fjooi the 
extreme Points of thofe elevated Lines to the Plane* 
. of the Angles firft given, are equal to one another. 


PRO- 
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PROPOSITION XXXVI; 

. Theorem. 

. W 

If three Right Lines be proportional, the folii Pa - 

rallelepipedon made of them is equal to tbmfolid 

Parallelepipedon made of the middle Line, if 

it be an equilateral one, and equiangular to the 

aforefaid Parallelepipedon. 

% 

'I E T three Right Lines A, B, C, be proportional; 

viz, let A be to B, as B is to C. I fay, the Solid 
•olie of Ay B, C, is equal to the equilateral Solid 
made of B, equiangular to that made on A, B, C- 
Let E be a folid Angle contained under the three 
plane Angles DEF, GEF, FED ; and make DE, 

GE, EF, each equal to B, and compleat the folid Pa- 
rallelepipedon EK : 4 g am » put LM equal to A, and 
at the Point L, at the Right Line LM, make* a folid • % 6 §fihu 
Angle contained under the plane A ngles N LX, XLM, 

MLN, equal to the folid Angle E ; and make LN 
equal to B, and LX equal to C : Then, becaufe A is 
to B, as B is to C ; and A is equal to LM ; and B to 
LN, EF, EG, or ED ; and C to LX ; it (ball be, as 
LM is to EF, fo is GE to LX : And fo the Sides about 
the equal Angles MLX, GEF, are reciprocally pro- 
portional. Wherefore the Parallelogram MX f is t 14. 
equal to the Parallelogram GF. And fince the two 
plane Angles GEF, XLM, are equal, and the Right 
Lines LN, ED, being equal, are erefled at the angu- 
lar Points containing equal Angles with the Lines firft 
given, each to each ; the Perpendiculars drawn J from 35- 
the Points N and D, to the Planes drawn thro* XLM, °f tk,u 
GEF, are equal one to another : Therefore the Solids 
LH, EK, have the fame Altitude. But folid Paralle- 
lepipedons that have equal Bafes, and the fame Alti- 
tude, are * equal to each other; therefore the Solid * 31 tftbiu 
HL is equal to the Solid EK. But the Solid HL is 
that made of the three Right Lines A, B, C ; and the 
Solid EK, that made of the Right Line B : Therefore, 
if three Right Lines be proportional , the folii Paralle- 
lepipedon made of them is equal to the folid Parallelepipe- 
don made of the middle Line , if it be qn equilateral one 9 

, and 
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and 'equiangular to the aforefaid Parallelepipedon j whifiL 

was to be demonftrated. 

PRO POSI TION XXXVIL 

_ • 

, Theorem. 

If four Right Lines be proportional , folid Pa - 

rallelepipedons Jimtlar , W <» Zr&t manner de- 
ferred from them . , /&*// proportional . yfci 

folid Parallelepipedons , fimilar , 

and alike deferibed , fo proportional , then tit 
Right Lhies they are deferibed from , fhaU 
proportional. 

T E T the four Right Lines AB, CD, EF, GH, be 
proportional ; let AB be to CD, as EF is to 
GH ; and let the fimilar and alike fituate Parallclcpi- 
pedons KA, LC, ME, NG, be deferibed from them. 

I fay, KA is to LC, as ME is toNG. 

For, becaufe the folid Parallelepipedon KA is fimi- 
* 33 ifthU. lar to LC, therefore KA to LC (hall be * a Pro- 
portion triplicate of that which AB has to CD. For 
the fame Reafor., the Solid ME to NG will have a 
triplicate Proportion of that which EF has to GH. 
But AB is to CD, as EF is to GH ; therefore AK is 
to LC, as ME is to NG. And if the Solid AK be to 
the Solid LC, as the Solid ME is to the Solid NG ; I 
fey, as the Right Line AB is to the Right Line CD, 
fo is the Ri^ht Line EF to the Right Line GH : For, 
1 33 tftbU. bccaufe AK to LC has + a Proportion triplicate of 
that which AB has to CD ; and ME to NG has a # 
Proportion triplicate of that which EF has to GH { 
and fince AK is to LC, as ME is toNG $ it (hall be, 
as AB is to CD, fo is EF to GH. Therefore, if four 
Right Lines Le proportional , the folid Parallelepipedons 
fimilar , and in like manner deferibed from them , jhall he 
proportional . And if the folid Parallelepipedons , being 
fimilar and alike deferibed , be proportional , then the Right 
Lines they are deferibed firom % Jhall be proportional j 
which was to be demonftrated. 


PRO- 
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v * 

PROPOSITION XXXVIII. 

» 

v Theorem. 


* 3 $ 


If a Plane be perpendicular to q Plane % and a 
'Line be drawn from a Point in one of the 
Plants perpendicular to the other Plane ; that 
Perpendicular fhall fall in the common SeSlion 
of the" Planes. 

| E T the Plane CD be perpendicular to the Plane 
‘‘VjAB, let their common Se&ion be AD, and let 
lome Point E be taken in the Plane CD, I fay, a 
Perpendicular, drawn from the Point E to the Plane 
AB, falls on AD. 

For, if it does not, let it fall without the fame, as 
EF, meeting the Plane AB in the Point F ; and from 
the Point F let FG be? drawn in the Plane AB, per- 
pendicular to AD 5 this fhall be * perpendicular to the * Dtf. 4 rf 
Plane CD; and join EG: Then, becaufc FG is per- thl *• 
pendicular to the Plane CD, and the Right Line EG, 
in the Plane CD, touches it; the Angle FGE fhall be 
f a Right Angle. But EF is alfo at Right Angles to t P e I 3* 
the Plane AB; therefore the Angle EFG is a Right f * ,,i 
Angle : And fo, two Angles of the Triangle EFG are 
equal to two Right Angles ; which is { abfurd. { */« 
Wherefore, a Right Line drawn from the Point E per- 
pendicular to the Plane AB, does not fall without the 
Right Line AD ; and fo it muft neceffarily fall on it. 
Therefore, if a Plane be perpendicular to a Plane , and 
a Line be drawn from a Point in one of the Planes per- 
pendicular to the other Plane ; that Perpendicular fhall 
fall in the common Section of the Planes ; which was to 
be demonftrated. 


PRO- 
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PROPOSITION XXXIX. 

Theorem. 

If the Sides of the oppofiteJPlanes of a folid ParaU 
' Idepipedon be divided into two equal Parts , and 
Planes be drawn thro * their Sections the com - 
won Seftion of thofe Planes ; and the Diameter 
of the folid Parallelepipedon , Jhall divide each 
other into two equal Parts . 

T ET the Sides of CF, AH, the oppolite Planes |pf 
^ the folid Parallelepipedon AF, be cut in 
the Points K, L, M, N, X, O, P, R; and let the 
Planes KN, XR, be drawn thro’ the Seftions: Alfo, 
let YS be the common Seftion of the Planes, and D6 
the Diameter of the folid Parallelepipedon. I lay, YS, 
DG, bifecl each other 5 that % YT is equal to TS, 
and DT to TG. 

For, join DY, YE, BS, SG. Then, becaufe DX 
is paialltl to OE, the alternate Angles DXY, YOE, 
*29. are* equal to one another. And becaufe DX is equal 

to OE, and YX to YO, and they contain equal An- 
f 4. u gles, the Bate DY (hall be + equal to the Bafe YE, and 
the Triangle DXY to the Triangle YOE, and the 
other Angles equal to the other Angles : Therefore 
the Angle*XYD is equal to the Angle OVE ; and fo 
1 1$, DYE isj a Right Line. For the fame Reafon, BSG 
fralfo a Right Line, and BS is equal to SG ; then, be- 
caufe CA is equal and parallel to DB, as alfo to EG, 
DB (ball be equal and parallel to EG ; and the Right 
‘ 33- Lines DE, GB,join them : Therefore DE is * paral- 
lel to BG, arid D, Y, G, S, are Points taken in each 
of them ; and DG, YS, are joined : Therefore DG, 
1 7 •/ thiu YS, are f in one Plane. And iince DE is parallel to 
• 29. v. BG, the Angle EDT (hall be * equal to the Angle 
BGT, for they are alternate: But the Angle DTY is 
t * 5 * «• t equal to the Angle GTS ; therefore DTY, GTS, 
are two Triangles, having two Angles of the one equal 
to two Angles of the other, as like wife one Side of the 
one equal to one Side of the other; viz. the Side DY 
equal to the Side GS 5 for they are Halves of DE, BG 3 
9 26. x. therefore * they (hall have the other Sides of the one equal 

to 
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other Sidy^of the other ; and fo DT is equal to 
and IKKto TS. Wherefore, if the Sides if the 
e Planes of a folid Parallelepipedon, be divided into 
lareq^al Parts, and Planes be drawn thro * tleir See - 
ms ; the common Seflion of tbofe Planes , and the Dia- 
meter ofihe folid Parallelepipedon , Jhall divide each other 
into two ehifial Parts ; which was to bcdemonftrattsl. 

POSITION XL. 

Theorem. 

Of two triangihqgJPrifms, one funding on a Baft 
which is a ParddMogram, and the other on a 
S' riangle , if their it tides from tbefe Bafes art 

equal, and the Parallelogram double to the S' i ri- 
angle, then tbofe Prifms are equal to each other . 


* 3 # 


T ET ABCDEF, QHKLMN, be two Prifms of 
equal Altitude, the Bafe of one of which is the 
Parallelogram AF, andltWkt of the other the Triangle 
GHK j and let the ParalUlogram AF be double to the 
Triangle GHK. I fay, she Prifm ABCDEF is equal 
to the Prifm l^KLMN. 

,«■ or, compleatthe Solids AX, GO. Then, becaufe 
the Parallelogram AF is double to the Triangle GHK; 
and fince the Parallelogram HK is * double to the Tri- # 4 1 * L 
angle GHK ; the Parallelogram AF {hall be equal to 
the Parallelogram HK. But folid Parallelepipedon^, 
that Hand upon equal Bafes, and have the fame Alti- 
tude, are f equal to one another; therefore the Solid t Vffttu* 
AX is equal to the Solid GO. But the Prifm ABCDEF 
is % half the Solid AX ; and the Prifm GHKLMN is t ** off Mu 
half the Solid GO ; therefore the Prifm ABCDEF is 
equal to the Prifm GHKLMN. Wherefore, if there 
be two triangular Prifms having equal Altitudes , the Bafe 
of one of which is a Parallelogram^ and that of the other 
a Triangle ; and if the Parallelogram be double to the 
Triangle , the faid Prifms Jhall be equal to each other % 
which was to he demonftrated. 
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PROPOSITION I. 

b 

Theorem. 

i> v 

Similar Polygons , infcrib&l in Circles , are to one 
another as the Squares of ti : Diameters of the 
Circles. - - 

L ET ABODE, FGHKL, beCitcles, wherein 
are infcnbed the fimilar Polygons ABODE, 
FGHKL s and let BM, GN, be Diameters 
6 V the Circles. I fay, as the Square of BM is to the 
Square of GN, fo is the Polygon ABODE to the Po- 
lygon FGHKL. 

For, join BE, AM, GL, FN. Then, becaufe the 
Polygon ABODE is fimilar to the Polygon FGHKr , 
the Angle BAE is equal to the Angle GFL j and BA 
is to AE, as GF is to FL : Therefore the two Tri- 
angles BAE, GFL, have one Angle of the one equal 
to one Angle of the other ; viz. the Angle BAE equal 
to the Angle GFL, and the Sides about the equal An- 
• 6. 6. gles propot tional. Wherefore the Ti tangle ABE is * 
equiangular to the Triangle FGL ; and (o the Angle 
' AEB is equal to the Angle FLG : But the Angle AEB 
t *»• 3< is f equal to the Angle AMB, for they (land on the 

fame 
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2ircumferfl*ce; and the Angle FLG is + equal i ai. 3 * 
Angkf^FNG : Therefore the Angle AMB is 
othe Angle FNG. But the Right Angle BAM 
lal to the Right Angle GFN ; wherefore the {31.}. 
other '‘Angle (hall be equal to the other Angle: And 
fo the Triangle AMB is equiangular to the Triangle 
FGN;V J — r - *- ' 


BA, jo Gt But f the Proportion of the Square of BM 
to the^ouaheof GN, is duplicate of the Proportion of 
BM toaGm and the Proportion of the Polygon 
ABCDE tbtht Polygon FGHKL, is f duplicate of the t *°* 6 - 
Proportion of to GF : Wherefore, as the Square 
of BM is to tl Square of GN, fo is the Polygon 
ABCDE to the .on FGHKL. Therefore, Jstni- 
lar Polygamy tnfcribcd^fiircles, are to one another as the 
Squares of the Diameterkqf the Circles ; which was to 
be demonftrated. 


M A. 


If there be two ummsi Mag - 
iiitudes propofed/r am from 
the groatzs&rtaken a Part 
greater than its Half ; and 
if from what remains there 
be again taken a Part 
greater than half this Re- 
mainder ; and again from 
this laft Remainder a Part 
greater than its Half-, and 
if this be done continually ; 
there will remain at laft a 
Magnitude that Jhall be left 
than the leffer of the pro - 
pofed Magnitudes. 



BC £6 


T ET AB and C be two unequal Magnitudes, 
■** J whereof AB is the greater : I fay, if from AB 
be taken a greater Part than Half, and from the Part 
remaining there be again taken a Part greater, than its 

Half, 
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Half, and this be done continually^ ,.here will regain 
a Magnitude, at lalt, that lhall be lefs van the 
nitude C. ' ' 

For G being fome Number of Times multiply, 
will become greater than the Magnitude AB. . Let it 
be multiplied, and let DE be a Multiple of C greater 
than AB ; divide DE into Parts DF, FG, Qrk, each 
equal to C, and take BH, a Part greater thtn half of 
AB, from AB,and again from AH, the Part TlKrf eater 
titan half AH, and 'from AK a Part greater t*»n hsdf 
AK, and fo on, until the Divilions thatAre in AB, are 
equal in Number to the Diviilons in RE : Therefore 
let the Divilions AK, KH, HB, be equal in Number 
to the Divilions DF, FG, GE. ^ticn, becaufe DE is 

E eater than AB, and the Part/1G taken from ED is 
fs than half thereof, and t Vi Part BH, greater than 
half of AB, is taken from it /the Part remaining, DG, 
fhall be greater than the Pa{t remaining, HA. Again, 
becaufe GD is greater than HA j and GF, being half 
of GD, is taken from the fame > and HK, being greater 
than half HA, is taken fronvth^ likewife ; the Part re- 
maining, FD, {ball be great? than the Part remain- 
ing, ArC. But FD is equSl'fto Cj therefore C is 
greater than AK ; and fo this M.^nitude AK is leffer 
than C : Therefore, the Magnitude • l : ~g the Part 
remaining of the Magnitude AB, it left than the bfiu 

{ vepefed Magnitude C ; which was to be demonllrated. 
f the Halves of the Magnitudes Ihould have been taken, 
we demonftrate this after the fame manner. Tbit it 
the firjl Prtpofttion of the tenth Beet . 

PROPOSITION II. 


Theorem. 

Circles are to each other as the Squares of their 

Diameters. 

T ET ABCD, EFGH, be Circles, whole Diameters 
arcBD, FH. I fay, as the Square of BD is to the 
Square of FH, fo the Circle ABCD is to the Circle 
EFGH. 

■ For, 
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k -l^or, .if it tomot fo, the Sqiiare of BD ihall be to 
™e,»SquaHtjr FH, as. the Circle A BCD is to feme 
apace either lefs or greater than the Cifcle EFGH. 

Pullet it be to a Space S, lefs than the Circle EFGH ; 
and let the Square EFGH be deferibed in the Circle. 

This Square EFGH will be greater than half the 
Circle EFGH; becaufe, if w'e draw Tallents t<t the 
Circle tlqjo’ the Points E, F, G, H, the Squat e EFGH / 
wilf ' hg half that deferibed about,the Circle : But the 
Circle iilelshhan the Square deferibed about it j there- 
fore the Squae EFGH is greater than half the Circle 
EFGH. Ley the Circumferences EF, FG, GH, 

HE, be bifedraUn the Points K,L, M, N ; and join 
EK, KF, FL, E8yGM, MH, HN, NE: Then 
each of the Triangl\EKF, FLG, GMH, HTfE, 
will be * greater than rase half of the Segment of $he * 4 f> *• 
Circle it ltands in ; became, if T angents at the Cioele 
be drawn thro’ the PointsK, L, M,N, and the Paral- 
lelograms that are on thef Right Lines DF, FG, GH, 

HE, be compleated, eath if the T riangles EKF, FLG, 

GMH, HNE, is halraor each of the correfponding 
Parallelograms : But waSegment is lefs than the Pa- 
rallelogram ; wherefjdre each of the Triangles EKF, 

FLG, GMH, HJ$C, is greater than one half of the 
S eap v i?s^V&frcle in which it Hands : Therefore, 
ii-jnefe Circumferences be again bifedted, and Right 
Lines be drawn joining the Points of Bifedtion, >and 
you do thus continually, there will at laft remain Seg- 
ments of the Circle, that (hall be lefs than the Excelf, 
by which the Circle EFGH exceeds the Space S. Fyr 
it is demonftrated, in the foregoing Lemma , that, if 
there be two unequal Magnitudes propofed, and if 
from the greater a Part greater than half be taken, and 
again from the Part remaining a Part greater than half 
be taken, and you do thus continually, there will at laft 
remain a Magnitude that will be lefs than the lefler 
propofed Magnitude. Let the Segments of the Circle 
EFGH, on the Right Lines EK, KF, FL, LG, GM, 

MH, HN, NE, be thofe which are lefs than the Ex- 
cefs, whereby the Circle EFGH exceeds the Space S ; 
and then the remaining Polygon EKFLGMHN (hall 
be greater than the Space S. Alfo, deferibe the Poly- 
gon AXBOCPDR in the Circle A BCD, fimilar to the 
R Polygon 
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Polygon EKFLGMHN. Wherefok. as the.Saltare/ 
of BD is to the Square of FH, fo ift**fc* PolygC. 

• i AXBOCJPDR to the * Polygon EKFLGMHN. 'But 

as the Square of BD is to the Square of FH, fo jMtie 
J Frm Hyp Circle ABCD to the Space S % : Wherefore, as the 
t ”• 5* Circle ABCD is to the Space S, fo is f the Polygon 
A XBOC$DR to the Polygon EKFLGMHN. But 
the Circle ABCD is greater than the Polygon in it* 

* *4» s» wherefore the Space S (hall be * alfo grcjKtr thin the 
t From Hyp, Polygon EKFLGMHN : But it is Iris % ifcewife ; 

which is abfurd ; therefore the Square^of BD to the 
Squareof FH, is not as theCircle ABC© to Tome Space 
lefs than the Circle EFGH. After 4he fame manner 
we likewife demonftrate, that tly^Stjuare of FH to the 
Square of BD, is not as the Circle EFG H to fome Space 
T lefs than the Circle ABCD^ Laftly, I fay, the Square 
of BD to the Square of FG^s not as the Circle ABCD 
to fome Space greater than : he Circle EFGH : For, if 
it be pofliblc, let it be fo, ard let the Space S be greater 
than the Circle EFGH : HThen it (hall be (by Inver- 
fion), as the Square of FGiisAo the Square of BD, fo 
is the Space S to the Circle l CD. But, becaufe S is 
greater than the Circle EFGffP the Space S (hall be to 
the Circle ABCD, as the CinfiV EFGH is to fome 
Space T lefs than the Circle AB6£rr as 
ii. 5 . the Square of FH is to the Square of BI), fo is 

Circle EFGH to fome Space T lefs than the Circle 
ABCD, which has been demonft rated to be impof- 
fible ; wherefore the Square of BD to the Square of 
FH, is not as the Circle ABCD to fome Space greater 
than the Circle EFGH : But it alfo has been proved, 
that the Square of BD to the Square of FH, is not as 
the Circle ABCD to fome Space lefs than the Circle 
EFGH : Wherefore, as the Square of BD is to the 
Square of FH, fo (hall the Circle ABCD be to the 
Circle EFGH. Wherefore, Circles are to each other 
as the Squares of their Diameters ; which was to be 
deoionftrated. 


PRO- 




Every Pyramid , having a triangular Bafe, may be 
divided into two Pyramids , equal and fimilar 
to bne another , having triangular Safes, jmd 
« fimititf to the whole Pyramid ; and into two 
equ^l^Strifms, which two JPrifms are greater 
than\(he\Half of the whole Pyramid . 

T ET thcr\be a Pyramid, whofc Bafc is the Tri- 
angle ABcL and Vertex the Point D. I fay, the 
Pyramid ABCi^^ay be divided into two Pyramids 
equal and fimilar tcCone another, having triangular 
Bafes, and fimilar to trait Whole ; and into two equal 
Prifms, which two PrifnSt are greater than the Half of 
the whole Pyramid. 1 

For, bife£fc AB, BC, CA, AD, DB, DC, in the 
Points E, F, G, H, K, & j and join EH, EG, GH, 

HK, KL, LH, EK, p] FG : Then, becaufe AE 
is equal to EB, and JMdf to HD ; EH (hall be* pa- • a. 6. 
rallel to DB ; for thejKrle Reafon, HK alfo is paral- 
lel to AB ; therefog>^HBBK is a Parallelogram j and 
fo HfC EB : But EB is equal to AE ; 1 14 - *• 

; v j&Tore ifwTihall be alfo equal to HK ; but AH is 
equal to HD ; wherefore the two Sides AE, AH, are 
equal to the two Sides KH, HD, each to each, and 
the Angle EAH is % equal to the Angle KHD j J 29. v. 
wherefore the Bafe EH is * equal to the Bafe KD ; * 4, 1. 
and fo the Triangle AEH is equal and fimilar to tffe 
Triangle HKD. For the fame Reafon, the Triangle 
AHG (hall alfo be equal and fimilar to the Triangle 
HDL 5 and becaufe the two Right Lines EH, HO, 
touching each other, are parallel to the two Right Lines 
KD, DL, touching each other, and not in the fame 
Plane with them, they (hall contain + equal Angles, f io .11 
Therefore the Angle EHG is equal to the Angle 
KDL. Again, becaufe the two Sides EH, HG, are 
‘ equal to the two Sides KD, DL, each, to each ; and 
the Angle EHG is equaP to the Angle KDL; the 
’Bafe EG lhalTbe * erjual to the Bafe KL 5 and * 4- 
therefore the Triangle EHG is equal and fimilar to 
the Triangle KDL. For the fame Reafon, the Tri- 
R % angle 
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ancle AEG is alfo equal and fimilar*^ the-ffifoiwK 
HKL ; wherefore the Pyramid whofe Efecis th^fr-' 
jd/.io.ii. angle Ap.G, and Vertex the Point H, J is equal arid 
fimilar to the Pyramid whofe Bafe is the Triabgle 
HKL, and Vertex the Point D. And becaufe HK is 
drawn parallel to the Side «AB of the Triangle* ADB, 
theTriangle ADB *(hall be equiangular to, the Tri- 
angle DKH, and they have their Sides piraortioflal ; 
therefore the Triangle ADB is fimilar tatfne THangle 
DHK. And, for the fame Reafon, the Tria,ri£le DBC 
is fimilar to the Triangle DKL 5 an$ the Triangle 
ADC to the T riangle DHL. And firre the two Right 
Lines BA, AC, touching each oth£f;*are parallel to the 
two Lines KH, HL, touching f^bh other, not being in 
the fame Plane with them,/ 5 iefe lhali contain equal 
t* io* n- Angles f 5 therefore the A^gle BAG is equal to the 
Angle KHL : And BA iAo AC, as KA is to HL ; 
wherefore the T riangle Ar>C is fimilar to the Tii angle 
HKL; and fo the Pyramid” whofe Bafe is the Triangle 
ABC, and Vertex the Pont D, is fimilar to the Pyra- 
mid, whofe Bafe is the Trii'nne HKL, and Vertex the 
Point D. But the Pyramid! vfoofe Bafe is theTriangle 
HKL, and Vertex the Poii^; EL has been proved fimi- 
lar to the Pyramid whofe Bafe Triangle AEG, 
and Vertex the Point H ; therefore tne tyf^nfifi^hofe 
Bafe is the Triangle ABC, and Vertex the Point IT, is 
fimilar to the Pyramid whofe Bafe is the Triangle 
AEG, and Vertex the Point H : Wherefore both the 
Pyramids AEGH, HKLD, are fimilar to the whole 
Pyramid ABCD. And becaufe BF is equal to FC, 
the Parallelogram EBFG will be double to the Tri- 
angle GFC ; and fince there are two Prifms of equal 
Altitude, one of which has that Parallelogram for a 
Bafe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle ; thofe Prifms will be 
•40.11. * equal to one another: Therefore the Prifin con- 
tained under the two Triangles BKF, EHG, and the 
three Parallelograms EBFG, EBKH, KHGF,isequal 
to the Prifms contained under the two Triangles GFC, 
HKL, and the three Parallelograms KFCL, LCGH, 
HKFG: And it is manifeft, that each of thofe Prifms, 
the Bafe of one of which 1$ the Parallelogram EBGF, 
and thenppofite Daf? tothauhr Rghi Line KH, and the 
Bale of the other, the Li ungle G FC, 'and the opposite 

Bafe 
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friattgle KLH, are greater than either 
i whofe Bales are the Triangles AEG, 
jj and Vertices the Points H and D. JJor fince, 
If the Right Lines EF, EH, be joined, the Prifm, 
whofe Bafe is the Parallelogram EBFG, and the op- 
polite Bale to that the Right Line KH, is greater than 
the Pyranwd, whofe Bafe is theTriangle EBP, and Ver- 
tex the Pdtrit K. But the Pyramid whofe Bafe is the 
Triangle E0P, and Vertex the PoiatK, is equal to the 
Pyramid whole Bafe is the Triangle AEG, and Vertex 
the Point H ; lor they are contained under equal and 
fimilar Planes . Wherefore the Prifm whole Bafe is the 
Parallelogram EBFG, and the oppofite Bafe to it the 
Right Line HK, isgreater than the Pyramid whofe. 
Bale is the Triangle \AiSG, and Vertex the Point H. 
But the Prifm, whofe Ba0js the Parallelogram EBFG, 
and the oppofite Bafe to it t»e Right Line HK, is equal 
to the Prifm whofe Bafe is tite Triangle GFC, and the 
oppofite Bafe to this the Tfiangle HKL ; and the Py- 
* Jiangle AEG, and Vertex 
/pyramid whofe Bafe is the 
t«pc the Point D : Therefore 
Jre greater than the faid two 
Pyramids, whofe are the Triangles AEG, HKL, 

* ts H, D : And fo the whole Py- 
ramid, whofe Bafe is the Triangle ABC, and Vertex 
the Point D, is divided into two equal Pyramids, fimi- 
Jar to each other, and to the Whole* and into two 
equal Prifms, which two Prifms, together, are greater# 
than half of the whole Pyramid. Therefore, every* 
Pyramid , having a triangular Bafe, may be divided into 
two Pyramids , equal and fimilar to one another , having 
triangular Bafts* and fimilar to the while Pyramid \ and 
into two equal Prifms , which two Prifms are greater 
than the Half of the ivho/e Pyramid j which was to be 
demonftrated* 


ramid, whofe Bafe is the ' 
the Point H, is equal to* 
Triangle HKL, and Vjt 
the two Prifms aforef^f 
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Theorem. 

If there are two Pyramids of the fame Altitude , 
having ti tangular Bafts, and each of them beds- 
iided into two Pyramids , equal to one Another, 
and frntlar to the it bole , as alfo info two equal 
Pnjms j and if ,n like manner , eatih of the two 
Pyramids, made by the formerly tyfion, be di- 
vided, and this be done icntinuafi r >, thtii, as the 
Bafe of one Pytam'd is to thoftffafe of the other 
Pyramid, fo are all the Pf M fms that are in one 
Pyranvd, ta all the PtiCuf, s are tn the other 

PyramJ, being equal t „ g Multitude. 

T El tllcie ^ ‘wo Pj of t he fame Altitude, 

te£sas»wRSSiiS 

divided mo two Pyramids, 1 - "~ A 

fimilar to the Whole, and li 
it, in like manner, each ot tl 
former Dnifion, be conceived to 


idhal to one another, and 

L h.wo equal Prifms i»nd 

amid*, made by the 
this 


12 6 
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K done continually ; I lay, as the Bafe ABCistS 
Bale DEF, fo are all the Pnfms that arc in the Pyra- 
mid AiaCG, to all the Pr^ms that are in the Pyramid 
DEI H, bung equal in Mul tude. 

I 1 Or, hnte BX h equal to XC, and ALto LC, XL 
f»j 1! be v parallel to AB, and the Triangle ABC fimi- 
1 r :o the 1 rianglc LXC. For the fame Reafon, the 
'Inangle I EF fli.nl be alfo fimilar to the Triangle 
RQy And btcaufc BC 16 double to CX, and EF no 
J Q^, it (hall be, as BC is to CX, fo is EF to f 
\nd fincc there are defcribed upon BC, CX, Right- 
lined Figures ABC, LXC, fimilar and alike lituatc ; 
jnd upon Eh , FQ,, R ght-lined Figures DEF, RQF, 
tim.Cr and alike iituatej therefore, as the Triangle 
BAC is to the Triangle LXC, fo is f the Triangle* 
DEF to the Triangle RQF , and (by Alternation) as 
the Tiianglc ABC is to the Triangle DEF, fo is the* 
Triangle LXC to the Triangle RQF. But as the Tri- 
angle LXC is to the Triangle RQh , fo is J the Prifm, 
whole Bale is the Triangle LXC, and theoppofitcBale 
. tQ 
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!ng!c OMN, to the Prifm, whofe Safe 
!e RQF, ao^the oppofite B*fe jlo that the 
Triangle SIT ; therefore, as the Triangle ABC is to 
{he Triangle DEF, fo h * the Prifln whofe Bafe is the 
Triangle LXC, and the qppofite Bale to that the Tri- 
angle* OMN, to the Prifm wliofe Bale is the Triangle 
RQF, and the oppofite Bafe to that the Triangle STY : 
And becaufe the two Prifms that are in the Pyramid 
ABCG art* equal to one another, as alfo thofe two that 
are in the Pyramid DEFH \ it diall be t as the Prifm 
whofe Bafe iLthe Paraljelogram KLXB, and the oppo- 
fite Bafe to tn^t the Right Line MO, is to the Prifm 
whofe Bafe is ti^ T riangle LXC, and the oppofite Bafe 
to that theTriarij^OMN, fo is the Prifm whofe Bafe 
is the Parallelogram 1EPRQ.,, and the oppofite Bale to 
that the? Right Line S TV to the Prifm whofe Bale is the 
Triangle RQF, and ihe^j ppofite Bafe to that the Tri- 
angle STY : Therefore (ljy compounding), as the Prifms 
KBXLMO, LXCMNfl , together, arc to the Prifm 
LXCMNO, fo the Pitfm 1 PEQRST, RQFSTY, to- 
gether, are to the Priw iQFSTY : And ( by Alterna- 
tion ), as the Prifms K IML MO, LXCM N O, together, 
are to the Prifms PE/jRST, RQFS7T, together, fo 
is the Prifm LXQTJNO to the Prifm RQFSTY : But 
as^i- J'iW^LkvJMNO is to the Prifm RQFSTY, tu 
fils the Bafe LXC been proved to be to the BafeRFQ ; 
and fo the Bafe ABC to the Bafe DEK : Therefore, 
alfo, as the Triangle ABC is to the Triangle DEK, lo 
are the two Prifms that are in the Pyramid ABCG, to 
the two Piifms that are in the Pyramid DEFH. If, 
in the fame manner, each of the Pyramids OMNTjj, 
STYH, made by the former Divifion, be divided, it 
ihall be, as the Bafe OMN is to the Bafe S PY, fo 
the two Piifms that are in the Pyramid OMNG, to 
the two Prifms that arc in the Pyramid STYH. But 
as the Bafe OMN is to the Bafe STY, fo is the Bafe 
ABC to the Bafe DEF : Therefore, as the Bafe ABC 
is to the Bafe DEF, ferare the two Prifms chat are in . 
the Pyramid ABCG, to the two Prifms that arc in the 
Pyramid DEFH ; and fo the two Prifms that are in 
the Pyramid OMNG, to the two Prifms that are in 
the Pyramid STYH \ and fothe four to the four. We 
diiiionftratc the fame of Prifms made by the Divifion 
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of the Pyramids AKLO, DPRS ; 0 f ' 
Prifins , #i#| equdin Multitude ; wh3Brwv i<^r- 
demgnftrafedt 


PROPOSITION V. 


► 4 fl/ri/i. 
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f TjJ K OR E M. * 

Pyramids of thefmt' Altitude, and having tri- 
angular Bafts, are id one anotUsr as tbtir 
Bafes. 

• J 

L E T there be two Pyramids o*We fame Altitude* 
having the triangular. Bafe^A^C* IXEF, whole 
Vertices are the Points G, H./l fay, as the Bafe ABC 
is to the Bafe DEF, fo is thf Pyramid ABCG to the 
Pyramid DEFH. [ 

For, it it be not fo, theft it {hall be as the Bafe 
ABC is to the Bafe DEF* fp is the Pyramid ABCG 
to fume Solid, greater or lefs tyiato the Pyramid DEFH. 
Firft, let it be to a Solid lefs, witch let be Z ; and di- 
vide the Pyramid DEFH into V<> Pyramids equal to 
each other, and fimilar.to the f W^ole, and into two 
equal Prifms ; then thefe two Prifm>*^^^ 
the Half of the whole Pyramid : And, again, lettfte 
Pyramids, made by the former Divifion, be divided 
after the fame manner j and let this be done continu? 
ally, until the Pyramids in the Pyramid DEFH arc left 
than the Excefs by which the Pyramid DEFH, exceeds 
the Solid Z. Let thefe, for Example, be the Pyramids 
DPRS, STYH ; then the Prifms remaining in the Py- 
ramid DEFH, are greater than the Solid Z : Alfo, let 
the Pyramid ABCG be divided into the fame Number 
of fipiiftr Parts as the Pyramid DEFH is; and then* 
as the Bafe ABC is to the Bafe DEF, fo * the Prifms 
that artfih the Pyramid ABCG, to the Prills that are 
in the Pyramid DEFH. But as the Bafe ABC is to 
the Bafe DEF, fb t is thfr Pyramid ABCG to the Solid 
ZJ i and therefore, as the Pyramid. ABCG is tb thfc \ 
Solid Z, fo arc the Prifms that are in the Pyramid 
ABCG, to the Prifms that are in the Pyramid DEFH. 
But the Pyramid AB JG is greater than the Prifms that 
are in it; whciefojc, alfo, the Solid Z is greater than 

Ac 


/ 



- ih^rn In fKft Pvramid DFPH* 


t*ih;»£&re in the Pyramid DEFH-. But it is 
If 4hkb is abfurttj; therefore the>B»fe ABC 


ABC,' is not es the Pyramid DEFH to fome Solid left 
than the^Pyraipid ABCG : Therefore, Ifay, neither 
is the -Bafe ABC to the Bafe DEF, as the Pyramid 
ABCG to fome Solid greater, than the Pyramid DEFH* 
For, if this be poilible, let it be to the Solid I, greater 
than the Pyramid DE^FH ; then (by Inversion) the 
Bafe DEF (hail be to the Bafe ABC, as the Solid I to 


the Pyramid ABCG : But (incc the Solid I is greater 
than the Pyramid. E^FH, it (hall be, as the Solid 1 is 
to the Pyramid ABCG* fo is the Pyramid DEFH to 
fome Solidlefsthan the\?y ramid ABCG ; and fo, as 
the Bafe DEF is to the bafe ABC, fo is the Pyramid 
DEFH to fome Solid left! than the Pyramid ABCG, 
which is abfurd, as juft new has been proved : There- 
fore the Bafe ABC to^hepafeDEF, is not as the Py- 
ramid ABCG to fome (Send greater than the Pyramid 
DEFH. But it has fci'en alfo proved, that the Bafe 
ABC to the Bafe D{J/, is not as the Pyramid ABCG 
to fome Solid left . than the Pyramid DEFH ; where- 
fa%% aVfHfcr 'Bale ABC is fo the Bafe DEF, fo is the 
Pyramid ABCG to the Pyramid DEFH. Therefore, 
Pyramids of the fame Altitude , and having triangular 
Bafes, are to one another as their Bafes j which was to 
be demonftrated. 


m 
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PROPOSITION VI. 

Theorem. 

Pyramid* oftlte fame Altitude, and having polyga- 
nous Bafes, are to one another, as 'their Bafes. 

T E T there be Pyramids of the fame Altitude, which 
have the polygamous Bafes ABODE, FGHKL ; 
and let their vertices be the Points M, N. I fay, as 
the Bafe ABCDE is to the Bafe FGHKL, fo is the 
Pyramid ABCDjLH to the Pyramid FGHKLN, 


For, 
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For, let the Bafe ABODE be divided 1 

angles ABC, ACD,ADE ; and the MfeFGf^fi-^ 
into the'Jfriangfes FGH, FHK, FKL; and let Pyra- 
mids be conceived upon every one of thofe Triangles, - 
of the fame Altitudi with the Pyramids ABCDEM, 
FGHKLN : Then, becatife the Triangle ABC is to 
1 5 •ftbiu theTri angle ACD, as * the Pyramid ABCM^s to the 
Pyramid ACDM ; and (bv Compounding) as the Tra- 
pezium ABCD is tQthe Triangle ACD, fo is the Py- 
ramid ABCDM to the Pyramid ACDM : But as the 
Triangle ACD is to the Triangle ADE, fo is * the Py- 
ramid ACDM to the Pyramid ADEM. Wherefore 
(by Equality of Proportion), as the Bafe ABCD is to 
the Bafe ADE, fo is the Pyrami^^BCDM to the.Py- 
ramid ADEM : And again (^Compofttion of Pro- 
portion ), as the Bafe ABCEV& is to the Bafe ADE, fo 
is the, Pyramid ABCDEh^ to the Pyramid ADEM. 
For the fame Reafon, as tlje Bafe FGHKL is to the 
B£fe FKL, fo is the Pyramid FGHKLN to the Pyra- 
mid FKLN : And nneeuthdre are two Pyramids 
ADEN, FKLN, having widngular Bafes, and the 
fame Altitude; the Bafe AD{t thall be * to the Bafe 
FKL, as the Pyramid ADEM tA.the Pyramid FKLN ; 
And fince the Bafe ABCQE is to the Bafe ADE, as the 
Pyramid ABCDEM is to the Pyramid AT3Sfttfv*and 
as the Bafe ADE is to the Bafe FKL, fo is the Pyra- 
mid ADEM to the Pyramid FKLN ; it (hall be (by 
Equality of Proportion), as the Bafe ABCDE is to the 
Bafe FKL, fo is the Pyramid ABCDEM to the Pyra- 
mid FKLN : But as the Bafe FKL is to the Bafe 
FGHKL, fo was the Pyramid FKLN to the Pyra- 
mid FGHKLN. Wherefore, again, (by Equality 
of Proportion), as the Bafe ABCDE is to the Bale 
FGHKL, fo is the Pyramid ABCDEM tothe Pyramid 
FGHKLN. Therefore, Pyramids of the fame Altitude , 
end having polygons Bafts, are to one Another as their 
Bafes j which was to be demonilrated. . 

if the Bafes had not confined of equal Numbers of 
Side?, the Demonftration had Wn the fame. 


PRO- 
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PROPOSITION VII. 

f H BO It 2 It!. 

Jlvery Prifm, having a triangular Baje, may be 
divided into three Pyramids , equal to one ano- 
ther , and having trtangular Safes, 

• 

T ET there be a Prifm whofe Bafe is the Triangle 
ABC, and the oppofite Bafe to that the Triangle 
DEF. I fay, the Prifm ABCDEF may be divided into 
three equal Pyramid*, that have triangular Bafes. 

For, join BD, EC, CD : Then, becaufe ABED is 
a Parallelogram, whole Diameter is BD, the Triangle 
ABD {halfbe* equal to the Triangle EBD. There- # 34- »• 
fore the Pyramid whoteiBafe is the Triangle ABD, 
and Vertex the Point Cl is f equal to the Pyramid t 6 °f tbn * 
whofe Bafe is the Triangle EDB, and Vertex the 
Point C. But the fyraViid, whofe Bafe is the Tri- 
angle EDB, and Verti xthc Point C, is the fame as the 
Pyramid whofe Bafe is the Triangle EBC, and Vertex 
the Point D ; for r hey are contained under the fame 
Plane* therefore the Pyramid, whofe Bafe is the 
Triangle ABD, and Vertex the Point C, is equal to 
the Pyramid whofe Bafe is the Triangle EBC, and 
Vertex the Point D. Again, becaufe FCBE is a Pa- 
rallelogiam, whofe Diameter isCE, the Triangle ECF 
(hall be * equal to the Truri^le CBE ; and fo the Py- 
ramid whofe Bafe is the Triangle BEC, and Vertex 
the Point D, is + equal to the Pyramid whofe Bafe is 
the Tnangle ECF, and Vertex the Point D. But the 
Pyramid, whofe Bafe is the Triangle BCE, and Ver- 
tex the Point D, has been proved equal to the Pyra- 
mid whofe Bafe is the Triangle ABD, and Vertex the 
Point C : Wherefore, alfo, the Pyramid, whofe Bafe is 
the Triangle CEF, and Vertex the Point D, is equal to 
the Pyramid, whofe Bafe is the Triangle ABD, and 
Vertex the Point C : Therefore, thePrtfm ABCDEF, 
is divided into three Pyramids equal to one another , and 
having triangular Bafes . And becaufe the Pyramid, 
whole Bafe is the Triangle ABD, and Vertex the 
Point C, is the fame with the Pyramid whofe Bafe is 
the Triangle CAB, and Veiwx the Point D; for 
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they are contained under the fame Planes ; ai 
ramid, whole Bafe is the Triangle ABD,< ai Veil " 
the Point £, has been proved to be a third Part of tbfe 
Prifm, whofe Bafe is the Triangle ABC, and the oppd^ 
fite Bafe to that the Triangle DEF : Therefore, alfcf, 
the Pyramid , whofe Bafe is tbeflriangle ABC, an&Vffi- 
test r thy Point D, is a) third Part of the Prifm> framing 
the fame Bafe > viz. the Triangle ABC, and the oppojite 
Bafe the T riangle D^F j which was to be demon*' 
fhated. 

CorolL I. It is nianifeft from hence, that every Pyra- 
mid is a third Part of a Prifm, having the fame Bafe, 
and an equal Altitude ; becaufe, if the Bafe of a 
Prifm, as alfo the oppofite Bafe, be of any other Fi- 
gure, it may be divided into Prifms having triangu- 
lar Bafes. I 

2 . Prifms of the fame Altitude are to one another as 
their Bafes. 1 

PROPOSITION 


VIII. 


Theorem. 


Similar Pyramid j, having triangular Baftr; are 
in a triplicate Proportion of their homologous 

Sides. 


T <-E T there be two Pyramids iimilar and alike fitu- 
- L Vate, having the triangular Bafes ABC, DEF ; and 
let their Vertices be the Points G, A. I fay the Py- 
ramid ABCG to the Pyramid DEFH, has a Propor- 
tion triplicate of that which BC has to EF. 

For, compleat the folid Parallelepipedon BGML, 
EHPO ; then, becaufe the Pyramid ABCG is iimi- 
•Df/.f.it. lar to the Pyramid DEFA, the Angle ABC (hall be* 
equal to the Angle DEF, the Angle GBC equal to the 
Angle HEF, and the Angle ABG equal to the Angle 
DEH : And AB is to DE, as BC is to EF ; and fo is 
BG to EH. Therefore becaufe the Angle ABC is 
equal to the Angle DEF ; and the Sides about the 
equal Angles are proportional ; the Parallelogram BM 
t 6 - *• fnali be f Iimilar to the Parallelogram EP. For the 
fame Reafon, the Parallelogram BN is iimilar to thq 

Paral- 
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Jairtam &R, and the Parallelogram BK to the 
fTelogram EX* Therefore three Parallelograms 
BM, BK, BN, are fimilar to three Parallelograms EP, 

^EX, ER. But the three Parallelograms BM, BK, BN, 
ate equal and fimilar to the three oppofite ones $ as 
alfo the three Parallelograms EP, EX, ER : There- 
fore the Solids BGML* EHPO, are contained pnder 
equal Numbers of fimilar and equal Planes ; and, con- 
fequently, the Solid BGML i * fimilar to the Solid 
EHPO. But fimilar folid Parallclepipedons are * to • 33* **• 
each other in a triplicate Proportion of their homolo- 
gous Sides j therefore the Solid BGML to the Solid 
EHPO, has a Proportion triplicate of that which the 
homologous Side BC has to the homologous Side EF. 

But as the Solid BGML is to the Solid EHPO, fo is + t x 5* 5- 
the Pyramid ABCG to the Pyramid DEFH ; for the 
Pyramid is the one fixth Part of that Solid, fince the 
Prifm, which is the Haltf of the folid Parallelepipedon, 
is triple of the PyramjS. Wherefore, the Pyramid , 

ABCG to the jhall have a triplicate 

Proportion to that which oC has to EF j which was to 
be demonftrated. 


Cor oil. From hence it is manifeft, that fimilar Pyra- 
mids c having polygonous Bafes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For, if they be divided into Pyramids having trian- 
gular Bafes ; becaufe their fimilar polygonou9 Bales 
are divided into fimilar Trianghps equal in Number, 
and homologous to the Wholes ; it (hall, be, as^one 
Pyramid, having a triangular Bafe in one of the Py- 
ramids, is to a Pyramid. having a triangular Bafe in 
the other Pyramid ; fq are all the Pyramids, having 
triangular Bafes in one Pyramid, to all the Pyramids 
having triangular Bafes in the other Pyramid \ that 
is, fo is one of the Pyramids, having the polygonous 
Bafe, to the other : But a Pyramid, having a trian- 
gular Bafe, to a Pyramid having a triangular Bafe, 
is in a triplicate Proportion of the homologous Sides. 
Therefore ope Pyramid, having a polygonous Bale, 
to another Pyramid having a firpilar Bafe, is in a 
triplicate Proportion of v their homologous Sides. 


PRO- 
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PROPOSITION I**\ 

Theorem. 

The Bafes and Altitudes of equal Pyramids ^hav- 
ing triangular Bafes , are reciprocally propor- 
tional ; and tbofe Pyramids , having trtdngular 
Bafes , wbofe Bafes and Altitudes are recipro- 
cally proportional^ are equal. 

f E T there he equal Pyramids, having the triangular 
Bafes ABC, DEF, and Vertices the Points G, H « 

I fay, the Bafes and Altitudes of the Pyramids ABCG, 
DEFH, are reciprocally proportional $ that is, as the 
Bafe ABC is to the Bafe DEF, fo is the Altitude of 
the Pyramid DEFH to thy Altitude of the Pyramid 
ABCG. i 

For, compleat the folid Earallelepipedons SGML, 
EHPO 5 then, becaufe thcjfPyjamid ABCG is equal 
to the Pyramid DEFH ; ana the Solid BGML is fex- 
tuple the Pyramid ABCG ; and the Solid EHPO fex- 
tuple the Pyramid DEFH \ the Solid BGML (hall be 
* equal to the Solid EHPO. But the Bafes and Al- 
titudes of equal folid Parallelepipedons are recipro-* 
cally proportional ; therefore, as the Bafe BM is to the 
1 34* ii- Bafe jrp^ f Q ; S | t h e Altitude of the Solid EHPO to 
the Altitude of the Solid BGML. But as the Bafe BM 
,5 * s- is to the Bafe EP, fo is* the Triangle ABC to the 
Triangle DEF ; therefore, as the Triangle ABC is to 
the Triangle DEF, fo is the Altitude of the Solid 
EHPO tp the Altitude of the Solid BGML. But the 
Altitude of the Solid EHPQ is the fame as the Altitude 
of the Pyramid DEFH ; and the Altitude of the Solid 
BGML, the fame as the Altitude of the Pyramid 
ABCG j therefore, as the Bafe ABC is to the Bafe 
DEF, fo is the Altitude of the Pyramid DEFH to the 
Altitude of the Pyramid ABCG : Wherefore the Bafes 
and Altitudes of the equal Pyramids ABCG, DEFH** 
are reciprocally proportional. And if the Bafes and Al- 
titudes of the Pyramids ABCG, DEFH, are reci- ( 

S rocally proportional ; that i«, if the ; Bafe ABC to ' 
le Bale DEF, be as the Altitude of the Pyramid 

DEFH 
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<&2 C^fcrtftithe Altitude of the Pyramid ABCG ; I fay, 
sSpJfraiJ’d ABCG is equal to the Pyramid DEFH: 

"For, the fame Conftruftion remaining, becaufethe 
Bale ABC to the Bafe DEF, is as the Altitude of the 
Pyramid DEFH to the Altitude of the Pyramid ABCG ; 
and as the Bafe ABC is to the Bafe DEF, to is the Par 
raUelogram BM to the Parallelogram EP ; therefore 
the Parallelogram BM to the Parallelogram EP, Ihall 
be alfo as the Altitude of die Pyramid DEFH is to the 
Altitude of the Pyramid ABCG. 0 But as the Altitude 
of the Pyramid DEFH is the fame as the Altitude of 
the folid Parallelepipedbn EHPO, and the Altitude of 
the Pyramid ABCG, the fame as the Altitude of the 
folid rarallelepipedon BGML ; therefore the Bafe BM 
to the Bafe EP, will be as the Altitude of the folid Pa- 
rallelepipedon EHPO to the Altitude of the folid Pa> 
rallelepipedon BGML. But thofe folid Parallelepipe- 
dons, whofe Bafes and Altitudes are reciprocally pro- 
portional, are f equal to each other; therefore the fo- -(-34, », 
lid Parallelepipedon BGML, is equal to the folid Pa- 
rallelepipedon EHPO' : Wow the Pyramid ABCG is a 
fixth Part of the Solid BGML ; and, in like manner, 
the Pyramid DEFH is a fixth Part of the Solid EHPO ; 
therefore the Pyramid ABCG is equal to the Pyramid 
DEFH.» Wherefore, the Bafes and Altitudes »f equal 
Pyramids , having triangular Safes, are reciprocally pro- 
portional ; and thofe Pyramids , having triangular Bafes , 
whofe Bafes and Altitudes are reciprocally proportional , 
are equal which was to be demonftrated. 

PROPOSITION X. 


Theorem. 

Every Cone is a third Part of a Cylinder , having 
the fame Bafe , and an equal Altitude, 

T ET a Cone have the fame Bafe as a Cylinder ; viz, 
the Circle ABCD, and an Altitude equal to it. 
I fay, the Cone is a third Part of the Cylinder ; that 
is, the Cylinder is triple to the Cone, 

For, 
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For, if the Cylinder , be not triple to ty& V ,, .1% 
ihall be greater or Iefs than triple thereof. 
be greater than triple to the Cone, and let the Squarh 
ABCD be defcribed in the Circle ABCO ; then the 
Square ABCD, is greater than one half ot the Circle 
ABCD. Now let a Prifm be erected upon the Square 
ABCD, having the fame Altitude as the Cylinder, 
an<f this Prifm will be greater than one half of the 
Cylinder ; becaufe, if a Square be circumfcribed about 
the Circle ABCD, \he infcribed Square will be one 
half of the circumfcribed Square ; and if a Prifm be 
erefted upon the circumfcribed Square of the fame 
Altitude of the fame Cylinder, fince Prifms are to* one 
* 1 another as their Bafes, the Prifm eroded upon the 
Square ABCD, is one half of the Prifm eroded upon 
the Square defcribed about the Circle ABCD. But 
the Cylinder is lefs than the Prifm ereded on the 
Square defcribed about the Circle ABCD ; therefore 
the Prifm ereded on the Square ABCD, having the 
fame Height as theCylinderf i&greater than one half of 
the Cylinder. Let the Circumferences AB, BC, CD, 
DA, be bifeded in the Points E, F, G, H ; and join 
AE, EB, BF,*'C, CG, GD, DH, HA : Then each 
f Tbit ftJ- of the Triangles AEB, BFC, CGD, DHA, isf greater 
hmfrtm % than the half of each of the Segments in which they 
*/ ,b “‘ Hand. Let Prifms be ereded from each of the Tri- 
angles AEB, BFC, CGD,DHA, of the fame Altitude 
as the Cylinder ; then every one of thefe Prifms ereded 
is greater than half its correfpondent Segment of the 
Cylinder. For, becaufe, if Parallels be drawn thro’ 
the Points E, F, G, H, to AB, BC, CD, DA, and 
Parallelograms be compleated on the (aid AB, BC, 
CD, DA, on which are ereded folid Parallelepipedons . 
of the fame Altitude as the Cylinder ; then each of 
thofe Prifms that are on the Triangles AEB, BFC, 

1 3 *- *»■ CGD, DHA, are Halves {-of each of the folid Paral- 
lelepipcdons ; and the Segments of the Cylinder are 
lefs than the ereded folid Parallelepipedons ; and, con- 
fequently, the Prifms that are on the, Triangles AEB, 
BFC, CCJ D, DHA, are greater than the Halves of the 
Segments of the Cylinder : And fo, bifcding the other 
Circumferences, joining Right Lines, and on everyone 
of the T riangles erecting Prifms of the fame Height as 

the 



*57 


r * 

gook XII. Euclid's Elements. 

the (finder, and doing this continually, we (hall at 
*lHj§*y*£ve terrain Poriiom of the Cylinder left, that are 
lefs than the Excels by which the Cylinder exceeds tri- 
ple the Cone. * 

.Now, let thefe Portions remaining be AE, EB, BF, 

FC, CG, GD, DH, HA*; then the Piifin remaining, 
whofe ^afe is the Polygon AEBFCGDH, and Alti- 
tude equal to that of the Cylinder's is greater than the 
Triple of the Cone. But the Prifm, whofe Bafe is the 
Polygon AEBFCGDH, and Altitude the fame as that 
of the Cylinder's, is * triple of the Pyramid, whofe* *Ccr. 7, 
Bafe is the Polygon AEBFCGDH, and Vertex the °f tbu * 
fame as that of the Cone ; and therefore the Pyramid, 
whofe Bafe is the Polygon AEBFCGDH, and Vertex 
the fame as that of the Cone, is greater than the Cone, 
whofe Bafe is the Circle ABCD : But it is lefs alfo (for 
it is comprehended by it) which is ahfurd ; therefore 
the Cylinder is not greater than triple the Cone. I 
fay, it is neither lefs than triple the Cone : For, if it 
be poffible, let the Cylinder be lefs than triple the 
Cone ; than (by Inversion) the Cone (hall be greater 
than a third Part of the Cylinder : Let the Square 
ABCD be deferibed in the Circle ABCD ; then the 
Square ABCD is greater than half of the Circle 
ABCD : And let a Pyramid be ere&ed on the Square 
ABCD, having the fame Vertex as the Cone ; then 
the Pyramid erefted is greater than one half of the 
Cone; becaufe, as has been already demonftrated, 
if a Square be deferibed about the Circle, the Squuis 
ABCD (hall be half thereof: And if folid Purailc- 
lepipedons be* ere&ed upon the Squares of the fame 
Altitude as the Cone, which are alfo Prifms ; then 
the Pi ifin erc&ed on the Square ABCD is one halt of 
that ereited on the Square deferibed about the Circle ; 
for they aie to each other as their Bales, and to like- 
wife are their third Parts : Therefore the Pyramid, 
whofe Bafe is the Square ABCD, is one half of that 
Pyramid cre&ed upon the Square defer. bed about the 
Circle. But-the Pyramid erected upon the Square 
deferibed about the Circle is greater than the Cone, 
far it comprehends it* therefore the Pviam d, whofe 
Bafe is the Square ABCD, and Vertex the tame as 
that of the Cone, is greater than one halt or the Cone. 

S liifctt' 
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Bife£l the Circumferences AB, BC, CD, -the. 

Points E, F, G, H ; and join AE, EB, BF,*FC,C®, 
GD, DH,, HA ; and then each of the Triangles A KB, 
BFC, CGD, DHA, is greater than one half of each of 
the Segments they are in. Let Pyramids be erefied 
upon each of the Triangles AEB, BFC, CGD, DHA, 
having the fame Vertex as the Cone; then^cach of 
thefe Pyramids, thus ere£ted, is greater than one half 
of the Segment of the Cone in which it is ; and fo, 
bifefling the remaining Circumferences, joining the 
Right Lines, and erecting Pyramids upon every of 
the Triangles having the fame Altitude as the Cone, 
and doing this continually, we (hall at lad have Seg- 
ments of the Cone left, that will be lefs than the Ex- 
cefs by which the Cone exceeds the one third Part of 
the Cylinder : Let thefe Segments be thofe that are on 
AE, EB, BF, FC, CG, GD, DH, HA ; and then 
the remaining Pyramid, whofe Bafe is the Polygon 
AEBFCGDH, and Vertex the fame as that of the 
Cone, is greater than a third Part of the Cylinder : But 
the Pyramid, whofe Bafe is the Polygon AEBFCGDH, 
and Vertex the fame as that of the Cone, is one 
third Part of the Prifm whofe Bafe is the Polygon 
AEBFCGDH, and Altitude the fame as that of the 
Cylinder: Therefore the Prifm, whofe Bafe is the 
Polygon AEBFCGDH, and Altitude the fame as that 
of the Cylinder, is greater than the Cylinder, whole 
Bale is the Circle ABCD j but it is lefs alfo (as being 
comprehended, thereby) ; which is abfuid; therefoie 
the Cylinder is not lefs than triple of the Cone : But it 
has been proved alfo not to be greater than triple of 
the Cone; therefore the Cylinder is ncceflarily triple^ 
of the Cone. Wherefore, every Cone is a third Part * 
of a Cylinder , having the fame Bafe, and an equal Al- 
titude \ which was to be dajiooftratcd. 
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*" Proposition xi. 

> 

Theorem. 

Cones, and Cylinders , ofibe fame Altitude , are to 
one another as their Bafes . * 

L E T there be Cones and Cylinders of the fame Al- 
titude, whofe Bafes are the Circles A BCD, EF GH, 

Axes KL, MN, and Diameters of the Bafes AC, EG. 

I fay, as the Circle ABCD is to the Circle EFGH, lb 
is the Cone AL to the Cone EN. 

For, if it be not fo, it (hall be, as the Circle ABCD 
is to the Circle EFGH, fo is the Cone AL to fome 
Solid either lefs or greater than the Cone EN. Firft, 
let it be to the Solid X lefs than the Cone; and let 
the Solid I be equal to the Excefs of the Cone EN 
above the Solid X : Then the Cone EN is equal to 
the Solids X and I. Let the Square EFGH be defer ibed 
in the Circle EFGH*, which Square is greater than 
one half of the Circle, and erecl a Pyramid upon the 
Square EFGH, of the fame Altitude as the Cone ; 
therefore the Pyramid erected is greater than one halt 
of the Cone. For if we deferibe a Square about the 
Circle, and a Pyramid be ereiled thereon, of the fame 
Altitude as the Cone ; the Pyramid inferibed will be 
one half of the Pyramid circumfcribed ; for they stj 
* to one another as their Bafes ; and their Cone is le*js f 6 oftBlu 
than the circumfcribed Pyramid : Therefore the Py- 
ramid, whofe Bafe is the Square EFGH, and Vertex 
the fame as that of the Cone, is greater than one halt 
of the Cone. Bifetft the Circumferences EF, FG, 

GH, HE, in the Points P, R, S, O ; and join HO, 

OE, EP, PF, FR, RG, GS, SH 5 then each of 
the Triangles HOE, EPF, FRG, GSH, is greater 
than one half ot the Segment of the Circle wherein 
it is. Let a Pyramid be raifed upon every one of the 
Triangles HOT, EPF, FRG, GSH, of the fame Al- 
titude as the Cone ; then each of thofe erefted Pyra- 
mids is greater than one half of its correfpondent Seg- 
ment of the Cone : And fo bife<Sling the remaining 
Circumferences, joining the Rip,ht Lim;s, and erect- 
ing Pyramids upon each of the T: .angles, of the fame 
c 7 S 2 Altitude 
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Altitude as that of the Cone ; and doing this continu- 
ally, there will at Lift he left Segments iF tn&G^re 
that will together he left than the Solid I. Let thofe 
be the Segments that are on HO. OE, EP, PF, FR, 
RG, GS, SIT ; therefore the Pyramid remaining, 
whole 15- fe is the Polygon. HOEPFRGS, and Alti- 
tude the fame as that of the Cone, is greater than the 
So!?d X. Let the Polygon DTAYBQC^ be de* 
icribed in the Circle ABCD, iimilar and alike fituate 
to the Polygon HOEPFRGS ; and let a Pyramid be 
nected thereon of the fame Altitude as the Cone AL : 

1 hen, becaufe the Square nf AC to the Square of 
* j of ths. EG, is * as the Polygon DTAY BQCV to the Poly- 
1 * gon HOEPFRGS j and the Square of AC is f to the 
Square of EG, as the Circle ABCD is to the Circle 
EFGH; it Hull be, as the Circle ABCD is to the 
Circle EFGH, fo is the Polygon DTAYBQCV to 
the Polygon HOEPFRGS. But as the Circle A BCD 
is to the Circle EF GH, to is the Cone AL to the So- 
lid X (by Hyp.): And as the Polygon DTAYBQCV 
t b oftbis. is to the Polygon HOEPFRGS, fo is % the Pyramid, 
whofe Bale is the Polygon DTAYBQCV, and Ver- 
tex the Point L, to the Pyramid whofe Bafe is the 
Polygon HOEPFRGS, and Vertex the Point N. 
Therefore, as the Cone AL is to tire Solid X, fo is the 
Pyramid, whofe Bafe is the Polygon DTAYBQCV, 
and Vertex the Poinr L, to the Pyramid whofe Bafe is 
the Polygon HOEPFRGS, and Veitcx the Point 
N. But the Cone AL is greater than the Pyramid 
mat is in it ; therefore the Solid X is greater than the 
Pyramid that is in the Cone EN ; but it was put 
lefs, which is abfurd. Therefore the Circle ABCD 
to the Circle EFGH, is not as the Cone AL to fome 
Solid lefs than the Cone EN. In like manner it is 
demonftrated, that the Circle EFGH to the Circle 
ABCD, is not as the ConeEN to feme Solid lefs than 
the Cone AL M fay, moreover, that the Circle ABCD 
to the Circle ii.F GH, is not as the Cone AL to fome 
Sohd greater than the Cone EN. For,- if it be poffi- 
ble, let it be to the Solid Z greater than the Cone: 
then (by Invttiion), as the Circle EFGH is to the 
Circle ABCD, ft. flull the Solid Z be to Cone AL. 
Lutfince the Solid Z i? gi eater than the Cone EN, it 
Iha.i be, as the Solid Z is to the Cone AL, fo is the 

Cone 
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••Cone EN* to fome Solid left than the Cone AL; 
and therefore, as the Circle EFGH is to the Circle 
ABCD, fo is the ConeEN to fome Solid ltfs than the 
Cone AL ; which has been proved to*bc impoffible. 
Therefore the Sol d ABCD to the Circle EFGH, is 
not a's the Cone AL to* fome Solid greater than the 
Cone EN. It has alfo been proved, that the Circle 
ABCD to the Circle EFGH, is not as the Cone AL 
to fome Solid left than the Cone BN ; therefore, as the 
Cncle ABCD is to the Circle EFGH, fo is the Cone 
AL to the Cone EL : # But as Cone is to Cone, fo is 
* Cylinder to Cylinder ; for each Cylinder is triple of * 15. 5. 
each Cone ; and therefore, as the Circle ABCD is to 
the Circle EFGH, fo are Cylinders and Cones Hand- 
ing on them, of the fxnr. Altitude. Wherefore, Cones 
and C) tinders of the fame d ititude , are to one another as 
their Bafes •> which was to be demonftrated. 


PROPOSITION XII. 


Theore m. 

Similar Cones and Cylinders are to one another in 
a triplicate Proportion of the Diameters of 
their Bafes . 


L E T there be fimilar Cones and Cylinders, whofe 
Bafes are the Circles ABCD, EFGH, and^Di>- 
meters of the Bafes BD, FH, and Axes of the Cones 
or Cylinders KL, MN. I fay, the Cone, whofe Bale 
is the Circle ABCD, and Vertex the Point L, to the 
Cone whofe Bafe is the Circle EFGH, and Vertex the 
Point N, hath a triplicate Proportion of that which BD 


has to FH. 

For, if the Cone ABCDL to the Cone EeGIiN, 
has not a triplicate Pioportion of that which Lm) has 
to FH ; the Cone ABCDL fliall have that triplicate 
Proportion to fome Solid, either left or greater than 
the Cone EFGHN. Firft, let it have that triplicate 
Proportion to the Solid X, left than the Cone EFGHN ; 
and let the Square EFGH be deferibed in the Circle 
EFGH, which will be greater than one half of the 
Circle EFGH 5 and ertd a Pyramid on the hquaie 
S 3 fcIGH, 
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EFGH, of the fame Altitude with the Cone, then - 
that Pyramid is greater than one half of the Cond. 
And fo let the Circumferences EF, FG, GH, HE, be 
bife£led in the Points O, P, R, S ; and join EO, OF, 
FP, PG, GPv, RH, HS, SE 5 then each of the Tri- 
angles EOF, FPG, GRH, HhE, i« greater than one 
half elf the Segment of the Circle EFGH, in which it 
is; and ere£t a Pyramid upon each of the Triangles 
EOF, FPG, GRH, f HSE, having the fame Altitude 
as the Cone : Then each of the Pyramids, thus erected, 
is greater than half its correfpondmg Segment of the 
Cone ; wherefore, bifriting the remaining Circumfer- 
ences, joining Right Lines, and ercfting Pyramids up- 
on each of the Triangles, having the fame Vertex as 
the Cone ; and doing this continually, we (hall leave, 
at latt, certain Segments of the Cone, that lhall be 
Ms than the Eva is by which the Cone EFGHN ex- 
ceeds the Solid X. Let thefe be the Segments that 
fhnd cn EO, OF, FP, PG, G£, RH, MS, SE; then 
the remaining Pyiamid, whofe ' Bale is the Polygon 
EOFPGRHS, .artd Vertex the Point N, is greater than 
the Solid X : Alio, let the Polygon ATBYCVDQ> 
ckferibed in the Circle ABCD, fimilar and alike fituate 
to the Polygon EOFPGRHS; upon which erect a 
Pyramid having the fame Altitude as the Cone ; and 
let LBT be one of the Triangles containing the Pyra- 
mid, whofc Bafe is the Polygon ATBYCVDQ^, and 
Vertex the Point L; as likewife NKO one of the 
Triangles containing the Pyramid EOFPGRHS, and 
V6tex the Point N ; and let KT, MO, be joined : 
T.ien, becaufe the Cone ABCDL is fimilar to the 
Co'ie EKiHN, it fhall be, a* HD is to KH, fo is 
the Axis KL to the Axis MN : But as BD is to FH, 
• ?5* 5* f° * BK Co FM ; coniequently, as BK is to FM, 
fo is KL to MN ; a*J (by Alternation) as BK is to 
KL, fo is FM to MN. And fince each is perpen- 
dicular, and the Sides about the equal Angles BKL, 
FMN are proportional; the Triangle. BKL (hall be 
f i* 5* + fimilar to the Triangle FMN. Again, becaufe BK 

is toKT, as FM is to MO, the Sides are proportional 
* about the equal Angles BKT, FMO, (for the Angle 
BKT is the fame Part of the four Right Angles at the 
(Centre K, as the Angle FMO is of the four Right 

Angles 
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, Angles at the Centre M) ; therefore the Triangle 
BKT (hall be* fimilar tothe Triangle FMO. And # 6 * 

becaufe is has been proved, that BK is to RL,as FM 
is to MN ; and BK is equal to K T ; and F M to MO ; 
it fhall be, as TK is to KL, fo is OM to MN ; and 
the,proportionaI Sides ar&about the equal Angles TKL, 

OMN ; for they are Right Angles : Therefore the 
Triangle LKT fhall be fimilar to the Triangle IVJNO. 

And iince, by the Similarity o£ the Triangles BKL, 

FMN, it is, as LB is to BK, fo is NF to FM ; and, 
by the Similarity of the Triangles BKT, FMO, it 
is, as KB is to BT, to is* MF to FO ; it fhall be (by 
Equality of Proportion), as LB is to BT, fo is NF to 
FO. Again, fince, by the Similarity of the Triangles 
LTK, NOM, it is, as LT is to f K, fo is NO to 
OM ; and, by the Similarity of the Triangles KBT, 

OMF, it is, as KT is to TB, fo is MO to OF ; it 
fhall be (by Equality of Proportion), as LT is to TB, 
fo is NO to OF. But it has been proved, that TB is 
to JiL, as OF is to pN ; wherefore, again (by Equa- 
lity of Proportion), as TL is to LB, fo is ON to NF 5 
and therefore the Sides of the Triangles LTB, NOF, 
arc proportional ; and fo the Triangles LTB, NOF, 
aie equiangular and fimilar to each oilier ; and, coil- 
fcquently, the Pyramid, whofe Bafc is the Triangle 
BKT, and Vertex the Point L, is fimilar to the Pyra- 
mid whofe Bafe is the Triangle FMO, and Vertex the 
Point N i for they aie contained under fimilar Planes 
equal in Multitude : But fimilar Pyramids that have 
triangular Bafes, are f to one another in the tiipljcatc [ 3 «/ tbiu 
Proportion of their lumologous Sides; therefore the 
Pyramid UKTL to the Pyramid FMON, has a tri- 
plicate Proportion of that which BK has to KM. In 
like manner, drawing Right Lines fiotn the Points A, 

D, V, C, Y, to K ; as alfo others from the Points 
E, S, H, R, G, P, to M ; and erediing Pyr-.nvds on the 
Triangles having the fame Vertices as the Cones, we 
demonftrateg that every Pyramid of one C'uie, to every 
one of thC other Cone, has a triplicate Propoition of 
that which the Side BK has to the homologous Side 
MF, that is, which BD has to FH. But as one of the 
Antecedents is to one of the Confequents, fo are J all t 1*. 5. 
the Antecedents to all the Confequents. Therefore, as 

S 4 the 
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the Pyramid BKTL is to the Pyramid FMON, fo .. 
is the - whoiv Pyramid, whofe Bafe is the Polygon 
ATBYC\[DQ_, and Vertex the Point L, to the whole 
Pyramid, whofe Bafe is the Polygon EOFPGRHS, 
and Vertex the Point N. Wherefore the Pyramid, 
whofe Bafe is the Polygon A*TBYCVDQ_, and Ver- 
tex t^c Point L, to the Pyramid whofe Bafe is the 
Polygon EOFPGRHS, and Vertex the Point N, has 
a triplicate Pioportiot of that which BD hath to FH. 
}.hr the Cone whofe Bafe is the Circle ABCD, and 
V . . the Poi L, is fuppofed,to have to the Solid X 
. . ■ \l\ Pi ( .portion of that which BD has to FH ; 

r;v Cone, whofe Bafe is theCirclc ABCD, 

V .ex th«* Point L, is to the Solid X, fo is the Py- 
ramid whofr Bafe is the Polygon ATBYCVDQ^ and 
Vertex the Point L, to the Pyramid whofe Bafe is the 
Polygon EOFPGRHS, and Vertex the Point N. But 
the laid Cone is greater than the Pyramid that is in it, 
for it comprehends it ; therefore the Solid X alfo is 
greater than the Pyramid, whofs Bafe is the Polygon 
EOFPGRHS, and Veitex the Point N ; but it is alfo 
lefs, which is abfurd. Therefore the Cone, tvhofe 
Bafe is the Circle ABCD, and Vertex the Point L, to 
f me Solid lefs than the Cone, whofe Bafe is the Circle 
EKCill, and Veitex the Point N, has not a triplicate 
Proportion cf that which RD has to FG. In like man- 
ner we demonllratc, that the Cone EFGHN, to f »me 
Solid lefs than the Cone ABCDL, has not a tripli- 
cate Proportion of that which FII has to BD. Laft- 
1 y,J fay, the Cone ABCDL, to a Solid greater than 
the C^ne EFGHN, has not a triplicate Proportion 
of that which BD hi*s to FH : For, if this be pofiible. 
Jet if be fo to fomc Solid Z greater than the Cone 
EbGHN 5 then (by Invuiicn) the Solid Z, to the 
Cone ABCDL, has a triplicate Pioportion of that 
which FH has to BD. But fince the Solid Z is greater 
than the Cone EFGHN, the Solid Z fhall be to the 
Cone ABCDL, as the Cone EFGHN is % tofome Solid 
h’is than the Cone ABCDL ; and therefore the Cone 
EKJHN, to fotne Solid lefs than the Cone ABCDL, 
hath a triplicate Proportion of that which EA has to 
BD, which has been proved to be impoiTible ; there- 
fore the Cone ABCDL, to fomc Solid greater than 

«■ 0 .I..* 
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the Cone EFGHN, has not a triplicate Proportion of 
that which BD has to FH. It has been •tifo demon- 
ftrated, that the Cone ABCDL, to fome, Solid left 
than the Cone EFGHN, hath not a triplicate Ptopor- 
ti»n of that which BD has to FH ; wherefore ihc Cone 
ABCDL, to the Cone EFGHN, has a triplicate Pro- 
portion of that which ED has to FH. But as £Ione 
is to Cone, fo is * Cylinder to Cylinder 5 for a Cy- • 15* 5-* 
linder, having the fame Bafe as ^ Cone, and the fame 
Altitude, is f triple of the Cone ; fince it is demon- + sorftbk* 
ftrated, that every Cqpe is one third Part of a Cylin- 
der, having the fame Bafe, and equal Altitude: There- 
fore, alfo, a Cylinder to a Cylinder has a triplicate Pro- 
portion of that which BD has to FH. Therefore, * 

Jimilar Canes and Cylinders are to one another in a tri- 
plicate Proportion of the Diameters of their Bafes > 
which was to be demonftrated. 

PROPOSITION XIII. 

Theorem. 

If a Cylinder be divided by a Plane parallel to the 
eppofite Planes \ then* as one Cylinder is to the 
other Cylinder , fo is the Axis to the Axis . 

T E T the Cylinder AD be divided by the Plane GH, 
parallel to the oppofite Planes AB, CD, and meet- 
ing the Axis EF in the Point K. I fay, as the Cylin- 
der BG is to the Cylinder GD, fo is the Axis EK to 
the Axis KF. 

For, let the Axis EF be both Ways produced to L 
and M ; and put any Number of Lines EN, NL, bV. 
each equal to the Axis EK ; and any Number of Lines 
FX, XM, bV. each equal to FK ; and thro 9 the Points 
L, N, X, M, let Planes parallel to AB, CD, pafs ; and 
in thofe Planes from L, N, X, M, as Centres, describe 
the Circles QP, RS, TY, VQ^, each equal to AB, 

CD ; and conceive the Cylinders PR, RB, DT, TQ, 
to be complcated : Then, becaufe the Axis LN, NE, 

EK, are equal to each other, the Cylinders PR, RB, 

BG, will be * to one another as their Bafes ; and • si 0/ tbit. 
therefore the Cylinders PR, RB, BG, are equal : And 
fince the Axis LN, NE, EK, are equal to each other ; 

as 
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as alfo the Cylinders PR, RB, BG ; and the Number 
of Lines LN, NE, EK, is equal to the Number of Lines 
PR, RB, J$G ; the Axis KL (ball be the fame Multiple 
of the Axis EK, as the Cylinder PG is of the Cylinder 
GB. For the fame Reaion, the Axis MK is the fame 
Multiple of the Afcts KF, as the Cylinder GQMs of 
the Cylinder GD. Now, if the Axis KL be equal to 
the' Axis KM, the Cylinder PG fhall be equal to the 
Cylinder GQ* if the Axis KL be greater than the 
Axis KM, the Cylinder PG fhall be likewife gieater 
than the Cylinder GQj and, if lefs, lefs : Therefore, 
becaufe there are four Magnitudes, viz. the Axis EK, 
KF, and the Cylinders BG, GD ; and there are taken 
their Equimultiples, namely, the Axis KL, and the 
Cylinder PG, the Equimultiples of the Axis EK, 
and the Cylinder BG ; and the Axis KM, and the 
Cylinder GQ^, the Equimultiples of the Axis KF, 
and the Cylinder GD : And it is demonilrated, that 
if the Axis KL exceeds the Axis KM, the Cylinder 
PG will exceed the Cylinder GQj and, if it be equal, 
equal ; and, if lefs, lefs. Therefore, as the Axis EK 
t De f- 5 * 5 * is to the Axis KF, fo f is the Cylinder BG to the Cy- 
linder GD. Wherefore, if a Cylinder be divided by a 
Plane parallel to the oppofite Planes 5 then, as one Cylin- 
der is to the other Cylinder , fo is the Axis to the Axis j 
which was to be demonilrated. 

PROPOSITION XIV. 

• Theorem. 

Cones and Cylinders , being upon equal Bafes % are 
to one another as their Altitudes . 

L E T the Cylinders EB, KD,ftand upon equal Bafes 
AB, CD. I fay, as the Cylinder EB is to the 
Cylinder FD, (b is the Axis GH to the Axis KL. . 

For, produce the Axis KL to the point N ; and 
put LN equal to the Axis GH ; and let* a Cylinder 
CM be conceived about the Axis LN : Then, be- 
caufe the Cylinders EB, CM, have the fame Alti- 
11 ufttU tude, they are * to one another as their Bafes. But 
their Bales are equal ; therefore the Cylinders EB, 
CM, will be alfo equal. And becaufe the Cylinder 

FM 
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■•FM is cut by a Plane CD, parallel to the oppofite 
Planes, it (hall be as the Cylinder CM is to the Cy- 
linder FD, To is the Axis LN to the Axis KL. But 
the Cylinder CM is equal to the Cylinder EB ; and 
thfc Axis LN to the Axis GH 5 therefore the Cylinder 
EB is to the Cylinder FD, as tKe Axis GH is to the 
Axis KL: And as the Cylinder EB Is to the Cylinder 
FD, fo is X the Cone A BG to the Cone CDK ; for the 
Cylinders are * triple of the Cdnes. Therefore, as 
the Axis GH is to the Axis KL, fo is the Cone ABG 
to the Cone CDK ; end fo the Cylinder EB to the 
Cylinder FD. Wherefore, Cones and Cylinder r, being 
upon equal Bafes , are to one another as their Altitudes $ 
which was to be demonftrated. 

PROPOSITION XV. 

Theorem. 

The Bafes and Altitudes of equal Cones and Cylin- 
ders are reciprocally proportional ; and Cones 
and Cylinders , wbofe Bafes and Altitudes art 
reciprocally proportional , are equal to one an- 
other . 

L E T the Bafes of the equal Cones and Cylinders 
be the Circles ABCD, EFGH, and their Dia- 
meters AC, EG ; and Axis KL, MN ; which are 
alfo the Altitudes of the Cones and Cylinders : ^nd 
let the Cylinders AX, EO, be compleated. I fay t the 
Bafes and Altitudes of the Cylinders AX, EO, are re- 
ciprocally proportional j that is, the Bafe ABCD is to 
the Bafe EFGH, as the Altitude MN is to the Alti- 
tude KL. 

For, the Altitude KL is either equal to the Altitude 
MN, or not equal, t'irft, let it be equal $ and the 
Cylinder AX is equal to the Cylinder EO. But Cy- 
linders and Cones, that have the fame Altitude, arc * 
to one another as their Bafes ; therefore the Bafe 
ABCD is equal to the Bafe EFGH : And confe- 
quently, as the Bafe ABCD is to the Bafe EFGH, fo 
is the Altitude MN to the Altitude KL. But if the 
Altitude KL be not equal to the Altitude MN, let MN 
be the greater : and take PM, equal to LK, from 

MN i 
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MN ; and let the Cylinder EO be cut thro* P by the - 
Plane TYS, parallel to the oppofite Planes of the Cir- 
cles EFGtf , RO ; and conceive ES to be a Cylinder, 
whofe Bafe is the Circle EFGH, and Altitude PM : 
Then, becaufe the Cylinder AX is equal to the Cy- 
linder EO, and ESis fome other Cylinder; the ‘Cy- 
linder AX to the Cylinder ES, lhall be as the Cylin- 
der EO is to the Cylinder ES. But as the Cylinder 
* ii •Jthis* AX is to the Cylinde* ES, fo is * the Bafe ABCD to 
the Bafe EFGH ; for the Cylinders AX, ES, have the 
fame Altitude : And as the Cylinder EO is to the Cy- 
f 13 linder ES, fo is f the Altitude MN to the Altitude 
MP ; for the Cylinder EO hs cut by the Plane TYS, 
parallel to the oppoiiLe Planes. Therefore as the Bafe 
ABCD is to the Bafe EFGH, fo is the Altitude MN 
to the Altitude. MP. But the Altitude MP is equal to 
the Altitude KL; wherefore, as the Bafe ABCD is to 
the Bafe EFGH, fo is the Altitude MN to the Alti- 
tude KL 5 and therefore, the Bajes and Altitudes of the 
equal Cylinders AX, EO, are reciprocally proportional. 

And if the Bafes and Altitudes of the Cylinders AX, 
EO, are reciprocally proportional ; that is, if the Bale 
ABCD be to the Bate EFGH, as the Altitude MN is 
to the Altitude KL ; I fay, the Cylinder AX is equal 
to the Cylinder EO. For, the fame Conftruftion re- 
zr.aiiiinj!, becaufe the Bafe ABCD is to the Bafe EE GH, 
as the Altitude MN is to the Altitude KL; and the 
Altitude KL is equal to the Altitude MP; it {hall be, 
as the Bafe ARCD is lothe BafeEF'GH, fo is the Al- 
tjtucfc MN to the Altitude MP. But as the Bafe ABCD 
is to the Bafe EFGH, fo is the Cylinder AX to the Cy- 
linder ES, for they have the fame Altitude; alfo, as the 
5 0 j ic , Altitude MN is to the Altitude MP, fo is X the Cylin- 
der EX) to the Cylinder ES. Therefore, as the Cylin- 
der AX is to the Cylinder KS, fo is the Cylinder EO 
to the Cylinder ES; Wherefore, the Cylinder AX is 
equal to the Cylinder EO ; which was to be demon- 
ltratcd. 

In like manner we prove this in Cones. 


PRO- 
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PROPOSITION XVI. 

Problem. 

Tuy Circles being about the fame Centre , to in- 
fcribe in the greater a Polygon of equal Sides , 
even in Number , that Jhali not touch tbe'leffer 
Circle. 

T E T ABCD, EFGH, be two given Circles about 
^ the Centre K 5 it*is required to infcribe a Polygon 
of equal Sides, even in Number, in the Circle ABCD, 
not touching the leffer Circle EFGH. 

Draw the Right Line BD thro’ the Centre K, as 
alfo AG, from the Point G, at Right Angles to BD, 
which produce to C; this Line will * touch the Cir- * 16. 3. 
cle EFGH : Then, bifedting the Circumference BAD, 
and again bifefting the Half thereof, and doing this 
continually, we Ihal^havc a Circumference lefr, at laft, 
lefs than AD %. Let this Circumference be LD, and t lemma. 
draw LM, fi om the Point L, perpendicular to BD, 
which produce to N ; and join LD, DN : And then 
LD is f equal to DN. And fince LN is parallel to t 2 9 • 3 * 
AC, and AC touches the Circle EFGH, LN will not 
touch the Ciide EFGH ; and much lels do the Right 
Lines LD, DN, touch, the Circle. Ar.d if Right 
Lines, each equal to LD, be applied round the Circle 
ABCD, we Jhali have a Polygon infer ibid therein of eqpal 
Sides ^ even in Number , that does not touch the lejjir Circle 
EFGH m $ which was to be done. 

PROPOSITION XVII. 

Problem. 

To deferibe a folid Polyhedron^ in the greater of two 
Spheres , having the fame Centre , which Jhali 
not touch" the Superficies of the leffer Sphere . 

T E T two Spheres be fuppofed about the fame Ccn- 
tre A ; it is required to deferibe a folid Polyhedron 
in the greater Sphere, not touching the Superficies of 
the Idler Sphere. 

Let 
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Let the Spheres be cut by fome Plane palling tlffo* . 
the Centre; then the Seflions will be Circles: For, 

• Def t 14. becaufe a Sphere is * made by the turning of a bemi- 

,,B circle about the Diameter, which is at Reft ; in what- 

foever Pofition the Semicircle is conceived to be, die 
Plane in which it is fliall make a Circle in the SifjScr- 
ficics # of the Sphere. It is alfo manifeft, that this Cir- 
cle is a greater Circle, fince the Diameter of the Sphere, 
which is lilcewife the; Diameter of the Semicircle, is 
f 15. 3. f greater than all Right Lines that are drawn in the 
Circle or Sphere. Now, let BCDE be that Circle 
of the greater Sphere, and FGH of the lefler Sphere ; 
and let BD,‘ CE,1ie two of their Diameters drawn at 
Right Angles to one another ; let BD meet the 
lefler Circle in the Point G, and let GL be diawn at 
Right Angles to AG, and AL be joined : Then, bilefl- 
ing the Circumference EB, as alfo the Half theieof, 
and doing thus continually, we (hall have left, at laft, 
a certain Circumference lefs than that Part of the Cir- 
cumference of the Circle BL, which is fubtended by a 
Right Line equal to GL. Let this be the Circumfer- 
ence BK 5 then the Right L»nc BK is Icfs than GL; 

• 16 eftbit. and BK fliall be the * Side of a Polygon of equal Sides, 

even in Number, not touching the lefler Circle : Now, 
let the Sides of the Polygon, in the Quadrant of the 
Circle BE, be the Right Lines BK, KL, DM, ME; 
and produce the Line joining the Points K, A, to N ; 
is. 11. and raife J AX from the Point A, perpendicular to the 
PI jne of the Circle BCDE, meeting the Superficies of 
the t Sphere in the Point X ; and let Planes be drawn 
thro* AX and BD, and thro* AX and KN ; which, 
from what has been faid, will make great Circles in the 
Superficies of theSphere ; and let BXD, KXN, be Se- 
micircles on the Diameters BD, KN : Then, becaufq 
XAis perpendicular to the Plane of the Circle BCDE, 

• 18. 11. Planes that pafs thro’ XA fliall alfo * be perpendi- 

cular to that fame Plane. Therefore the Semicircles 
BXD, KXN, are perpendicular to that fame Plane. 
And becaufa the Semicircles BED,BXl), KXN, are 
equal ; for they ftand upon equal Diameters BD, 
KN ; their Quadrants BE, BX, KX, (hall be alfo 
equal. And therefore, as many Sides as the Polygon 
in the Quadrant BE has, fo many Sides may there 



Book XII. Eucluts Elements. 

.ScSn the Quadrants BX, KX, equal to the Sides 
BK, KL, LM, ME* Let thofe Sides be BO. 
~T 3 P,^PR, RX, £S, ST, TY, YX ; and join 
SO, TP, YR ; and let Perpendiculars # bc drawn 
frmn O, S, to the Plane of the Circle BCDE : 
Tntefe will f fall on BD # KN, the common Se&ions t $S. 
of the Planes ; becaufe the Planes of the Semicjrcles 
BXD, KXN, are perpendicular to the Plane of the 
Circle BCDE : Let the faid perpendicular be OV, 

SQ j> and join VQj then, fince the equal Circumfer- 
ences BO, SK, are taken in the equal Semicircles 
BXD, KXN, and OV, SQ^ are Perpendiculars; 

OV (hall be equal to SQ,, and BV to KQ_. But 
the Whole BA is equal to the Whole KA ; there- 
fore the Part remaining VA is equal to the Part re- 
maining QA : Therefore, as BV is to VA, fo is KQ, 
to QA ; and fo VQjs % parallel to BK. And fince t *• 
OV and SQ. are both perpendicular to the Plane oi 
the Circle BCDE, OV (hall be • parallel to SQ^. * i 
But it has alfo been* proved equal to it ; wherefore 
QV, SO, are f equal and parallel. And becaufe QV t 33 * 
is parallel to SO, and alfo parallel to KB ; SO (hail be 
alfo J parallel to KB : Join BO, KS, and then, j 9. 1 
KBOS is * a quadrilateral Figure in one Plane : * 7. 
For if two Right Lines be parallel, and Points 
be taken in both of them, a Right Line joining 
the faid Points is in the fame Plane as the Parallel:* 
are. And for the fame Rcafon, each of the qua- 
drilateral Figures SOPT, TPRY, are in onePl^pe. 

And the Triangle YRX is + in one Plane ; ttyere- f 2. 1 
fore, if Right Lines be fuppofed to be drawn from 
the Points O, S, P, T, R, Y, to the Point A, there 
will be conftituted a certain folid polyhedrous Figure 
within the Circumferences BX, KX, compofed of 
Pyramids, whofe Bafcs are the quadrilateral Figures 
KBOS, SOPT, TPRY, and the Triangle YRX ; 
and Vertices the Point A. And if there be made 
the fame Conftru&ion on each of the Sides KL, LM, 

ME, like as we have done on the Side KB ; and 
alfo in the other three Quadrants, and the other He- 
ixiifphere, there will be conftituted a polyhedrous Fi- 
' gure diTcribed in the Sphere, compofed of Pyramids 
whofe Bafes will be equal and fimilar to the aforefaid 
quadrilateral Figures, and Triangle YRX, and Vcr- 
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tices the Point A. Now, I fa y, the (aid PoIyhejJ*3ir 
does not touch the Superficies of the Sphere, wherein** 
•t «»• the Circle FGH is. Let AZ be drawn % from rinr" 
Point A, perpendicular to the Plane of the quadrilateral 
Figure KUSO, meeting it in the Point Z ; and join 
BZ, ZK : Then, fince AZ is perpendicular to4he 
Plane of the quadrilateral Figure KBSO, it (hall alfo 
*P e f* 3»i i* be * perpendicular to all Right Lines that touch it, 
and are in the fame Plane : Wherefore AZ is perpen- 
dicular to BZ and ZK. And becaufe AB is equal to 
AK, the Square of AB (hall be alfo equal to the Square 
t 4* x 7" of AK ; and the Squares of A£, ZB, are f equal to 
the Square of AB j for the Angle at Z is a Right An- 
• gie ; and the Squares of, AZ, ZK, are equal to the 

Square of AK : Therefore the Square of AZ, ZB, 
are equal to the Squares of AZ, ZK. Let the com- 
mon Square of AZ be taken away, and then the 
Square of BZ, remaining, is equal to the Square of 
ZK, remaining ; and fo the Right Line BZ is equal to 
the Right Line ZK. After the fame manner we de- 
monftrate, that Right Lines drawn from the Point Z 
to the Points O, S, are each equal to BZ, ZK. There- 
fore a Circle described about the Centre Z, with cither 
of the Diftances, ZB, ZK, will alfo pafs thro’ the 
Points O, S. And, becaufc BKSO is a quadrilateral 
Figure in a Circle, and OB, BK, KS, are equal ; and 
OS is lefs than BK ; the Angles BZK (hall be obtufe ; 
and fo BK greater than BZ. But GL alfo is greater 
than BK ; therefore GL is much greater than BZ ; 
afid the Square of GL is greater than the Square of 
B2. And fince AL is equal to AB, the Square of AL 
(hall be ecjual to the Square of AB. But the Squares 
of AG, GL, together, are equal to the Square of AL ; 
and the Squares of BZ, ZA, together, equal to the 
Square of AB : Therefore the Squares of AG, GL, 
together, arc equal to the Squares of BZ, ZA, toge- 
ther. But the Square of BZ is lefs than the Square of 
GL ; therefore the Square of ZA is greater than the 
Square of AG \ and fo the Right Line ZA will be 
greater than the Right Line AG. But AZ is perpen- 
dicular to one Bafe of the Polyhedron, and AG reaches 
to the Supeificies of the lefler Sphere : Wherefore the 
Pu!)hcdron does not touch the Superficies of the leffer 
Sphere. Therefore, tb:re is def tribal a felid Pdyhedrsn 
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in ith greater of two Spheres , having the fame Centre , 

™bi{h doth not touch the Superficies of the UJJer Sphere j 

which was (o be done. • 

CorolL Alfo, if a folid Polyhedron be defcribed in fome 
Other Sphere, limilar to that which is defcribed in 
the Sphere BCDE ; the folid Polyhedron defcribed 
in the Sphere BCDE, to the folid Polyhedron dc- 
fcribed in that other Sphere, (hall have a triplicate 
Proportion of that which the Diameter of the 
Sphere BCDE hath lo the Diameter of that other 
Sphere. For, the Solids being divided into Pyra- 
mids equal in Number, and of the fame Order, 
the fame Pyramids (hail fie fimilar. But (imilar 
Pyramids are to each other in a triplicate Proportion 
of their homologous Sides ; therefore the Pyramid, 
whofe Bafe is the quadrilateral Figure KBOS, and 
Vertex the Point A, to the Pyramid of the fame 
Order in the other .Sphere, has a triplicate Pro- 
portion of that whi£h the homologous Side of the 
one has to the homologous Side of the other ; that 
is, which AB, drawn from the Cencic A of the 
Sphere," to that Line which is drawn from the Cen- 
tre of the other Sphere. In like manner, every one 
of the Pyramids, that arc in the Sphere whofe Cen- 
tre is A, to every one of the Pyramids of the fame 
Order in the other Sphere, hath a triplicate Propor- 
tion of that which AB has to that Line drawn from 
the Centre of the other Sphere : And as one of thtf 
Antecedents is to one of the Confequents, i'o are al} 
the Antecedents to all the Confequents. Where- 
fore the whole folid Polyhedron, which is in the 
Sphere defcribed about the Centre A, to the whole 
(olid Polyhedron that is in the other Sphere, hath a 
triplicate Proportion of that which AB hath to the 
Line drawn from the Centre of the other Sphere $ 
that is, which the Diameter BD has to the Diame- 
ter of the pthcr Sphere. 
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PROPOSITION XVIIl' 


Spheres are to one another in a triplicate ^ Pro- 
portion of th'eir Diameters. 

r 


CUppofe ARC, DEF, arc two Spheres, whofe Dia- 
^ meters are BL* EE. I fay, the Sphere ABC to 
the Sphere DEE, has a triplicate Proportion of that 
which BC has to EE. • 

Fit, if it be not fb, the Sphere ABC to a Sphere * 
either leffer or greater than DEE, will have a tripli- 
cate Proportion of that whrh LiC has to EF. Kirft, 
let it be to a lefler, as GHK; and Tuppofc the Sphere 
DEE to be defcribeil about the Sphere GHK; ami 
r.fibii, let there be dtTcribcd f a folid Polyhedron in the 
gi cater Spheie DEE, not touching the Superficie s of the 
JcUlr Sphere GHK ; alfo, let a (olid Polyhedron be 
licfcribcd in the Sphere ABC, funilar to that which is 
cicfrribud in the Sphere DEE ; then the folid i\dy- 
hedion in the Sphere ARC, to the folid Polyhedron in 
r - "* tJjt the Sphere DEE, will have |- a triplicate Piopoition of 
' *'* that which RC has to EE : Rut the Sphere ABC to 
the Sphcie GHK, hath a triplicate Proportion of that 
which RC hath to EE; ihcMoie, as th** Sphere ABC 
is to the Sphere GHK, fo is the folid Polyhedron in 
the Sphere ABC, to the folid Polyhedron in the Sphcie 
"DEE; and (by Invcifion) as the Sphere ARC is to the 
folid Polyhedron that is in K, io is the Sphere GHK to 
the folid Pr lyhtdron that is in the Sphere DEE. But 
the Sphere ABC is <;r.'.iter than the folid Polyhedron 
that i ; . m if ; tht irfoj'c the Sphere GHK is alfo greater 
than file (.did Polyhcdion that is in the Sphere DEF, 
ai d, •*/.> lef; than it, as beip? comprehended tlwieby, 
v/i ivdi it abiiini ; ilm ctur* tie Sphere ABC to a Sphere 
h A th.in the Sphere I >KF, hath not a triplicate Pi opt -i- 
ti ii i'( li w hit h Rr has to EE.* Alter the fame 
i . urn r n i>; demon!! laud, that the Splv.ie DEE to a 
i. » " icf: tli.o; ARC, ha? not atnpdieate Pir.portinn 
<i ;i. wi.hh Eh ha u RC : I lav, moreover, that 
t:a Ci'iuic ABC to a S d.tir :'ie.itu than DEI 1 , hath 

* * *j» * 
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Vt/iot triplicate Proportion of that which BC has to EF : 
For, lKt^be poffible, let it have to the Sphere LMN 
greater’ tnart- DEF ; then (by Inverfion) the Sphere 
LMN to the Sphere y^BC, (hall have a triplicate 
Proportion of that w™:h the Diameter EF has to 
the Diameter BC. Bufl as the Sphere LMN is to the 
Sphere ABC, fo is the Sphere DEF to fnme Sphere 
Jefs than ABC, becaufe the Sphere LMN is greater 
than DEF. Therefore the Sphere DEF to a Sphere 
lcfs than ABC, hath a triplicate Proportion of that 
* which EF has to BC, jwhich is abfurd, as has been 
before proved. Therefore the Sphere ABC to a Sphere 
. greater than DEF, has not a triplicate Proportion of 
that which BC has to EF. But it has alfo been de- 
monftrated, that the Sphere ABC to a Sphere lcfs than 
DEF, has not a triplicate Proportion of that which 
BC has to EF : Therefore, the Sphere ABC to the 
Sphere DEF, has a triplicate Proportion of that which 
BC has to EF j which was to be dcmonflratcd. 
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ELEMENTS 


Of Plane and Spherical 


TRIGONOMETRY. 


DEFINITIONS. 


r HE Bufinefs of Trigonometry is, to find the 
Angles when the Sides are given , and the Sides 9 
or the Ratios of the Sides , when the Angles art 
given ; and to find Sides and Angles , when Sides and An- 
gles are given : In order to which , it is neceffary , that 
not only the Peripheries of Circles , but alfo certain Right 
Lines in and about Circles , be fuppofed divided into fom* 
determined Number of Parts . ' • 

And fo the antient Mathematicians thought fit to di- 
vide the Periphery of a Circle into 360 Parts, which 
they call Degrees ; and every Degree into 60 Minutes ; 
and every Minute into 60 Seconds } and, again , every 
Second into 60 Thirds ; and fo on. And every Angle is 
faid to be of fuch a Number of Degrees and Minutes , as 
there are in the Arc meafuting that Angle • 

There are fome that would have a Degree divided 
into centefihal Parts, rather than fexagefimal ones ; 
and perbapriujould he more ufeful to divide*, not only a 
Degree, but even thevubole Circle , into a dS$BEBf+Ratio } 
which Divijion may fome Time or other gain Place . 
Now , if a Circle contains 360 Degrees 9 a Quadrant 
thereof, which is the Meafure cf a Right Angle t will 
T 3 . hi 
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le 9® of thofe Parts : And if it contains 100 Pgtfs, a, ' 
Quadrant will be 25 of tbefe Parts . 

The Complement of an Arc h the Difference tFereof 
from a Quadrant . / 

A Chord or Subtenfe, is aiRight Line drawn from 
one End of the Arc to ttye t otlwj. 

S e Right Sine of any Arc , which is alfo commonly 
only a Sine, is a Right Line drawn , from one End 
of an Arc , perpendicular to the Radius drawn thro 9 the 
other End of the find Arc ; and is therefore the Semi~ 
fubtenfe of double the Arc\ vi^. DEn^ DO, and the 
Arc 1)0 is double of the Arc DB. Hence , the Sine of 
ms /he of 30 Degrees is equal to one half of the Ra- • 
dins* For [iy Coro!. 15. El. 4.) the Side of an Hex - 
agon inf riled in a Cird , that is , the Subtenfe of 60 De- 
rrees^ ts equal to the Radius. A Sine divides the Radius 


into two Segments CK, KB ; one of which , CE, which is 
min cfpic/l between the Centre and the Right Sine , is the 
St 'if V the ( kmpu rii Ft of the Arc DB to a Quadrant 
[ t:r CKriJ'l), whuh is the Sim of the Arc UH), and 
r called t hr Cojinc: The other Segment BE, which is 
iMitcepitd between the Right Sine and the Periphery , is 
i (died a Veiled Suit-, and fometimes a Sagitta. 

An d if the Right Line CG be produced frem the 
ihnt' e C, thro 9 one End D of the Arc 9 until it mats tie 
Jlignt Li tu IX r, 11 huh is perpendicular to the Diameter 
thro' the other End B of the Arc ; then CG is 
.Aicd tl * Srcanr, and HG the Tangent, of the Arc DB. 

4 The 1 cant and Cotangent of an Arc are the Secant 
< \d Ttr.yent ej then She which is the Complement of tie 
f'nttr Arc to a Quadrant . Note, As the Chord of a*: 
-hc 9 a hi of its Cuf.S'kiumt to a Circle , is the fame \ Ju % 
Hi tAjiy i-i ' the Sine. Tangent* and Secant , of an An, 
A* juhi, as she Si tie 9 T argent , and Secant , of its Can* 

! ! r.ifJ 1 c- a S.wiAhh. 


j Lc Si:: us lotus ^ tie giectejl Sine , or the Sine of 
c •' which is equal to the Radius of the Circle . 

J f i:^onomelriv:al Canon is a Table , wbich 9 begin - 
fc..: one A unite > orderly cxprejfes the Lengths that 
y r-..' 9 Tdisg.hti and Secant haoe 9 h rejgetl of the 
Radius f ft biif> is flpr/ed Unity \ and is*?onceived to be 
tluuled r;tj !C',t;C0,C00 or mite decimal Parts. And 
jj th: i, i'j'-t's c: Ficai.t) of cn Arc* tnry be had 

by 
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I&lfief this Table •, and, contrariiuife , a Sine, T,i'i- 
gent, otSqant, being givtn, we may find the Arc it <a- 
pT rffes. y hi the following ^raft, R, 
fignifiathe Radius , S. AS///*', Cof. a Cofine,* V . a lan- 
gent, and Cot. <4 Cotar?p\t j alfo ACq fignifies the S/juwe 
of the Right Line AC the Marks or Char at tn s 
H~, — , dW ^/, are, five rally, ufid to fipfify 

Addition , Subtraction, Equality, Proportionality, and the 
lixiratlivi of the Square Root: Again, when a Line :s 
drawn over the Sum or Difference of two Quantiti* s 
then that Sum or Dijfifenie U to be tonfukted as one 
Quantity. 

The Constructions of the 

Trigonometrical Canon, 

PRO PjO SITION I. 

Theorem. 

The tivo Sides of any Right-angled Triangle being 
given , the ether Side is alfo given. 

F OR (by 47 of the ft! ft Element') ACq— .AI>q 
-j- J?Cq atid ACq — and inter- 
changcab'y ACq — ABq=IJCq. Whence, by the 
Extraction of the Square Root, thrre is given AC*: 

Aliq 4- J>Cq ; and ABr^-v/ACq— iiCq > ‘And 
BC~ y/ ACq — Altq. 

V R O P O S I T I O N II. 

Problem. 

The Sine DE of the /lrc BD, and the Radiits 
CD, 1 heifj? Avert, to find the Cofine DF. 

T H E KrtWis CD, and the Sine DE, being given in 
the Right angled Triangle CD FI, there will be 

given (by the lafi Ptop*) ^CDq — jLJl'.qzzf Ch ) 

DF. 

T 4 .. 


P RO- 
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PROPOSITION III/ 

PEOBLEjS. 

the Sim DE of any Arc Dli being given, to find 
r DM or BM, the Sine of Half the Arc . 


DE being given, CE (by the laft Prop.) will be 
given, and accordingly EB, which is the Difference 
between the Cofine and Radius. Therefore DE, EB, 
being given, in the Right-angled Triangle DBE, there 
will be given DB, whofe Half DM is the Sine of the 
Arc DL =4 the Arc BD. 


PROPOSITION IV. 


Problem. 

The Sine BM of the Arc BL being given , to find 
the Sine of double that Arc . 

T H E Sine BM being given, there will be given (by 
Prop. 2.) the Cofme CM. But the Triangles 
CBM, D RE, sire equiangular, becaufe the Angles at 
E and M sie Right Angles, and the Angle at B com- 
mon: Where r t.ie (by 4. 6 .) we have CB : CM : : 
JBO, or) 2 BM : DE. Whence, fince the three firft 
Terms of this Analogy are given, the fourth alfo, 
which is the Sine of the Arc DB, will be known. 

CorclI. Hence CB : 2 CM ; : BD : 2 DE; that is, 
the Radius is to double the Cofine of one Half of 
the Ate DB, as the Subtenfe of the Arc DB is 
to the Subtenfe of double that Arc. Alfo, CB : 
2 CM : : (2 BM : 2 DE : :) BM : pE CB: 
CM. Wherefore the, Sine of an Arc,kandkhe Sine 
of its Double, being given, the CofinTof the Arc 
itfelf is given. 


PRO- 





Plane TriopncImAtry. 

ROPOSITION V. 


&f 


1 tiV) BLE Mi 

' ST be Sines of two Ar\ BD, FD, being given > to 
find FI the Sine of 'the Sum , ai likewife EL, 
the Sine of their Difference. 9 

T E T the Radius CD be drawb, and then CO is the 
Cofine of the Arc FD, which accordingly is given, 
and draw OP thro’ O parallel t,> DK 5 alfo let OM, 
GE, be drawn parallel m CB : Then, becaufo the 
Triangles CDK, C( )P* CHI, t OH, FOM. are equi- 
angular ; in the Aril Place CD : DK : : CO : OP, 
which, confequently, is known. Alio, we have CD: 
CK : : FO : FM ; and fo, likewife, this Ih all be known. 
But bccaufe FO=EO, then will FM=MG=ON ; 
and fo OP -f FM = Fir: Sine of the Sum of the 
Arcs: And OP — IJM ; that is, OP — ON=EL= 
Sine of the Difference of the Arcs ; which were to be 
found. 


Cere//. Becaufe the Differences of the Arcs BE, BD, 
BF, are equal, thr Arc BD fliali bean Arithmetical 
Mean between the Arcs BE, BF. 

PROPOSITI ON VI. 

Theorem. . 

The fame Things being fuppiftd, the Radius & to 
double the Cofine of the mean Art , as the Sine 
of the Differences is to the Difference of the Sines 
of the Extremes. 

"POR we have CD : CK : : FO : FM ; whence, by 

" doubling the Confequents, CD : 2 CK : : FO : 

(2 FM, or) to FG, which is the Difiuence of th. Sines 

EL, FI.. VK. W. D. 

Ctroll. it tha Arc BD be 60 Degrees, the Difference 
of the Shin FI, EL, fhall be equal to the Sine FO, 
of the Difference. For, in this Cafe, CK is the Sine 
of 30 Degrees ; the double whereof is equal to the 
Radius ; and fo, fince CD =2 CK, we fhall have 
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FOr=FG. And, confequently, if the two ArcsJfcE , 
BF, are equidiftant from the Arc of 60 Dewte, the* 
Differenpe o f the Sines fhaJl b^nual^r ale Sine of 
the Difference FD. j 

CorolL 2. Hence, if the Sines,qf'a 11 Arcs diftant From 
onj another by a given Interval, be given, from 
the Beginning of a Quadrant to 60 Degrees, the 
other Sines may bp found by one Addition only. 
For the Sine of rft Degrceszzthe Sine of 59 De- 
grees+the Sine of x Degree^ and the Sine of 62 
Dcgrces:=the Sine of 08 Dcgrees+the Sine of 2 
Degrees : Alfo, the Sine of 63 Degreeszrthe Sine 
of 57 Degrees-!- the Sine of 3 Degrees, andfoon. 

CorolL 3. Tf the Sines of all Arcs, from the Beginning 
of a Quadrant to any Part of the Quadrant, diftanc 
from each other by a given Interval, be given, 
thence we may find the Sines of all Arcs to the 
Double of that Parr. For Example, Let all the 
Sines to 15 Degrees be given \ then, by the prece- 
dent Analogy, all the Sines to 30 Degrees maybe 
found : For the Radius is to double the Cofiue of 
15 Degrees, as the Sine of 1 Degree is to the Differ- 
ence of the Sines of 14. Degrees, and 16 Degrees : 
So, alfo, is the Sine of 3 Degrees, to the Difference 
between the Sines of 12 and 18 Degrees ; and fo 
on continually, until you come to the Sine of 30 
Degrees. 

After the fame manner, as the Radius is to double the Co- 
fine of 30 Degrees, or to double the Sine of 60 De- 
grees, fo is the Sine of 1 Degree to the Difference of 
the Sines of 29 and 31 Degrees : : Sine 2 Degrees 
to the Difference of the Sines of 28 and 32 Degrees 
: : Sine 3 Degrees, to the Difference of the Sines of 
:> 7 and 33 Degrees. But, in this Cafe, the Radius is 
to double the Cofinc of 30 Degrees, as to */ 3*. 

Srf Fig. of the Definitions, 

7 Lei UD be an Arc of 30 Degrees ; 

AW. Ttw. Cofine Sine 
Then, *9 CB : BG : : FD : DE._ DO=CB ; ergo DE=^j 
v'tD^DKystCE^i— ; = CD : CE : : 1 v^s 

CD : 2CE : : I : 2v /, z;v' , ; Vj- S- ■£. />• 

And, 






■» 
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^An<d, accordingly, if the Sines of the Diftanccsfmni 
the\^jjcof 30 Degrees, be multiplied by -/"J, lIio 
D ifFerei79«^^bc Sines will be had. t 
*So, likewife, may t™ Sines of the Minutes in the Be- 
ginning of the Q^Vlrant be found, hy having the 
Sines and Cofines of# one and two .Minutes given. 
For, as the Radius is to double the Cofinc 0^2' : : 
Sine i # : Difference of the Sines of 1' and 3' : : Smc 
■ 2 # : Difference of the Sinestof o' and 4'; that is, 
to the Sine of 4'. And fo, the Sines of the four 
firft Minutes being, given, wc may thereby find the 
Sines of the others 10 S', and from thcncc to 16', and 
fo on. 


PROPOSITION VII. 

TilEORE M. 


hi fmall Arcs , the Sines end Tangents of the fame 
Arcs are nearly to one another , in a Ratio of 
Equality . 


T^OR, bccaufc tie Tiianglrs CED, CBG, are 
* equiangular, CE : CB : : ED : BG. But as the 
Point E m proa-, he a B, EB will vanifii in refpedt of the 
Arc UD> whence CE will become neatly equal 10 
CU, and fo ED will be alio nearly equal to BG. il 
1 

LB be hfs than the — Tart of the Radius, 

10,'CcyfO f 

then the Difference between the Sine and the Tangent 

1 

will be alfo lefs than the Part of the Tan- 


"Lint, 


10 , 000,000 


CorolL Since any Arc is lefs than tho - Tangent, anil 
greater than its Sine, and the Sine and Tangent c<f 
a veivfmtyl Arc are nearly equal; it fallows, th.it 
the Arc fuali be neatly equal to its Sin" : And In, tn 
very fm m Arcs, it ffull be, as Arc is to Arc, k> i* 

’ Sine to Sine. 
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PROPOSITIO N vvy 

P ROB L E 

3* /£* Sine of the A f 0 / «w Minute. 

T H*E Side of a Hexagon infcribed in a Circle, that 
is, the Subtenfeof£o Degrees, is equal to the Ra- 
dius [by Corail. 15 tb of the 4 tb)\ and fo the Half of the 
Radius (hall be the Sine of the /Vrc of 30 Degrees. 
Wherefore the Sine of the Arc of 30 Degrees being 
given, the Sine of the Arc of 15 Degrees may be 
found [by Prop. 3.) Alfo the Sine of the Arc of 15 
Degrees being given [by the fame Prop.), we may have 
the Sine of 7 Degrees 30 Minutes : So, likewMe, can 
we find the Sine of the Half of this, viz. 3 Degrees 45' ; 
and fo on, until twelve Bife&ions being made, we come 
to an Arc of 52*, 44 s , 03 4 , 45 s , whofe Cofine is 
nearly equal to the Radius; in which Cafe [as is ma- 
niftft from Prop. 7.) Arcs are proportional to their 
Sines : And fo, as the Arc of 52*, 44 s , 03 4 , 45 s , is to 
an Arc of one Minute, fo (hall the Sine before found be 
to the Sine of an Arc of one Minute, which therefore 
will be given. And when the Sine of one Minute is 
found, then [by Prop. 2. and 4.) the Sine and Cofine 
of two Minutes will be had. 

. PROPOSITION IX. 

* • 
Theorem. 

If tie Angle BAC, being in the Periphery of a 
Circle , he hi felted by the Right Line AD, and 
if AC be produced until DE=AD meets it in 
E-, then jhall CE= AB. 

I N the quadrilkteral Figure ABDC [byjli. 3.) the 
Angles B and DCA are equal to two Right Angles 
-DCE+DCA [by 13. 1.) : Whence the/Jngle B 
•ssDCE. But, likewife, the Angle E=DAC by 5. 
x.)=DAB, and DC=DB: Wherefore the Tri- 
angles BAD and CED are congruous, and fo CE is 
equal to Afi. WiW.D. 


PRO- 
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PROPOSITION X. 

[ H E O R 1 M. 

Let the Arcs AB,)BC, CD, DE..EF, (Ac. be 
equal ; and let the Subtenfes of the Arcs AB, 
AC, AD, AE, (Ac. be drawn \ then will AB 
: AC : : AC : AB+AD : : AD : AC+AE 
: : AE : AD+AF : : AF : AE+AG. 

L ET AD be produced to H, AE to I, AF to K, 
and AG to L, fo that the Triangles ACH, ADI, 
AEK, AFL, be Ifofceles ones : Then, becaufe the 
Angle BAD is bifected, we ihall have DH=AB {by 
thtlaji Prop.)-, fo likewife (hall EI=AC, FK=AD, 
alfo GL=AE. 

But the Ifofceles Triangles . ABC, ACH, ADI, 
AEK, AFL, bectufe of the equal Angles at the 
Bafes are equiangular : Wherefore it (hall be, as AB : 
AC : : AC : ( AH=) AB+AD : : AD : (AI=) AC+ 
AE : : AE : (AK=) AD+AF : : AF: (AL=) AE+ 
AG. W. W. D. 

Coroil. 1. Becaufe AB is to AC, as Radius is to dou- 
ble the Cofme of the Arc AB, it (hall alfo be {by 
Coroll. Prop. 4.) as Radius is to double the Coline 
of i the Arc AB, fo is J AB : ■ AC : : * AC : 
i AB +j. AD : : i AD : ‘ AC+-J. AE : : ^AE: 
t AD+j. AF, fs'e. Now let each of the Arcs AB, 
BC, CD, be 2' ; then will 4: AB be the Sine of 
one Minute, -i AC the Sine of 2 Minutes, AD 
the Sine of 3 Minutes, 4 AE the Sine of 4 Minutes, 
Whence, if the Sines of one and two Minutes 
be given, we may eafily find all the .other Sines, in 
the following manner. 

Let, the Cofine of the Arc of one.Minute, that is, the 
Sine of qie Arc of 89 Deg. 59 f, be called Qj and 
make thd following Analogies ; R. : 2 Q : : Sin. 7/ 
:8. i'+S. 3!.+ Wherefore the Sine of 3 Minutes 
will be given. Alfo, R. : 2 Q : : S. 3' : S. 2' S. 4'. 
Wherefore the S. 4' is given. And R. : 2 Q_: : S. 4': 
S. Z+s'h and lo die Sine of 3* will be had. 

Like- 
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LiVwsfe, R. ; 2 Q^: : S. y '• S. ^+S. 6'; and fowe 
fhail have the Sine of 6\ And, in like immtffT the 
Sines of every Minute of thg ^ija dffrfit will be 
given. And bee a life the Radip$ 7 ^orihc firft Terni ? 
of the Analogy, is Unity, me Operations will be 
with great l.ale and Expedition calculated by Mul- 
tiplication,. and c'jntrafted by Addition. When the 
bines arc found to 60 Degrees, all the other Sines 
may be had by Addition only [by Cor. i. Prop. 6.) 
The Sines being given, the 'Tangents and Secants may 
be found from the following Analogies (in the Fi- 
* !V, e Definition's) ; bccaufe the Triangles 

CBG, CHI, are equiangular, we have 
Ci: : : : CB : BG ; that is, Cof. : S. : : R. : T. 

: : : CH : 111 5 that i»i T. : R : : R. : Cot. 

C L . CD : : CB : CG ; that is, Cof. R. : : R. ; Secant, 
DE : CD ; : CH : Cl ; that h, S. : R. : : R. ; Cofec. 

SCHOLIUM. h 

A y ^ Cit S tfat Geometrician , , and incomputable Pbikfo - 
?•[!'> , Sir If«tac Newton, was the jirjl that laid draw 
am ret converging in infinitum; from which , having 
* f j CS ^ luni t t,.cir Sines may he found. • Thus^ if an 
/v c ^lcd A, and the Radius be an Unit , the Sine 
i hreoj will be found to be 

A 5 A 7 A 9 

■ + — + CSV. 


*• 2*3 1.2.3.4.5 

the (doftne. 


A~ 


A 4 


1.2.3.4.5.67 
A a 


1.2 


1.2.3.4.5.67.8.9 

1.2.3.4.5.67.8 


v *'^34 1.2.3. 4* 5»& . . iW> iW 

f/’- A ' z j* the Beginning of Jf Quadrant, when 

, V f A ts but fmall ; footi converge. For in the Se- 
i/ts for the Sint, if A does not exceed 10 Minutes, the 
tuo fi.fi Terms thereof, viz. A— *A*, |rw the Sine 
PJ* PMCe 1 t °f figures. If the Arc A W ^Mfcr 
f , °. nt % r "» ivjl exhibit the 

*, >ut3 }S fleets of Figures-, and fo the fetid Series are 
fffnl for finding the fvji and loft Sines of the 
But the greater the Arc A is. the more 
wi u\ 1 trust 0} the Sciies required to have the Sine, in 

Num- 
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. Numbers, true to a given Place of Figures. And thin, 
'Viheu-*he Arc is nearly equal to the Radius, the Series 
converges ^rvOow, and therefore, to remedy this, / 
•„ave devifed otm^Seifes, ftmilar to the Newtonian ones, 
wherein 1 fuppofe , tblArc, whofe Sine is fought, is the 
Sum or Difference of few Arcs , viz. A+z, or A — z: 
And let the Sine of theMrc A be called a,‘ and the Cofme 
b. Then the Sine of the Arc A+z will be exbrelfcd 
thus : 


bz az* bz 3 az 4 bz* 

1. a + > .+. .+. -(Ac. 

1 1.2 1.2.3 I**>34 1.2.3.45 

And the Cofine is 

az bz 1 az 3 bz* az* bz 6 

2 . b 1 1- 

x 1.2 1.2.3 1.2.34 1.2.3.4.5 1.2.3.4.5.6 

In like manner the Sine of the Arc A— z is 

bz az 1 bz 3 az 4 bz* az 6 

3* 2' ' — + a~~H ■ ■ ■ — . 

I 1.2 I.2.3 1 >2.3.4 I.2.3.4.5 I.2.3.4.5.6 

And the Cofme is 

az bz* az 3 bz 4 az* 

4. b+ + + (Ac. 

1 1.2 1.2.3 I-2-3-4 J-2-34-5 

The Arc A, is an arithmetical Mean between the Arc 
A — z, and the Arc A + z. And the Differences of the 
Sines are 


bz az* bz 3 az 4 bz s afc 6 

J. + + ■* (Ac. 

1 1.2 1.2.3 1. 2.3.4 1.2.3.4.5 r.2.3.4.5.6 


bz az* bz 3 az 4 bz s az® 

6. — + + + (Ac. 

1 1.2 1.2.3 »> 2 > 3>4 I- 2 - 3 - 4-5 x.2.3+5.6 

TVbence the Difference of the Differ entes, or fecond 
Difference, will be 

2az* fcaz* aaz 6 

•). - +■■■ ' ■ - ■■■ (Ac. 

' 1.2 1. 2.3.4 I-2-3.4.5.6 

z* z 4 z® 

Or 2a x I- (Ac. 

1.2 1,2.34 1.2.34.5.6 


* 
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Which Series is equal to double the Sine of the mean Arc^ « 
drawn into ihe verfid Sine of the Arc z, an^Anverges 
very foots . # So that if z be the firL^fJprtftfthe 
dr ant, the fit ft Term of the Serfs gives thefecond UifT 
ference to 15 Places of Figures J and the ftcond Term to * 
25 Plac*i. • f 

F^om heme , if the Sines of the Arcs 9 diftant one Mi - 
mute from each other , be given 3 the Sines of all the Arcs 9 
that are in the fame &rogreJfm 9 may be found by an ex- 
ceeding ea/y Operation . 

In the firft and ftcond Series , if^AzzO} then Jhall arro, 
and b its Co fine tuiU become Radius , ar 1 . heme if the 

Terms wherein a ij, tfr* taken away, and l be put inftead 
of b, the Series will become the Newtonian. In the third 
and fourth Series , if A be 90 Degrees , we Jhall have 
b~o, and a=u Whence , again, taking away all the 
Terms wherein b ir, and putting 1 inftead of a, we Jhall 
have the Newtonian Series arijr . 

Note, zW //;^ Ja'td Series eaftly flow ft cm the Newto- 
nian ones . 2 ?y the fifth Propofitioh. 

PROPOSITION XI- 
Theorem. 

In a Right-angled Triangle, if the Hypothenufe be 
made the Radius , then are the Sides the Sines of 
their opprfite Angles ; and if either of the Legs 
be made the Radius , then the other Leg is the 
{Tangent of its oppofite Angle , and the Hypo- 
tbenufe is the Secant of that Angle . 

IT is mamfefl, that CB is the SinesOf the Arc D, 
* and AB the Cofn e thereof ; but the Arc CD is the 
Meafure of the Angle A, and the Complement of the 
Meafure of the Angle C : Moreover, if AB in the fe- 
cond Figure to this Proportion, be fuppoted Radius, 
then'BC is the. Tangent, and AC the Secant of the Arc 
HD, which is the Meafure of the Angle \ So, alfo, if 
BC be made the Radius, then is BA theTangent, and 
AC the Secant, of the Arc BE, or Angle C# ' W. W. D. 
Therefore, as AC, being taken as fome given Meafure, 
is to BC taken in the fame Meafure; fo Stall the Num- 
ber ;o 3 coo,cco Parts, into which the Radius is flip- 
pofrd to be divided, be to a Number expreffing, in the 

fame 
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■Tape Parts, the Length of the Sine of the Angle A; 
that is, 

_ it vvWV.y,as AC : BC R a 8, A. 

by the fame Rcafo'n, bs AC : BA R : S, C. 

alfo, i s AB : BC R : T, A. 

and, a| BC : BA R : T, C. 

• 

And fo, if any three of thefe Proportionals be given, 
the fourth may befound by the Rule of Three. 

PROPOSITION XII. 

Theorem. 

Sides of plane Triangles are as the Sines of 
their oppofiie Angles. 

T F the Sides of a Triangle, inferibedin a Circle, be 
bifedra by perpendicular Radii j theti (hall the half 
Sides be the Sines of the Angles at the Periphery ; for 
the Angle BDC, at the Centre, is double of the Angle 
BAC at the Periphery (by 20 El. lib. 3.) ; and (b (the 
Half of BDC, viz.) BDEssBAC, arid BE is the Sine 
of (BDE, or) BAC. For the fame Reafon, BF fhall 
be the Sine of the Angle BCA, and AG the Sine of 
the Angle ABC. 

In a Right-angled Triangle we have BD=£.BC 
s=Radius (by 31 Eucl. 3.) ; out Radius is the Sine of 
a Right Angle ; Whence half BC is the Sine of thpf 
Angle A. 

In an obtufe-angled T riangle, let BI, Cl, be drawn ; 
and then the Angle I fhall be the Complement of the 
Angle A to two Right Angles (by 2a El. 3.) ; and fo 
they (hall both have the June Sine. But tye Angle 
BDE (mMa $inc is BE)=* Angle lj therefore BE 
(hall be t$&pne pf the Angle BAC.-fe 4 %m every 
Tria^g^ tlii^lves of the Sides af^ me.Sw| of the 
oppofitit; AwSt' : But it is manifeft, tlst tbeSTdes are 
to one|noth^r their Halves. And therefore, the 
Sides v plant Triangles are as the Sines of their oppofite 
Angles. W. W, D. 
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PROPOSITION XIII. 

Theorem, - 

In a plane T- Is • be SuMptfieLegs, tbs In- 
ference • / • t *--egs, the Tangent of the half Sum- 
of the Angles at the Bale, and the Tangent of 
tone half tbeir Difference , are proportional. 

L E T there be a Triangle ABC, whofe Legs are AB, 
BC, and Bate AC. Produce AB to H, To that 
BH=BC ; then lhall AH be the Sum of the Legs j 
and if you make B!=BA, thin 1 H will be the Differ- 
ence of the Legs. Alto, the Angle HBC=Angles < 
A+ACB (by 32 El. 1.) ; and fo EBCthe Half thereof 
—half the Sum ci the Angles A, and ACB, and its 
Tangent (putting the Radius=EB) is EC. Again, 
let BD be diawn paralled to AC, and make HF— CD; 
then, lince HB— CM, we lhall have (by 4 EL x.) the 
Angle H BK=CBD=BC A (by 29 EL 1.) Alfo, the 
Angle HBD=Angle A; wheece FBD lhall be the 
Difference of the Angles A and ACB, and EBD, 
whole T afigent is ED, half their Difference. Let IG 
be drawn thro’ I parallel to AC or BD ; and then (by 
2 EL 6.) AB : BI : : CD : DG. But AB=BIi 
whence we (hall have CD=DG ; but CD=HF, and 
fo HF=DG; and, confequently, HG=DF, and * 
HG=i DF = DE; and becaufe the Triangles AHC, 
IHG, a>e equiangular, it lhall be, as AH : JH : : HC 
: HG : : 4 HC : J HG : : EC : ED. That is, AH the 
Sqm of the Legs, to IH the Difference of the Legs,JkaU 
be, as EC the Tangent of one half the Sum of the Angles 
at the E>b, to ED the Tangent of one half of their Differ- 
ence. YV. W. D. 

PROPOSITION XIV. 

' ThEO.REM, V'V 

In a plane Triangle, the Baft, the Sides, 

the Difference of the Sides, and tbtpDifftrence 
of the Segments of the Bafe, are proportional. 

T ET DC be the Bafe of the Triangle BCD. About 
the Centre B, with the Radius BC, let a Circle be 
delcribcd produce DB to G, and from B let fall BE 
4 per 
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perpendicular to the Bale ; then (hall DG=DB+BC 
•asSum of the Sides, and DH= Difference of the Sides 5 
and DE , CE, are the Segments of the Bafe whofe Dif- 
fcsgpceis DF ; fiw., becaufe (by Cor . Prop . 3.) 

the RelUngle under DC and DF' is equal to the Reft- 
‘angle under DG, DH, it (hall be (by 16 EL 6.), as 
D : DG :: DH : DF. | * 

PROPOSITION XV. 

Thjeorem. 

. The Sum and Difference of any two Quantities he- 
tng givcn^ to find the Quantities them] elves. 

T F one half of the Sum be addfcd to one half of the 
* Difference, the Aggregate (hall be equal to the 
greater of the Quantities ; and if from one half of the 
Sum be taken one half of the Difference, the Refidujp 
(hall be equal to the Iffffer of the Quantities. For, let 
there be two Quantities AB, BC $ and let there be 
taken AD=BCj then DB will be their Difference, 
and AC their Sum ; which, bifefled in E, gives AE 
or EC the half Sum ; and DE or EB the half Differ- 
ence. Htnce, ABrrA^E + EBzrthe half Sum-f-the 
half Difference ; and BC=zCE— EB“the half Sunt 
— the half Difference. 


• +— +— + 

A D E B C 

Note, I. In any plane Triangle, if two Angles be given 
the third Angle is alfo given j becaufe it is their Comple- 
ment to two Right Angles . 

II. I forte of the acute Angles of a Right-angled Tri- 
angle be given, the other acute Angle wilt be given, be- 
caufe it is the Complement of the give# Angle to a Right 
Angle. 

III. And if iwo Sides of a Right-angled Triangle be 
given , the other Side may be found by the firjl Propofi- 
tion , without a Canon . 
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The 'trigonometrical Solutions of a Right-angled 
TriJngle may he as follow. ¥Id. Fig. A r 



Given 

Sought 

Make, as 

* 

1 

The 

Legs AB 
and BC 

The 

Angles. 

1 * 

'AB : BC : : R : T, of 
the Angle A, whofe Com- 
plement is the Angle C. 

2 

l I he 
Leg AB, 
ana the 
Hypo- 
thenufe 
AC. 

The 

Angles. 

AC : AB ::k : S, C, 
whofe Complement is the 
Angle A. 

*3 

The 
Leg AB, 
and the 
Angle A. 

The 
other 
Leg BC, 
and the 
Hypo- 
thenufe 
AC. 

rTTT A : : AB: BC. 
$, C : R : : AB : AC. 

I» 

4 

The 
Hypo- 
thenufe 
AC, and 
the Angle 

The 
Leg AB. 

R : S, C : ; AC : AB. 


The Trigonometrical Solutions of Oblique-angled 
Triangles. Vid. Fig. to Prop, it 



Given 

| Sought 

Make, as 

1 

The 
Angles 
A,B,C, 
and the 
Side 
AB. 

-cSO«J 

CO 

S,C:§,A::AB;BC. Alio, 
S, C : S, B 1 1 AS $C. But 
when two Angle* at* given, the 
third is alfo given ^ Whence, the 
Cafe wherein two Angles and a 
Side are given, to find the reft, 
falls into this Cafe, 
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• 

iv 

Given 

| Souffht 

Make as 

• 2 

All the 
Angles 

A&C. 

Ail the |S, C : S, A : : AB : BC. And 
Sides ;S, C : S, B : AB : AC. Whence, 
A B, f the Angles are given, the Pro- 
AC, portions of the Sides may be 
B C. foiled*, but not the Sides, them- 
selves, unlefs one of them be firft 
known. * 

: 

1 

t 

3 

The 
two 
Sides 
AB, 
BC, 
md. C, 
‘he An- 
op 

polite to 
one of 
them. 

Tnc 
Angles 
A and 
B. 

* 

AB : BC : :'S, C : S, A j which 
therefore may be found. When 
AB, the Side oppofite to C, the 
riven Angle, is longer than CB, 
he Side oppofite to the fought 
Angle, the fought Angle is lef 9 
han a Right one. But when it 
s (hortcr, becaufe the Sine of an 
Angle, and that of its Comple- 
ment to two Right Angles, is the 
jjame, the Species of the Angle A 
muit be firft known, or the Solu- 
ion will be ambiguous. 

4 

The 

two 

Sides 
AB, 
BC, 
and the 
inter- 
jacent 
Angle 
B. 

The 
Angles 
A and 
C. 

Fid. Fig. to Prep. 13. BC+AB : 

BC— AB : : T,ft. +C : T,£z£ 
2 2 

Whence is known the Difference 
of the Angles A and C, jvhofe 
"ium is given ; and fo (by Prop. 
5.) the Angles themfelves will bg 
;iven. - . 

5 

All tht 
Sides 
A& 
BCT 

! AC< ; 

!, . , ' 

‘ ♦ * 4 

The 

Angles. 

!'• 1 

h 

1 

'id. Fig. a. Let the Ferp«ndi- 
•ular be drawn from the Vertex 
;cthe Bafe, and fold the Seg- 
ments of the Bale b y Prop. 14. 
viz. make as BC ; AC+AB : : 
AC-AB : EiC-DB. And 
0 BD, DC, are given from this 
Analogy ; apd thence the Angles 
ABD, ACD, will be given by 
he Refolution of Right-angled 
Triangles. 


u 
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Spherical Trigonometry. 

DEFINITIONS. 

I. '*/ * H E Poles of a Sphere are two Points in 

the Superficies of the Sphere , that are the 
Extremes of the Axis. 

II. ‘I he Pole of a Circle w a Sphere is a Point in 
.the .Vtperjic es of the Sphere, from which all 

Eight Lines that are drawn to the Cireumfcr- 
ehce of the Cirri e are equal to one another. 

III. A great Circle in a Sphere is that whofe 
u Plane pajfes tjro * the Centre of the Sphere, and 

whojc Centre is the fame with that of the 
Sphere. 

IV . A Jpberical ^triangle is a Figure compre- 

hended under the Arcs of three great Circles in 
a SpLb'e. % - 

y . A fpherieM Angle is that which , hi. the Su- 
perficies of : tj>e Sphere , is contained.ftddf*. t ™ 0 
Arcs of great Circles ; and this Angfe is equal 
to the Inclination of the Planes of the faid 
Circles, 


PRO' 
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PROPOSITION I. 

Gr$at Circles' ACB, AFB, mutually btfcil each 
' other • 

F O R, fince the Circles have the fame Centre, 
their common Jfe&ion (hall be a Diametty^of 
each Circle, and fo will cut them into two 
equilPaits. • 

Ccroll. Hence the Ar<$ of two great Circles in the 
Superficies of the Sphere, being lefs than Semicir- 
cles, do not comprehend a Space; for they cannot, 
unlefs they meet each other in two oppnfue Points ; 
that is, unlefs they arc Semicircles. 

PROPOSITION II. 

If from the Pole C of any Circle AFB, be drawn 
a Right Line CD to the Centre thereof* the 
faid Line will be perpendicular to the Plane of 
that Circle. Vid. Fig. to Prop. 1. 

T ET there be drawn any Diameters EF, GH, in 
the Circle AFB; then, becaufe in the Triangles 
CDF, CDE, the Sides CD, DF, are equal to the 
Sides CD, DE, and the Bafe CF equal to the Bafc 
CE (by Def 2.) ; then ( by 8 El. r.) (hall the Angle 
CDF= Angle CDE, and fo each of them will be a 
Right Angle. After rhe fame manner we dcmonftr jfi?, 
that the Angles CDG, CDH, asc Right Angles; and 
fo (by 4 EL 1 i.)CD(hall be perm ndicular to the Plane 
of the Circle AFE. W. V/. D. 

CorolL I* A great Circle is diftant froqpi it* Pole by the 
Interval of a Quadrant: for, Angles 

CDG* CDF, an* R*ght Anglcj^ the Meafures of 
1 them, vit. the Aill CG, CF, wilf be Quadrants. 

2. Gnat Circles, that pafs thro* this Pole of tome other 
Circle^ make Right Angles with it ; and, contrari- 
wife, if great Circ : cs nrako Right Angles with tome 
other Circle, they (hdl pafs thro* the Poles of that 
other Circle; for they muft neceifarily pals thro’ 
the Right Line DC. 

U 4 PRO- 



£p6 • 5 *be Elements oj 

PROPOSITION III. 

If a great Circle ECF be described about the 
Pole A ; then the Arc CF, intercepted between 
AC, AF, is the Meafure of the Angle CAF, 
or CDF. Vid. Fig. *tj Prop. i. 

'"pH E Arcs AC, AF (by Cor. i. Prop. 2.) arc Qua- 
drams; and, confequently, the Angles ADC, 
ADF, are Right Angles ; Wherefore (by Def. 6. El. 
1 1.) the Angle CDF (whofe Meafure is the Arc CF) 
is equal to the Inclination of the Planes ACB, AFB, 
and alfo equal to the Spherical Angle CAF, or CBF. 
W. W. D. 


Coroll. 1. If the Arcs AC, AF, are Quadrants, then 
{hall A be the Pole of the Circle paffing thro’ the 
Points C and F j for AD is at Right Angles to the 
Plane FDC (by 4 El. 11.) 

2. The vertical Angles are equal ; for each of them is 
equal to the Inclination of the Circles ; alfo the ad- 
joining Angles are equal to two Right Angles. 

PROPOSITION IV. 

i Triangles Jhall be equal and congruous , if thy 
have two Sides equal to two Sides , and the An - 
£lei comprehended by the two Sides alfo equal. 

„ PROPOSITION V. 

AlJoTriangles Jhall be equal and congruous^ if one 
Side , together with the adjacent Angles in one * 
T riangle, be equal to one Side , and the adjacent 
Angles of the other Triangle. 

B$G*?OSITION VJ, 

Triangles tiuttfluty equilateral , are aiftmtually 
' * equiangular. 

PROPOSITION VII. ? 

In Jfofceles Triangles , the Angles at the Baft are 
equal. 


PRO- 
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*.* PRO PO SI T I ON VIII. 

And if the Angles at the Bafe be equal >% then the 
triangle fhall be Ifofceles. 

*Tp H E S E five laft Propofitions are demonftrated in 
the fame manner, fs in plane Triangles. 

PROPOS IT I # 0 N IX. 

Any two Sides of a 'Triangle are greater than the 

jihird. 

pOR the Arc of a great Circle is the (horteft Way, 

A between any two Points in the Superficies of the 
Sphere. 

PROPOSITION X. 

A Side of a Spherical Triangle is lefs than a 
Semicircle. ' 

L E T AC, AB, the Sides of the Triangle ABC, be 
produced till they meet in D : Then (hall the 
Arc ACO, which Is greater than the Arc AC, be a 
Semicircle. 

PROPOSITION XI. 

The three Sides of a Spherical Triangle are lefs 
than a whole Circle. 

pOR BD+DC is greater than BC (by Prop, Q,f; 

* and, adding on each Side BA+AC; then Do A 
+DCA, that is a whole Circle, will be greater than 
BA+BC+ AC, which are the three Sides of the 
Spherical Triangle ABC. 

proposition m 

In any , Spherical Triangle ARC, the greater 
Angle A is fubt ended by tbe gf eater Side. 

■\yf AKE the Angle BAD ^ Angle B ; then (hall 
AD— BD (by % af tbit); ana lo BDC=DA-f 
DC, and thefe Arcs are greater than AC. Wherefore 
the Side BC, that fubtends the Angle BAC, is greater 
than the Side AC, that fubtends the Angle B. 

PRO- 
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PROPOSITION XIII. /• * 
In any Spherical Triangle ABC, if. the Sum of the 
Legs ABaWBC be greater, equal, or Irfs^fban 
a Semicircle, then the internal j ingle at the Bafe ' 
B AC fhall be greater , 'equal, or left , than the 
Internal and oppofite Angle BCD j and fo.the 
Sum of the Angles A and ACB fhall alfo be 
greater, equal, or left, than two Right Angles, 

F 'IRST, ler AB+BC=Scmrcircle=AD ; then (ball 
BC— BD, and the Angles BCD and D i*r;ual {by 
8 of this)', and there foie the Angle BCD (hall be— 
Angle A. 

Secondly, let Ali -f BC be greater than ABD ; then 
(hall BC be greater than BD ; and To the Angle D 
(that is, the A, by it of this ) (hall be greater 

than the Angle BCD. In like manner we demonftiate, 
if AB + BC be together lefs than a Semicircle, that 
the Angle A will be lefs than the Angle BCD : And 
breaufe the Angles BCD and BCA are — two Right 
Angles, if the Angle A be greater th'an the Angle BCD, 
then fhall A and BCA be gi eater than two Right An- 
gles ; if the A.ig! • A=BCD, then (hall A and BCA 
be equal to two Right Angles ; and if A be lefs than 
BCD, then will A and BCA be lefs than two Right 
Angles. W. W. D. 

« PROPOSITION XIV. 

In any Spherical Triangle GHD, the Poles of the 
Sides, being joined by great Circles, do eonftitute 
Another Triangle XMN, which is the Supple - 1 
. went of the Triangle GHD ; viz. the Sides' 
NX, XM, and NM, fall be Supplements of 
the Arps tbett pre the Meafures of fpe Angl s 
D, G, Ht tp fhe Semicircles ; and the Arcs, that 
ere the iMeafiires cf the Angles M, X.N> will 
be the Supplements of the Sides GH, GD, and 
HD, to Semicircles. 

"C'ROM the Poles G, H, D, let the great Circles 
r XCAM, TMNO, XKBN, be deferibed •, then, 

bccaufs 
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•becaufe G is the Pole of the Circle XCAM, we (hall 
nave GM=Quadrant (Cor. i. Prop. 2.); and fince 
H is the Pole the Cirde TMO, then will HM be 
alfo a Quadrant and fo (by Cor. I. Prop. 3.) M (hall 
be tne Pole of the Circle GH. In like manner, be- 
caufe D is the Pole of thcJCirde XBN,*and H the Pole 
of the Circle TMN, ttfe Arcs DN, HN, will be Qua- 
drants ; and fo [by Cor. 1. Prop . 3.) N (hall b^* the Pole 
of the Circle HD. And btcaufe GX, DX, a r Qua- 
drants, X will be the Pole of the Circle GD. Thefe 
Things premifed, * 

Becaufe NK=Quadrant, and XBzzQuadrant {by 
Cor . 1. p, 0 p. 2.); then will NK+XB, that is, NX 
+KB=two Quadrants, or a Semicucle ; and fo NX 
is the Supplement of the Arc KB, or of the Mcafure of 
the Angle HDG» to a Semicircle In like manner, be- 
caufe ftdC —Quadrat. t, and XA=:Quadta'.t, then will 
MC+XA, that is, XM-5-AC— *va> Quadrants, or a 
Semicircle; and, conlequemly, Xi\. if- tne Supplement 
of the Arc AC, which i 'he iVbafure of the Angle 
HGD. Likewife, fince M J, NT, aie Quadrants, 
we (hall have MO+NTizOT-f NM=Semicirc!e : 
And thi refoic NM is the Supplement of the Arc OT, 
or of the Meafurc of the Angle GHD to a Semicircle. 
W. W. D. 

Moreover, bccaufe DK, HT, are Quadrants, DK 
+HT, orKT+HD, arc equal to two Quadrants, or 
a Semicircle; thereto * v KT, or the Mcafure of the 
Angle XNM, in the Supplement of the Side HD tg a 
Semicircle, After the fame manner it is demonftraled, 
that OC, the Meafure of the Angle XMN, is the Sup- 
plement of the Side GH ; and BA, the Mcafure of 
the Angle X, is the Supplement of the Side GD. 
W. W. D. 


VROPOSITiqN XV. 

Equiangular Spherical Triangle* are alfo equi- 
lateral. 


■pO R their Supplemental {by 14 of this ) are equila- 
* teral, and theiefoie equiangular alfo ; and fothem- 
felvas are likewife cquilatei 4 {by Part 2, Prop. 14 ) 

f R O- 



PROPOSITION XVI. 

The thref Angles of a Spherical T\ rtactgle are greater 
than two Right Angles , and lefs tbanfvf. 

TpO R the three Meafiires df (he Andes G, H, D, to-. 
" 'gether with the three Sides of the T Wangle XNM, 
make three Semicircles [by 14 of this ) ; but the three 
Sides of the Triangle XNM qre lefs than two Semi- 
circles {by 11 of this). Wherefore the three Meafures 
of the Angles G, H, D, are greater than a Semicircle ; 
and fo the Angles G, H,D, are greater than two Right 
Angles. 

The fecond Part of the Propofition is manifeft; for, 
in every Spherical Triangle, the external and internal 
Angles, together, only make fixRightAngles : Where- 
fore the internal Angles are lefs than fix Right Angles. 

PROPOSITION XVII. 

If from the Point R, not being the Pole of the 
Circle AFBE, there fall the Arcs RA, RB, 
RG, RV, of great Circles to the Circumference 
of that Circle } then the great eft of thofe Arcs 
is RA, which paffes thro' the Pole C thereof \ 
and the Remainder of it is the leaft j and thofe 
that are more diftant from the greateft are lefs 
' than thofe which are nearer to it, and they make 
dnobtufe Angle with the former Circle AFB, on 
the Side next to the greateft Arc. Vid. Fig. 
to Prop. 1. 

nEcaufe C is, the Pole of the Circle AFB, then (hall 
CD, ant) RS,which is parallel thereto,, be perpen- 
dicular to the Plane AFB. And if SA, SG, SV, .be 
drawn, thpn (fa$U SA (byjEI.$.) be greater. than SG, 
and SG greater than SV. Whence, ip the Right- 
angled plane Triangles RSA, RSG, RSV, we wall 
have RSq*f SAq, or RAq, greater than RSq+SGq, 
or RGq ; and fo R A will be greater than RG, and the 
Arc RA greater than the Arc RG. In like manner, 
RSq+SGq, or RGq, (hall be greater than RSq+SVq, 
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, a or RVq ; and fo RG (hall be greater then RV, and 
’the Arc RG greater than the Arc R V. 

idly. The Angle RGA is greater than»the Angle 
CGA, which re a Right Angle {by Cor. Prop. 3.) ; 

■ and Ihe Angle RVA is greater than the Angle CvA, 
which alfo is a Right Angle, Therefore the Angles 
RGA, RVA, are obteie Angles. , 

PROPOSITipN XVIII. 

In Spherical Triangles AGR, AG X, Right-angled 
at A, the Legs containing the Right Angle are 
of the fame Affeffion with the oppoftte Angles ; 
that is , if the Legs be greater or left than Qua- 
drants, then, accordingly,- will the Angles 
oppoftte to them be greater or left than Right 
Angles. Vid. Fig. to Prop. x. 

PfOR if AC be a Quadrant, then will C be the Pole 
4 of the Circle ASB j and the Angles AGC, A VC, 
will be Right Angles. If the Leg AR be greater than 
a Quadrant, then (hall the Angle AGR be greater than 
a Right Angle {by 1 7 of this) ; and if the Leg AX be 
lefs than a Quadrant, the Angle. AGX (hall be left 
than a Right’ Angle. 

PROPOSITION XIX. 

If two Legs of a Right-angled Spherical Triangle 
be of the fame Affeltion {arid confequently the 
Angles), that is, if they are both left, or bptb 
greater , than a Quadrant, then will the Hypo - 
tbenufe be left than a Quadrant. Vid. Fig. 
to Prop. 1. 

r tf the Triangle ARV, or BRV, let F be the Pole of 
the Leg AR ; then will RF be a .Quadrant, which 
is greater than RV {by 17 of tbit). 

PROPOSITION XX. 

If they be of a different Affedion, then Jball the 
Hypotbenufe be greater than a Quadrant. 
Vid. Fig. to Prop. 1. 

p O R, in theT riangle ARG, the Hypothenufe RG is 
" greater than RF, which is a Quadrant. PRO- 
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PROPOSI HON XXI. 

If the Hypotbenufe be greater than a £$uadrant\ 
then tie Legs of the Right Angle , and fo the 
Angles oppofite to them , are of a differenyAf- 
feSlion ; but if leffer , of the fame AffeRion. 
Vid. Fig. to Prop, i.* t 

*T*H I S Proportion, being the Converfe of the former 
ones, eaiily follcAvs from them. 

PROPOSITION XXII. 

ft 

In any Spherical Triangle ABC, if the Angles at 
the Bafe B and C be of the fame Affe£Hon y then 
the Perpendicular falls within the Triangle ; 
and if they be cf a different AffeBion y the 
Perpendicular falls without the Triangle . 

T N the firft Cafe, if the Perpendicular does not fall 
■* within, let it fall without the Triang!e(as ini'#. 2-)i 
then, in the Triangle ABP, the SiSle AP is of the fame 
Affedtion with the Angle B. And, in like manner, in 
the Triangle ACP, AP is of the fame Affe&ion with 
the Angle ACP ; therefore, fincc ABC and ACP are 
of the fame Affection, the Angles ABC, ACB, (hall be 
of a different Affcdion j which is contrary to the 
Hypothecs. 

In the lecond Cafe, if the Perpendicular does n6t 
fall without, let it fall within (as in Fig . i.) Thca, in 
the Triangle ABP, the Angle B is of the fame Af- 
fedVon with the Leg AP. So, likewife, in the Tri- 
angle ACP, the Angle C is of the fame Affedion with 
AP $ and thetefore the Angles B and C are of thy 
fame Attention ; which is contrary to the Hypothecs, 

PROPOSITION XXIII. 

In Spherical Triangles BAC, BHE, Right-angled 
at A and H, if the fame acute Angle B be at 
the Bafe BA, or BH, then the Spies of the 
Hypothenufes fhall be proportional -to the Sines 
of the perpendicular Arcs. 

pOR the Right Lines CD, EF, being perpendi- 
* cujar to the fame Plane, are parallel. Alfo, FR, 

DP, 
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DP, perpendicular to the Radius OB, arc likewife pa- 
, rallel : Wherefore the Planes of the Triangles EFR, 
CDP, are alfo parallel (by 15 EL 11.) Wherefore 
CP, ER, the common Sections of thole Places, with 
the Plane paflinjpthro’ BE, CO, will he parallel (by 
.i6£Xii.) Therefore the 1 riangies .CDP, EFR, 
(hall be equiangular : W^oefoie CP, the Sine of the 
Hypothenufe BC, is toCD, the Sire of the perpendi- 
cular Arc CA, as ER, the Sine of the fiypothenufe 
BE, to EF, the Sine of the perpendicular Arc EH. 
W. W. D. 

PROPOSITION XXIV. 

1 The fame Things being fiPpofed, AQ, HK, the 
Sines of the Safes, an proportional to I A, GH, 
tbs Tangents of the perpendicular Arcs . 

rOR, after the fame manner as in the lafl Propofi- 
" tion, we demonftrate, that the Triangles QAI, 
KHG, are equiangijar ; whence, QA : A1 ; : KlI : 
HG. 


PROPOSITION XXV. 

In a Spherical T riangle ABC, Right-angled at A , 
as the Cofme of the Angle B, at the Safe BA, is 
to the Sine of the vertical Angle A C B s fo is the 
Cofine of the Perpendicular to the Radius . 

Preparation. • 

L E T the Sides AB, BC, CA, be produced • fo 
that BE, BF, Cf, CM, he Quadrants; and from 
the Poles B and C draw the rj cat Circle's EFDG, 
IHG; then will the Angles at E, F, I, H, he Right 
Angles; and fo D is the Pole <>f BAK (by Cor. 1. 
Prep, of thii) y and G the Pole of 1 FCB : Alfo, AE 
will be rr Complement of the Arc BA,*‘*nd FE the 
Meafure of the Angle B = GD ? and DF their Com- 
plement : Alfo, BC iliali be zz K 1 zz Meafure of the 
Angle G, and CF their Complement : Likcwiie, 
CA == HD, and DC their Complement. Thcfc 
Things premifed, in the Triangles HIC, DCF, Right- 
angled at I and F, and having the fame acufe Angle 
C ; lince BA is lefs than a Quadrant, it will be, as jS, 
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DF : S, HI : : S, DC : S, HC j that is, the Cofine 
of the Angle B is to the Sine of the vertical Angie 
BCA, as the Cofine of CA is to Radius. W. W. D, 

i * 

PROPOSITION XXVI/ 

Ibt'Cofine of the Baft : Cofint of tit Hypotbennft : : 
R : Co/, of the Perpendicular. 

TJ'O R in the Triangles AED,*CFD, Right-angled at 
" £, F, having the fame acute Angle D ; becaufe 
AE is lefs than a Quadrant, we have, 3, EA : S, CF 
: : S, DA : S, DC. W. W. D. 

PRO POSITION XXVII. 

S, of the Bafe : R : : T, of tbe Perpendicular : 
T, of tbe Angle at tbe Bafe. 

'C'OR in the Triangles BAC, BEF, Right-angled at 
" A and E, and having the fame acute Angle B j 
beraofe AC is lefs than a Quadrant, we have S, BA ; 
S, BE : : T, AC : T, EF. W. W. D. 


PROPOSITION XXVIII. 

Cof. of the Vertical Angle : R : : T, of tbe Per- 
pendicular : T, of tbe Hypotbenufe. 

| N the Triangles GIF, G HD, Right-angled at I and 
H, and having the fame acute Angle G, becaufe 
HD is lefs than HC, or a Quadrant, it is, as S, GH*: 
S, G1 : : T, HD : T, IF. 

PROPOSITION XXIX. 

S, of tbe Hypotbenufe : R : : S, of tbe Perpendi- 
cular : S, of tbe Angle at tbe Bafe. 

1 N the aforefaid Triangles we have S, IF : S, GF : : 
1 S, HD ; S, GD. 


PRO- 
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* PROPOSITION XXX. 

ft : Cof of tb^Hypcthcnufe : : T, of t be vertical 
xfngfe : Cot. of the Angle at life Safe. 

T N the Triangles HIO, DFC, Right-angled at I^nd 
F, and having.the fame acute Angle C, becaule OF 
Js lefuthan aQuruhant, we have«S, Cl : S, CF : : 1', 
HI : T, OF i that is, R : Cof. BC : : T, C : Cot. H. 

The laft fix Propofitions arc fuflicient for folvingall 
the fixteen Cafes or Right-angled Spherical Triangles. 
Thefe fixteen Cafes, with their Analogies deduced 
from the laid Propolitions, are as follow : 



Given 

befides 

the 

Right 

AngJc 


Vid. Fig. to Prop. 25, 26, 27, 28, 
29, 30. 

• 


1 


11. 

: 

k : Cof. CA S, C : Cof. B, 
oi the fame Kind with CA. 

!iy the 

I .» »-rfe 
of 1'fop. 



1 


5 - 

2 

AC and 
\i. 

■ 

Col. CA • R 1 1 Col. ii • 0, v > 
this is ambiguous. 

hy . t>. 

it;. 

3 

B 

AC. 

8, C : Cof. B : : R : Cof CA* 
of the lame Kind with the An- 
gie B. 

b . .. 

. j.d 


1 

BC. 

R : Cof. BA : ; Cof. AC : Cof.BC- 
If BA, AC, be of the fame Af- 
fection, and not Quadrants, then 
BC will be lefs than a Quadrant. 
If they be of a different Affection, 
BC (hall be greater than a Qua- 
drant. 

>•''>* * h 
and 20. 


X 


C.vcn 
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• 

Given 

befidcsi 

the 

Right 

Am****’ 

Sought 

9 


• 

• 

5 

B A, 

BA. 

r\\J. 

Co f. BA : R : : Cof. BC : Col. 
CA. It EC he lel| than $ Qua 
i:ant s then (hall iiA and CAbe 
if the lan*c A taction ; if gi eater, 
tt a different : Bui BA is given, 
;nd ihnufou* the Species thereof. 
Vherrfore the Species of AC is 
• ■To aiven. 

By Prop. 
26, and 
21. 

0 

BA, 

Ca. 

B. 

,, b.-v : K : ; I , CA : ' 1 ', B, of 
he lame Atfr&ion with the op- 

S?<'h' CA. 

By Prop. 
27, and 
18. 

..... 

7 

Ba, b. 

■ 

v : £>, . 1 , 15 : 1 , /iw, ol 

he lame K'nd with B. 

B> r.<> ?. 
27, and 
18. 

■ 


BA 

1 ', B : T, CA ::K:S, A B, 

.ibinMnui. 

By 

27. 

9 

i>C, c. 

AC. 

!C :Co. C ; : 1 , BC : i\ CA. If 
r iC be lefs than a Quadrant, the 
Anglo C : nd ii ase of the fame 
.•iffcclion i if greater, ol a difle 
cnt. Therefore, if the Species 
>f the Angle U be given, then 
will AC he t»*ven. 

Bv 1'iop. 
;.8, and 

21. 

10 

1 

1SU 

Coi. C : R : : i , CA ; T, BC. 
And lu, if the Angle C a id CA, 
be of the ft me Afie&ion, then BC 
(hall be itfll-r than a Quadrant 5 
«» ol a ditatenr, greater. 


11 

t 

BC, 

AC. 

1 

T, BC : i\ L/i : : k . \Lo;. C. 
Ir BC be lefs than a Quadrant, 
thm CA and BA, and confe- 
queniiy the Angles, fhall beof the 
fame AlI'eA ion ; if greater, of a 
different. But the Species of CA 
is given ; therefore the Species cl 
'h» A»v»l will hi* alf«» given. 

liy i'rjp. 
28, and 

21. 


Given 
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Of 
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Of the Solution of Right-angled Spherical 
TriUngtes, by the five circular Parts. 

*T*HE Lord Niper (the noble Invertor of^Loga- 
rithms) by a due ConfTdf ration// the Analogies 
by Which Right-angled Spherical Triangles are folved, 
found out two Rules„eafy to be remembered, by means 
of which, all the fixteen Cafes may be folved: For 
fines , in thefe Triangles, b elides the R ght Angles, 
there are three Sides, and two' Angles ; the two Sides 
comprehending the Right Angle, and the Complements 
of the Hyporhenufe, and the two other Angles, were 
called by Neper , Circular Parts \ and when there are 
given any two of the faid Parts, and a third is fought; 
one of thefe three, which is called the Middle Party 
cither lies between the two other Parts, which are call- 
ed Adjacent Ext> ernes ; or is feparattd from them, and 
then are called Oppojite Extremes v So if the Comple- 
ment of the Angle B (Ftg. to Prop . 25.) be fuppofed 
the middle Part, then tnc Leg AB, and the Comple- 
ment of the Hypothermic BC, are adjacent extreme 
Parts ; but the Complement of ihc Angle C, and the 
Sides AC, are oppoiire Extremes. Alfo, if the Com- 
ponent of the Hypothenufe BC be fuppofed the mid- 
dle Part, then the Complements of the Angles B and 
C are adjacent Extremes, and the Legs AB, AC, are 
< i, po;iu: Extremes. In like manner, fuppofing the Leg 
Aj> the middle Part, the Complement of the Angle B 
and AC are adjacent Extremes j fo^thc Right Angle 
A doth not interrupt the* Adjacence, Jbecauil* it is not 
a circular Part. But the Compkmein r of the Angjle 
C, a/;d the Complement of the Hypothec: dc BC, are 
orp'dite Extremes to the faiJ middle Part. Thefe 
Things premifed, 

• 

RULE I. 

In any Right-angled Spherical 'Triangle , the Reft- 
angle under the Kudins, and the Sine of the 
middle Part, is iqpal to the Re ft angle under 
the Tangents of the adjacent Parts. 

RULE 
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RULE II. 

The angle under the Radius , and the Sine of 

the^niaSlePart, is equal to the Rectangle 
under tbetyfincs of the oppojite Parts. 

Each of the RulcS^ave three Cafes : For the mid- 
die Part may be the Complement of the Angle B, or 
Cj or the Complement of the Hypothenufe BC ; or 
one of the Legs, AB, AC. 

Cafe 1, Let the Complement of the Angle C be the 
middle Part ; then fliall AC, and the Complement of 
the Hypothenufe BC, be adjacent Extremes. By Prop . 
28. the Cofine of the vertical Angle C is to Radius as 
the Tangent ofCA is to the Tangent of the Hypothe- 
nufe BC. Then (by Alternation) we (hall have Cof. 
C : T, CA : : R : T, BC. ButR : T, BC : : Cot. 
BC : R (as has been* before fliL’wn). Wherefore Cof. 
C : T, AC : : Cot. BC : R * whence RxCof. C r: 
T, AC x Cot. BC. 

And the Complement of the Angle B, and AB, are 
oppolitc Extremes to the lame middle Part, the Com- 
plement of the Angle C $ and {by Prep . 25.) a - the 
Cofine of the Angle C, to the Sine of the Angle CDF, 
fo is the Cofine of DF to Radius. But the Sine of 
CDF = AE = Cof. BA, and Cof. DF = S, EF - 
S, Angle B. Whgjice it will be, as Cof. C : Cof. BA 
: : S, B : R. AndjRxC ,f. C=Cof. BAxS,B ; tfcSt 
is, Radius draw//mto the Sine of the middle Part, is 
equal to the Ractangle under the Cofmes of the op- 
polite Extrei^es. 

CaJhjz. Let the Complement of theHypothenu r cBC 
be the middle Part; then the Complements of the An- 
gles B and C will be adjacent Extremes. In the Tri- 
angle DCF [by Prop . 27.) it is, as S, CF : R : : T, DF 
: T, C. Whence (by Alternation) S, CF : T, DF : : 
(R : T, C : 0 Cot. C : R. x But S, CF = Cof. BC 
andT, DF=Cot. B. Wherefore RxCof. BC=: 
Cot. CxCot. B 5 that is, Radius drawn into the Sine 
of the middle Part is equal to the Produdl of the Tan- 
rents of the adjacent extreme Parts. 

J X 3 And 
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And BA, AC, are the oppofite Extremes to thg,-.. 
faid middle P^rr, viz the Complement of BC ; acid * 
(by Prou. ?6.) Cof BA : Cof. BC : : R : Co f. ACV 
Where'ore we (hall have RxCofrBC=:C(j<. BAx . 
Cof. AC. / / 

Cafe 3. Laftiy, let AB be the mu}ttle P?£t ; and 
then the Complement of tfi^ Angl^JS, and AC, will / 
adjacent Extremes, and {by P>jf. 27.) S, AB : R : : 
T, CA : T, B. Wjiencc S; AB : T, CA : s (R : T, 

B : :) Cot. B : R. And fo*RxS, AB=T, CA = 
Cot. 13 . 

Moreover, the Complements of BC, and the Angle 
C, ;.rr :#|jp.(ie Extremes to the fame middle Part AB; , 
and ir» the Triangle (jHD {by Prof*. 25.) we have Cof. 

D : S, UGH : : C «. GH : R. Bur Cof. DnCof. 
AL = S, AB. and ti, G = S, IF = S, BC. Alfo, 
Cof. GH~S HI r.S, C. Wherefore .t will be, as 
S, AB : S, It C : : 3 , C : R. And hence RxS, AB= 

5, JK/xS, C. 

And f<>, in every Cafe, the RtJefcmgk under the Ra- 
dius, and the Sine of the middle Part, ihall be equal to 
the RudUnglc under the Cofuics of the oppofite Ex- 
tremes, and 10 the Redlaiv.-le under the Tangents of the 
adjacent Extremes : And, confequcntly, if the afore- 
faid Equations be revived into Analogies (by 16 EL 

6. ), the unknown Parts mav be found by the Rule of 
Proportion. And if that Pari fought be the middle one, 
then (hall the fitfl Toini of the Analogy be Radius, 
and the fccond and third, the Tangents or Coftnes of 

extreme Parts. If one of the Extremes be fought, 
tnc Analogy mutt begin with the oilier ; and the Ra- 
dius, and "the Sme of the middle Fata muft be put in 
the muldli Places, that (o the Part flight may be in • 
the tcuvth Place. 

T N Obi it' ::c- angled Spherical Triangles (Fig. to Prop. 

31.) BCD, if a perpendicular Arc AC be let tall 
from the Angle C to the Bafe, continued, if need be, 
lo as to make two Right-angled Spherical Triangles 
BAG, DAC; then, by thole Right- angled Triangles, 
may mod of the Calcs of Oblique angled ones be 
Iblvcd. 


PRO- 
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PROPOSITION XXXI. 

nes of*. the Angles B and D, al the Safe 
BD, are pmortional to the Sines of the ver- 
tical An^s BCA, .DC A. 

FOR C of. Ari& B: S, BCA : : (Ccf. CA:R : :) 
^ Cof. D : S, DCfr (by 25 of % ibis ,} 

PROPOSITION XXXII. 

j The Cofines of the Sides BC, DC, are propor- 
tional to the Cofines of the Safes L5A, DA. 

17 O R Cof. RC : Cur. RA : : (Cof. CA : R : :) Cof. 
" DC : Col. D;\ [by 26 of' ibis.) 

PROPOSITION XXXIII. 

The Sines of the Safes BA, DA, are in a reci- 
procal Proportion of the Tangents of the An- 
gles B and D, at the Safe BL>. 

DKcaufc {by 27 of this) S, PA : R : : T, AC 1 : T, 
^ of the Angle B. And by the fame inwnly, R : S, 
DD : : T, of the Angle* D : 'V, AC. Tin;, wl! it 
be (by the Equality of prrt'iihue Ratio, :n coaling to 
Prop. 23. Et. 5 .) S, SA : S, 1)A : : T, A nje D : T, 
Angle B. j 

P R OPPOSITION XXXIV. 

A 

The Tange j/s of the Sides RC, DC, are. in a re - 
ciprs*.m Proportion of the Ctfnss of ib ver- 
ti/il Angles BCA, DC A. 

/ 

B Ecaufe, by alternating the 28th Proptfnion ; we 
have P, BC : R : : T, CA : Cof. BCA , 
and by the fame, R : Cof. DCA : : T, DC : T, CA. 
Wherefore, hy Equality of nerturh.-f,- iVopn.iion, 
T, BC : Cof. DCA : : T, DC : CV. BCA. 


X 4 


P R O- 
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PROPOSITION XXXV. A 

I ‘be Sit:?! of then's BC, DC, fre propojli&fat 
to the Sines of the oppofite An/les S) a nd B. 

B Fcaufe [by C-: iryth of this ) { S, BQ.. R ; ; t, CA : 

• h, of the Angie B; and/ by the fame, inverting, 
R : 3 , LC : ; S, An«le D : S.^of CA. Whence, by 
Equality of perturbate Ratio, BC : S, DC : ; S, D : 
S, B. 

PROPOSITION XXXVI. 

Jn any Spherical Triangle ABC, the ReElangle CF 
x AE, or FMx A E, contained under the Sines 
of the Legs BC, BA, is to the Square of the 
Radius , as IL or IA — LA the Difference of 
the verfed Sines of the BafefZA^ and the Dif- 
ference of th Legs AM, to GN, to the verfed 
Sine of the Angle B. 

1 ET a C.rrle PN bedeferibed from the Pole 
4 B ; and let BP, BN, be Quadrants ; and then PN 
is the f fe.’ifure of the Angle B ; ally, dclcribe from the 
fame Pcdc B a loffer C : rcle CFM thro’ C ; the Planes 
v\ thefe Circles fhali be perpendicular to the Plane BON 
(by the id of this.) And PG, CH, being perpendicu- 
lar in the fame Plane, fall on the coimnon^ScftionsON, 
FA'i; iuppofc in G> H. Again, drawrtHI perpendicular 
to AO } and then the Plane drawn thr.V CH, HI, (hall 
be perpendicular to the Plane AOB. ^Whence AI, 
wh.ch is perpendicular i ' III, will be perpendicular to 
the Rig, b r . Line Cl (by Df. 4 .EL ii.Jj and AI is 
the vei fed din? of tne A rc AC, and AL the verfed Sine 
of the Arc A M ~ 3 M— BA=BC— BA. The Ifofceies 
Ti 'angles ( V‘- l, PON, are equiangular, fmceMF, 
NO, a' PO {by ib EL 11.) are parallel. 

Wimreioie, if Perpendiculars CH, PG, be drawnto 
t the ' FM, ON, the Triangles will he divided 
firm Lujy, and we (hall have FM: ON : : MH : GN. 
Alib, bccaufe the Triangles AOE, DIH, DLM, 
are equiangular, we (hall have AE : AO : : IL : MH. 
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But it has been proved, that FM : ON : : MH : 
"^GN. Wherefore it (hall be, as AExtM : AOx 
: ILxMH : MH xGN, or fo is JL to GN ; 
thatnK the Re&angle under the Sines of the Legs, is 
v to tRe Sq*uateof I^dius, as the Difference of the veiled 
Sines dfthejEUfe, and the Difference of the Legs BC, 
BA, is totfte varied Sing bf the Angle B» W. W. D. 

proposTtic/n XXXVII. 

The Difference of the verfed Sines of two Arcs , 
drawn into half the Radius , is equal to the 
Re ti angle under the Sine of half the Sum , and 
the Sine of half the Difference , of thofe Arcs. 


T E T there be two Arcs, BE, BF, whofe Difference 
EF let be bifc&ed in D ; then (hall BD be the half 
Sum, and FD the half Difference of thofe Arcs. GK 
— 1L is the Difference of the verfed Sines of the Arcs 
BE, BF ; alfo, FO i» the Sine of the half Difference 
of the Arcs. Andbecaufe the Triangles CDK, FEG, 
are equiang dar, we have DK : GE : : (CD : I'E : :) 
l CD : f FE. Whence DKx-J- FE, or DK X FO= 
GE x CD=IL x 4 CD. W. W. D. 


PROPOSITION XXXVIII. 

The verfed Sine t’f any Arc , drawn into half tie 
Radius , is equal to the Square of the Sine of 
one half off the faid Arc . 

r T' H jjtf riangles CBM, DEB, are equiangular, fince 
-*• jne Angles at M and E are Right Angles, and the 
at B is common. Wherefore EB : BD : : BM, 
* : BC. And then will EB x BC = BM x BD ; and 
EBx-J BC=BMx£ BD=BMq. W.W.D. 


3 * 3 * 


PRO 
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PROPOSITION XXXIX . 1 1 
' , fc /'/v 

In any Spherical Triangle ABC fwhoff'mgs, con- 
taining the Angle B, arc BC,*AB \/ani I$afe fub- 
tending that Angle AQ *, if t£e Arc AM be 
*takcn — Difference of tbeffgs — BC — AB ; 
then Jhall the focftangk"mder the Sines of the 
Legs BC, BA, be tj thl Square of the Radius > 
as the Reft angle, under ■ the Sine of the Arc 


AC + AIM . , . , . AC— AM 

— and the Sine of the Arc : * 


is to the Square of the Sine cf cue half of ike 
Angle B. Vid. Fig. to Prop. 36. 


D Ecaufi’ the Reftangle under the Sines of the Legs 

^ AB, BC, is to the Square o£ Radius, as IL is to 

the vtr.id Sine of the Angle B, or as^ RxlL to J R 

drawn into the verfed Sine of the Angle B [by Prop. 36. 

of this.) And fmee -^RxIL=Re£^all''lc•, under the 

o- f .1 « , c AC + AIM . AC — AVI 

Sines of the Atcs — > and , (by 

2 2 

Prop. 37. of this.) And alfo R drawn into the verfed 
Sine of the Angle B is equal to the Square of the 
Sine of one half of the Angle B (by Prop. 38. of tin:.') 
Theie'oie the Reel ingle under the Sines of the Sides, 
to the Square of Radius, {hall b* as the Reft angle 

under the Sines of the Arcs and 

2 2 * 

is to the Square of the Sine of one haK- the Angle H. 
W. W. D. 

\. 


The 
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Tbqjwelve Cafes of oblique-angled Spherical? ri- 
~ Angles are as fellow : 


I G5ye\| 

^oueV 

Make, ns ' 

I 

.2 

B, I), 
and BC. 

is^ir 

O.* 

S 

• 

• c... l'C . 5 , j.Cot. BCA u 0,i - 

Prop. 3 o. .ftbis): Alfo Cof. 
rA^S, DC A : : C A\ D : S, DCA *.«; ,/-v. ;• 

( Wherefore the Po< - ? 
Sum the Angles BCA, DC A, {^ca/ 
i*the Perpendicular falls within 
•he Triangle, or the Difference, 
if’ it falls without, will be = 

13 C D. Whether the Perpen- 
dicular falls within, or without 
ihc Triangle, may he known 
from the Affection of the Angles 

B and D [by 22 . rf this) ; which 
Admonition ought to bcobferved 
in the following Solu.inns. 

Angst- 

B,BCD, 

and the 

Side BC. 

Angi. 

u. 

t 

ti : CoC BC : : I, B:C:t. BCA nh p, ° 
l Prop. 3 o. of this.) 

RCA : S, DCA : : CoC B : Col. ™ 

D [by Prop . 3 1 .) It BCA be th* 
lefs’than BCD,the Angle D (hall 
beof the feme Affection with the t k*si 
Angle B. If BCA be greater BC A my 
than the Angle BCD, then the h * h 

Angles B and D fhall he rff # a 
different Affeclion, by the Con- 
verfe of Prop. 22 . 

3 

Inc 

Sid'-i* 

>C, j 

rco, 

and the 
Angle B. 

Tne 

Side 

BD. 

i 

R : Cof. li : : I’, BC : T, B/v 
[by 28 . of this.) And Cof. BC : 

Cof. BA : : Cof DC : Co f. DA 

32 - of this .) The Sum or Dif- 
ference of BA and I)A, accord- 
ing as the Perpendicular falls * 

within or without the Triangle, 
is equal to BD ; which cauno 1 : 
be known, unlcfs the Species of 
the Angle D be firft known. 


Given 
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Given 

Sou** 1 

Make, as ( ^ 

4 

The 

Side; 

BC, 

DB, 

and the 
Angle B. 

The 

Side 

CD. 

. : Cm. B : : T, BC : t Jba 

; .y 28. of this.)t . An-lXsaWpV; 

Jo f. BC : :Cot DA fi/.Utfyy 
*.rp. 32. of pis ) iLfcording as- 
) A is ji/nlar or cmmnilar to CA, 
01 iothttAngk,BDC^tofliall DC 
it-flt roj>^rea.cr than a Qua- 
'intftyyig, and 20. of this.) 

5 

Angle- 
B,D 
and tkr 
S.dc 
BC ' 

i n 
Side 

BD. 

of this.) A: hi T, D : T, B : : 
BA: S, DA iby 33. of this.) 

1 l S m or DifP rence of BA 
: d D \ = «D. 

6 

7 

* 

1 he 

Side* 

BC, 

BD, 
and the 
Angle B 

Ang'.v 

D. 

w..-. B . . T,BC : T,Ua\«ji 
rif>. 28. of this.) And 8, DA : 
,BA::T, B . T, D(by 33 .of 
f hi$.) According ts BD is greater 
>r Kffer than BA, tne Angle D 
Hull be fimilar or diflimilartothc 
Angle B (by 22 of this.) 

The 
Sides 
BC, 
DC, 
and the 
Angle 
Be 

Angle 

C. 

v^ul. BC : R : : Cot. B : T, BCA 
\hy 30. of thi>.) And T, DC : T, 
BC : : Cof. BCA : Cot DCA 
(by 34. of this.) The Sum orDif- 
terence of the Angles BCA, 
DCA, according as ihe Per- 
p ndicular falls within or without 
the T riangle, is equal to the An- 
gle BCD. 

t 

j Ik- 

Angle.- 

BCD, 
and B 
and tht 

SHe 

BC. 

i he 
Side 
DC. 

Col BC : R ; : Cor. B : T, BCA 
(by 30. of this.) Alio, Cof. DCA 
: C*.t BCA : : T, BC: T, DC 
(by 34. of this.) If tm. Angle 
DCA be fimilar to the Ancle B 
(that is, t i ADbe fimilar to Ck;, 
then DC ihall belcfs than a Qua- 
drant. If the Angles DCA and 
B be ditfimilar, then DC (hall be 
greater than a Quadrant, which 
tnllows (from Prop. 18, 19, and 
jo. of this.) 


Given 
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Y^iven 

Sought 

Make, as 

« 

* 

line 

fe 

1 jB v, -. 

D(\ 
and^hct 
Angle ' 
B. 

The 

Angle 

\ 

% 

1 % 

S, CD : S, B : : S, BC : S, D j 
which is ambiguous, ^he Ana- 
logy follows from Prop, 35. of 
this. 

• 

* • 

10 

The 
Andes 
B,D, 
and the 
Side 
BC. 

The 

Side 

DC. 

BC : : S, B : S, D(i 1 
wffifh\ide is ambiguous. 

• 

11 

All the 
Sides 
AB, 
BC. 
CA. 
Fid. 
Fig. 

The 

Angle 

B. 

As me Kedtanglc under the Sines 
of the Legs AB, BC ; the Square 
of Radius : : the Rectangle under 

the Sines of the Arcs ^+AM 
> 2 

and : the Square of the 


Prop. 

36 . 


Sine of ' the Angle B (by Pro. 39. ) 

12 

*1 

All the 
Angles 
G, H, 
D. ViJ. 
P'S- 

Prop* 

l 

i 

r 

'['he 

Side 

GD. 

In the Triangle XNM, the Arc 
MN is the Complement of the 
Angle GHD to a Semicircle. 
XM is the Complement of the 
Angle G, and XN the Comple- 
ment of the Angle D : And thft 
Angle X, the Complement of the 
SidcGD to a Semicircle. Where- 
fore, if the Angles be changed 
into Side?, and the Sides into An- 
gles, the Operation will be the 
fame as in Cafe 1 1 . of this ; iince 
Arcs, and their Complements to 
Semicircles, have the fame Sines. 
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The following REMAR K, 

Samuel Cunn. 

i ft. 

T HAT this is true but fti a particula^CaTe, viz. 

• when two of the Angles eft’ the Triangle are Righ* 
ones, and two of the Sides Ougrants, may be thus de- 
mouiirated : For, if poflib^Tlfct fonv- Triangle RST, 
Fig. to Prop. 14th, be fuel/ that its Sides RS, ST, TR, 
be equal to the Meafures of GHD, HGD, GDH, the 
Angles of a Triangle GHD 3 and, alio, that the Mea~ 
fures of RS T, S I R, TRS, the Angles of the Triangle 
RST, be equal toGH, GD, HD, the Sides of the 
Triangle GHD ; and produce MX, MN, two Sides 
of the fupph.'mental Tiiangle, to Semicircles, and they 
will meet loine where, iuppofc at E ; and theie will be 
conitrudtcd thereby the Triangle NEX, of which XE 
(the Supplement of XiVT, which, ty the 14th P/ofi. was 
the Supplement of the Meafuie of the Angle HGD) is 
equal to the Meafure itlclf of the fame Angle HGD: 
And, in hke manner, NE, the Supplement of NM, 
which, by the 14th Prop, was the Supplement of the 
Meafure of the Angle GHD, is equal to the Meafure 
iifelf of the fame Angle GHD. But the third Side XN 
is* not the Meafuie ol the third Angle GDH, but its 
Supplement, bv the 14th Prop. Moreover, of the An- 
gle EXN (whofeSupplcment isNXM),the Meafure, 
bf the 14th Prop, is equal to GD j and of the Angle 
X&E (whole Supplement is MNX) the Meafure, by 
the 14th Prop, is equal to HD. But of the third NEX 
(which ii equal to NMX) the Meafure is not equal 
to GH, but its Supplement. 

Now niake NV=R'I'=BK, the Meafure-^>f the 
An je GDH, and draw the great Cncle EV. \^nd 
iince RS, by Suppoiition, is equal to the Meafuf^ c 
the Angle GlJD, which is equal toEN j and fince the 
Meatuic of the Angle SR I' is, by Suppofition, equal 
tu 1 jH, which ij alio equal to the Meafure of the An- 
’ gie aNE ; the Angle XNE is equal to the Angle R. 
T h :"' V 'nroquciitly, by the 4th Prop, the Triangles 
SR 1 , ENV , will have the Bale ST equal to the Bafe 

EVj 



y Spherical Trigonometry. 

le Angle T to the Angle N V E ; and the An- 
o the Angle NEV. But ST (which is equal to 
,vSuppo fttion, is equal to the Meaiure ot the 
'Angla' iTGD ; to which Meaiure XE is alio equal : 
TiiereforddiV is equal to XE ; and, iroiicquciHly, by 
the 7th the Angle EVX is equal to the Angle 
EXV ; and jie.Angle EXV (whofc Mcafure, as li«th 
h yn fhewn above, is ccfual to GD) is equal to flic 
Angle T (or N VE), by Sqppofition, the Mea- 
iure of this is alf’o equal jo ClD. Tlicrcforc the An- 
g ! e EVX is equal to tbe'W^lc EVN, and fo both 
Right ones; and, conftqu'ntly, EXV a Right one 
allu. Therefore, by the 2d Cor. to the 2 J Prop. LV 
and EX are both Quadrants. 

li'uL if EV be a Quadrant, and at Right Angles to 
NX, then K, by 2d Prop . and it.. Co roll, is the Role of 
NX ; and fo EN a Quadrant alfo, and the A'^le RN V 
a Riaht one Therefore, it the Sides of a Eriangle 
(NEV, or its Equal) RST are equal to the Mtaiuics 
of the Angles ot lomc other Tiianglc GHD, and the 
Mcufurcs of the Angles of the fomirr, equal fo the 
Suit s o* the latter ; two SiJ^s of iucli a Triangle RST, 
or G I ID, mult be Quadrants, and two Angles of 
each Right oi^s. 

Therefore, if a Triangle RST be conftrtiAcd, whole 
Sidis are equal to the Meafurcs of the Ang'ej of another 
Triangle GHD ; the Meaiure of the Angles ot the 
Tiianglc UST fliall not be equal to the Side s of the 
Triangle GHD, unlefs »n iIk one Cafe bciorc-nicn- 
tioned. Thetef »re‘the Meafurcs of the Angles of th<? 
Ti tangle GHD, ufed as the Sides of a Triangle in the 
1 1 th Cafe , will not give us a Side of GHD, but the 
Medfuie of an Angle of the Ttiangle RST, unlefs in 
the one afore- mentioned Cafe ; which was to he demon - 
Jit atecL 

£ at to find a Side GD of a Spherical T riangle GHD, 
whole Angles are ail given, produce MN, tnatSideof 
the Supplement Triangle, which is equal to the Sup- 
plement of thfMeafure of GHD, the Angle oppofite 
to the Side fought, and MX, either of the other Side.*, 
till they meet, as in E. And there, as hath been be- 
fore fl itwn, the Sides EX, EN, of the Ttiangle EXN, 
4 ate 
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are exa&'y equal to ih 'Meafures of the Angles Hfl 
GHD, of the T riangV GHD * and of theAnqlf * T 
ENX, of the Tii-p-e EXN, the Meafu* * ^ 
to GE» ftD. But i.e Side XN is equal' 
plement of r l, c Mcafure of the Annie GDI 
the Angle XLN> the Meafurc is equal to/ 
me nt ol GH. 

0 f 

Therefore the S o Ljjjr i o hr is thus 

Change one of the Atj!gU&*GDH 9 adjacent to the 
Side fought, into its Supplement ; and then work with 
the Meafures of the Angles as tho* they were Sides $ 
and the Refult will be GD, the Side fought. 

The preceding Fault, as well as the Omiflions here- 
after mentioned, are not peculiar to our Author; but 
may be found in Dr. Harris , Mr. Cafvucll , Mr. Hcynes t 
and many other Trigonometrical Writers. 


In the Solution of our 9th and ioth Cafes, they have 
told us, that the £hajita are ambiguous ; which fomc- 
times, indeed, is true, but fometimes alfo falfe. There- 
fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might difeover when the 
§{u<zfita are ambiguous, and when not. 

This Ovcrfight may be corrected by the following 
Dire&ions ; wherein, becaufe every Smc correfpcnds 
to two Arcs, to one lefs than a Quadrant, and to an- 
other, which is the Supplement of the former to a Se- 


micircle (a true Diftindtion of which of thele are to be 
ufed, being neceliary to be known, before a proper So- 
lution can be given to fuch Problems as thefe are), I* 
(hall beg Leave, for Brevity- fake, to call the lefler A.rc 
tbe acute Value, and the greater the obtufe; whether 
the Sine be of an Anjde, or a Side. 

V, 

In the tenth Cafe, there are given two Angles, If, 


and D, and BC, a Side oppo/ite to one of tbofe 
Angles D, to find DC, the Side eppoftte to the 
other. 


# T O the acute Value of DC, and alfb to its oh- 
A tui'e one, add BC ; and if each of thefe Sums aie 
£ gi eater 



Spherical Trigonometry. 


=^ ,tcr | than a Semicircle, when the Sum of the 

Angle! B, D, is | than two Right Angles ; 

4bofh the Values of DC may be admitted,* and then it 
Is ambiguous : But ^when. only one of thole Sums is 

J f e fi } » Semicircle, only one Value of DC 


can be true) viz. the 
ambiguous. 



onfcj and then it is not 


•In the ninth Cafe, there are given two Sides BC, 
DC, and one Angle B, oppojite to DC, one of 
thofe Sides , to find D the Angle oppojite to the 
other. 



the acute Value of D, and alfo to its obtufe 
-*• Value, add B; # andif each of thefe Sums is 

\ feft 3161 } than two Right Angles, when the Sum 

of the Sides is | ^ atcr J than a Semicircle, both the 

Values of D may be admitted, and confequently D is 
ambiguous : But when only one of thofe Sums is 

| |£?* ter | than two Right Angles, only one Value of 

D is true,' viz. the | J one ; and then k is not 

ambiguous. 


Nor are we better ufed In the firft Cafe ; for tho’ it 
is determined by the given Angles, whether the Per- 
pendicular falls within or without the Triangles } yet, 
in es'*!> of thofe Varieties, the Quafito will be feme-, 
mes ambiguous, and femetimes not. 


In 
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In the firft Cafe there are given two Angles ^,' D. 
and BC, a Side oppoftte to Df one of them, r, 
find C the third Angle. / ^ 

Let the Perpendicular fall within^ >>at is, lei the 
given Angles be of thd fame Species. ^ 

r ) the acute Value cffiCA, and alfo toils :• 
one, add the As# BCA j and if each i ,*" e 
Sums is lefs than two Right* Angles, then eithi’ 11 " 
acute Value of DCA, or its obtufe one added to BC % 
gives a Value of BCD} which, therefore, is ambigu- 
ous. And when only one of thefe Sums is Ids than 
two Right Angles, the acute V alue of DC A, added to 
BCA, gives the only Value of BCD; which then is 
not ambiguous, tho’in both Varieties the Perpendi- 
cular fell within. 

< 

2. Let the Perpendicular fall without ; that is, let 
the given Angles be of a different Species. 

WHEN the obtufe Value of the Angle DCA is 
lefs than the Angle BCA, the Angle BCD may be had 
by lubtrafting either Value of DCA from BCA ; and 
then BCD is ambiguous. But when the obtufe V alue 
of DCA is not lefs than BCA, the acute Value of 
DCA, taken from BCA, gives the fingle Value of 
«UCD; which, therefore, is not 'ambiguous ; tho’ in 
ifcth Varieties the Perpendicular fell without. 

9 

In the fifth Cafe we lie under the fame Misfortune^ 
where there are given , as in the firft , the 
Angles B, D, and the Side BC, to find BD the 
Side lying between tbofe given Angles . ^ 

l. When the Perpendicular falls within; that is, 
when the given Angles aie of the fame Species. 

'Tp O the acute Value of DA, and fo alfo to its obtufe 
A one, add BA; and if each of thefe Sums is lefs 
than a Semicircle, then either the acute Value of DA, 
or its obtufe one, added to BA, givis the Value of BD ; 

which 
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which thence is ambiguous. And when only one of 

S Sura is lefs than a Semicircle, the acute Value 
A* afeded to BA, gives the only Value of BD ; 
i then is not ambiguous, tho’ in fcoth Varieties 
erpendicular fell within. 

2\Whenthe Perpendicular falls without; that is, 
when thriven Angles are of different Species. 

• 

WHEN theobtulfe Value of DA is lefs than BA, 
BD will be had by fub # tra£Hng either Value of DA from 
BA ; and then BD is ambiguous. But when the ob- 
tufe Value of DA is not lefs than BA, the acute Value 
of DA, taken from BA, leaves the only Value of BD ; 
which, therefore, is not ambiguous, tho” in both Va- 
nities the Perpendicular fell without. 

In the third , we have the fame OmiJJien ; where 
there are given two Sides BC, CD, and B an 
Angle oppofite to CD one of them , to find the 
third Side BD. 

p I R S T, we may obferve, that the Species of DA is 
always known ; for it is of | J dUfcrent } ^ c< ^ on 

with the Angle B, when DC is | g r ^ atcr j* than a Qua- 
drant. And, 

If AD be lefs than AB, and alfo the Sum of AD 
and AB lefs than a Semicircle; then AD, either added 
to, or fubtraded from AB, will give the Value of BD ; 
which, therefore, is ambiguous. 

But if AD be not lefs'than AB, or if their Sum be 
not lefs than a Semicircle; then their Sum in the for- 
mer, and their Difference in the latter Variety, (hall 
give one fitigle Value of BD; and then it is not 
ambiguous. 


Y t The 
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The feventb Cafe much refembles the third ; fyr 
there*are given two Sides BC, CD, and F? ah 
Angle , oppofite to CD one of them ; to fir:it’je 
Angle BCD, lying between tbofe two Side . 

. • * 

D here we may obferve, that the Specie of the 
Angle DCA is known ; hr it is of | ^diffe^nt } 

Kind with the Angle B, whenOC is j g r * atcr j than 
a Quadrant. And, 


If DCA be lefs than RCA, and the Sui^y of 
DCA and BCA lefs than two Right Angles ; ti,°n 
DCA, cither added to, or fubtractcd from, BCA, will* 
give the Angle BCD; which, thcrcfoic, is ambiguous. 

Tf DCA be not lefs than BCA, or the Sum of DCA 
and BCA not lefs than two Right Angles; then their 
Sum in the former, and their Difference in the latter. 
Variety, fliall give the fingle Value of BCD; which, 
then, is not ambiguous. 


N. B. If any one will be at the Trouble to make a 
double Calculation for the Side CD, or the Angle 
D, as taught in the Remarks on the 9th and 10th 
Cafes ; they will find the fever V aricties in the 1 ft, 
gd, 5th, and 7th, to be as here laid down in thefe 
eafy Rules. 


The Truth of thefe Rules may be eafily deduced 
from the 10th, 13th, iSth, and 22d Prop, of this-, and 
the 2d, 8th, and 13th Examples , following Prop . 30. 
of this . 

in our third Cafe of oblique plane Triangles, our Au- 
thor Ihould have added this ; 


Tf AB be lefs than BC, the Angle A is ambiguous; 
•otherwife, not. 


A 
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The PREFACE. 

r H E Mathematics formerly received confi- 
derable Advantages j fir ft, by the Intro- 
duction of the Indian Characters, and 
afterwards by the Invention of Decimal Fractions ; 
yet has it fince reaped., at leaft, as much from the 
Invention of Logarithms, as from both the other 
two. The UJe of thefe , every one knows , is of 
the greateft Extent, and runs through all Farts 
of Mathematics. By their Means it is that 
Numbers almoft infinite, and fuch as are otberwife 
impracticable, are managed with Eafe and Expe- 
dition. By their Affiftance the Mariner fleers his 
. Vejfel, the Geometrician invefligates the Nature of 
the higher Curves , the Aflronomer determines the 
Places of the Stars t the Pbilofopher accounts for 
Y 3 other 
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ether Phenomena of Nature *, ’Tmd, lajlly , the 
XJfurer computes the Interefi of bis Move: 

• •' ' 

'The Subjett of the following Treatife 
cultivated by Mathematicians of the fir] 
feme of whom, taking in the whole Do£trine,fjve 
indeed written learnedly , but fearep’y intelligibly 
to any but Mafiers. Others , again, accc .mod a ting 
thmfelves to the ApprehenJItm of N vices, have 
fekl'hd cut fome of the mofi eafy ,--i id obvious 
Properties of Logarithms , but have left their 
Nature, and more intimate Properties, untouched. 
My Defign therefore in the following Traft is, to 
fupply what feemed fill wanting, viz. to difeovtr 
and explain the Dotlrine of Logarithms , to tbofc 
wbofe are not yet got beyond the Elements of 
Algebra and Geometry. 

The wonderful Invention of Logarithms wt 
owe to the Lord Neper, who was the firfi that 
conflruRed and publijhed a Canon thereof, at 
Edinburgh, ill the Tear 1614. This was very 
gracioufly received by all Mathematicians, who were 
immediately fenftble of the extreme Ufefulnefs there- 
of. And tbo’ it is ufual to have various Nations 
contending for the Glory of any notable Invention, 
yet Neper is univerfally allowed the hroentor of 
Logarithms, and enjoys the whole Iloncur thereof 
without any Rival, 

The fame I.ord Neper afterwards invented 
Another and more commodious Form of Logarithms, 
which he communicated to Mr. Henry Briggs, 
Profeffor of Geometry at Oxford, who was hereby 
introduced as a Sharer in the compleating thereof ; 
But the Lord Neper dying, the whole Bufinefs 
remaining was devolved upon Mr. Briggs, who 
with prodigious Application and an uncommon 

Dex- 


. a 

has teen 

1 n t* 
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nritypr^npefed a Logarithmic Canon, agreer 
to *j hit new Form, for the firft twenty Chi- 
's oj\\Mtbers ( or from i to 200<3o), and 
fleven other Chiliads » viz. from 90000 to 
o. For all which Numbers he calculated 
garithms to fourteen Places ' of Figures, 
'atyh'was publifhed at London in the %e ar 


Adrian JClacq publifhed again this Canon at 
Gouda in Hldland, in the Tear 1628, with the 
intermediate Chiliads, before omitted, filled up ac- 
cording to Briggs’; Prefcriptions j but tbefe Tables 
atfj not fo ufeful as Briggs’;, becanfe the Loga- 
rithms are continued but to 10 Places of Figures. 


Mr. Briggs has alfo calculated the Logarithms 
of the Sines and Tangents of every Degree, and 
the Hundredth Parts of Degrees, to 15 Places of 
Figures \ and has fubjoinea to them the natural 
Sines , Tangents, and Secants , to 1 5 Places of Fi- 
gures. The Logarithms of the Sines and Tangents 
are called artificial Sines and Tangents. Tbefe 
Tables, together with their Confirutlion and Ufe, 
were publijh’d after Briggs’; Death , at London, 
in the Tear 1633, by Henry Gellibrand, andjby 
him called Trigonometria Britannica. * 

Since then, there have been publijked, in fever al 
Places, compendious Tables, wherein the Sines 
and Tangents, and their Logarithms, confiftofbut 
( even Places of Figures, and wherein are only the 
Logarithms of the Numbers from 1 to 1 00000, 
which may be fufficient for mojl Ufes. 

The left Difpofition of theft Tables, in my Opi- 
nion, is that firft thought of by Nathanael Roe, 
of Suffolk i and, with fame Alterations for the 
Y 4 better. 
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better, followed by Sherwin in FifMatberlustiv 
Tables, publifhed at London in ijt » 5 /r?oberek 
are tbe Logarithms from i to ioi dri, tonftfifyg 
of / 'even Places of Figures. To which are flub# 
joined tbe Differences , and proportional Part#/)) 
means of which, may be found eaftly tbe 1 sgarf-bnu 
of Numbers to I ooooooo j bbfervinsffat'tbp.fdmi 
Time , that thefe Logarithms conjijt o; -y of fever, 
Places of bigurcs. Here art aljo the Sines , Tan- 
gents, and St cants, with their LogarP'i.n, and Dif- 
ferences for every Degree and Mintf.e of tbe Qua- 
drant, with forne other Tables of Ufe in praflica, 
Mathematics . 
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CHAP. I 

Of the Origin and Nature of 
L O GA R IT H M S. 

A S in Geometry the Magnitudes of Lines are 
often defined by Numbers ; fo, likewife, on 
the other Hand, it is lometimes expedient to 
expound Numbers by Lines, viz. by aflum- 
ing fome Line which may reprefent Unity ; the D uible 
thereof, the Number 2 * the T riple, 3 ; the one Half, 
the Fraction \ ; and fo on. And thus the Genefis and 
Properties of fome certain Numbers are better con- 
ceived, and more clearly confide red, than can be clone 
by abftraft Numbers. 

Hence, if any Line a* be drawn into itfelf,the Quan- • Fifc. x- 
tity fl a , produced thereby, is not to be taken as one of 
two Dimeniions, or as a Geometrical Square, whofe 
Side is the Line 0, but as a Line that is a third Pro- 
portional to fome Line taken for Unity, and the Line 
0. So, likewife, if a % be multiplied by 0, the Produft 
is 3 will not be a Quantity of three Dimcnfions, or a 
Geometrical Cube, but a Line that is the fourth Term 
in a Geometrical Progreflion, whofe firft Term is 1, 
and fecond a ; for the Terms 1, 0, a \ 0 3 , 0*, 0 s , 0% 

0 7 , &c. are in the continual Ratio of 1 to 0. And 
the Indices affixed to the Terms £hew the Place or 
Diftance that every Term is from Unity. For Ex- 
ample! 
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ample, <t s is in the fifth Place fromrtijjricy, a^n fa) 
fixth, or fix Times morediftant from Uuty *£ u 
a* 9 which immediately follows Unity. / fi 

If, bttwlen the Terms i and there/3? pul a 
Proportional, which is »/ a } the Index of this will 
for its Diftance from Unity will fte one half otfte 

• /f . 

Diftance of a from Umty ; ancffo a 2 rp uy |}C vfc&en 
for •/ a . And if a m<;an Proportionate f ^.t\Vtween 
c and a\ the Indix thereof will be if, or for its Dif- 
tance will be fefquiaheral of the Diftance o(*2 from Unity. 

If there be two mean Proportionals Aviff between i 
and a ; the firft of them is the Cube R6ot of <t, whofe 
Index muft be f ; for that Term is diAant from Unity 
only by a third Part of the Difiance of a from Unity ; 

x V 

and fo the Cube Root may be exprefTed by a 3 . Henct 
the Index of Unity is o; for Unity is not diftant from 
itfelf. 

The fame Series of Quantities, geometrically pro- 
portional, may be both Ways continued, as well de- 
lcending towards the Left Hand, as afeending towards 
i i i i I 

the Right ; for the T erms — , — , — , — , — , i, a\ 

a 5 a* a z a x a 

&c, are all in the fame Geometrical Pro- 
greflion. And fince the Diftance of a from Unity is 
towards the Right Hand, and pofitive or + I, the 
Difiancc equal to that on the contrary Side, v/z. the 
, i 

Difiancc of the Term — , will be negative, or — r 9 

a i 

which (hall be the Index of the Term — , for which 

a 

may be written a — \ Solikewifein the Terms — 1 a , 
the Index — 2 (hew?, that the Term ftands in the fecond 
Place fiom Unity towards the Left Hand, and the Ex- 

i 

prefiions a — 1 and — arc of the fame V alue. Alfo <r— 5 
a % 

I 

is the fame as — . For thefe negative Indices (hew, ' 
a 3 

that the.Tertns belonging to them go from Unity the 

contrary 
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that by which the Terms, whofe In- 
^CMsftunofi^e, do. Thefe Things prerr.ifed, 

; lf ontfct\X,i5»pAN,both Ways indefinitely extended, 
je takrOsA^CE, EG, GI, IL, on the Rijlht Hand ; 
Vjd >lfo Al\ rnrfcfc. on the Left ; all equal to one an- 
; and if, at tflh Points n,r. A, C, E,G, I, L, be 
\ ^ to the Ria;ht Lint* AN, the Perpendiculars HE, 
•^Ta, GD^EP, Gtfc IK, LM, which letbec^i- 
iually^?oUy;tialial, and repref^nt Numbers, whereof 
\B is Unit / j The Lutes AC, AE, AG, AI, AL,— 
*r, — An, rtfAflively expicls the Didances of the 
lumbers friKi Unity*, or the Place and Order that 
;very Number \btains in the Scries of Geometrical 
Proportionals, according as it is didant from Unity, 
jo fince AG is triple of the Right Line AC, rhe Num- 
lr'» GH fhall be in the third Place from Unity, if CD 
*c in the firft : So like wife fliall LM he in the fifth 
Place fince AL= 5 AC. , If the Extremities of the 
Proportionals, E, A, B, D, F, H, K, M, be joined by 
light Lines, the F^ure in LM will become a Poly- 
gon confiding of more or lel> Sides, according as there 
ire more or It fs Terms in the Progreilion. 

If the Parts AC, CE, EG, GI, IL, be bife&cd in 
he Points r, e> /, !, and there be again railed the 
Perpendiculars c d> ef y gb y ik % l m 9 which arc mean 
Proportionals between AB, CD ; CD, EF; EF, GH ; 
jH, IK ; IK, LM ; then there will arife a new Se- 
ies of Proportionals, whofe Terms, beginning from 
hat which immediately follows Unity, are double of 
hofe in the firlf Series, and the Differences of the 
Terms are become lefs, and approach nearer to a*Ra- 
io of Equality than before. Like wile in this new Se- 
ies, the Right Lines AL, AC, exprefs the Diftances 
>f the Terms LM, CD, from Unity ; viz . fince AL is 
cnTimes greater than Ac, LM fhall be the tenth ! erm 
)f the Series from Unity : And becaufe A a is three 
Times greater than Ac, ef will be the third T erm of the 
series, if c d be the fird ; and there (hall be two mean 
Proportionals between AB and ef\ and between AB 
uid LM th&rc will be nine mean Proportionals. 

And if the Extremities of the faid Lines, viz . B, d f 
D F, />, H, feV. be joined by Right Lines, there 
Aril) be a new Polygon made, confiding of more, but 
hotter Sides than the lad. 

If, 


3Jt 
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If, again, the Diftances Ac, cC, 6*, WeTitl ft t*. 
pofed to be bifedted, and mean Proportiu nata«/£tweelv 
every two of the Terms be conceived to/e/fu . at th^f 
middle Diftances; then there will arife/nioth?rSefie£ 
or Proportionals, containing double»the Number r 
Terms from Unity than the formeriSoes ; but theB 
fcrence of the Terms will briefs ; and if :he E 
mines of the Terms be joined, fhe Number ci th^ard 
of the Polygon will foe augmented ficcortii^wto the 
Number of Terms ; and theSidas thereof frill t>e*leffer, 
bccaufe cf the Diminution of the Diffsmces of the 
Terms from each other. • /T^ 

Now, in this new Series, the Dift^iccs AL, AC, 
&£. will determine the Orders or Places of the Terms ; 
viz. if AL be five Times greater than AC, and CD br 
the fourth Term of the Series from Unity, then LM 
will be the twentieth Term fiom Unity. 

If in this manner mean Proportionals be continu- 
ally placed between every two Terms, the Number of 
Terms at laft will be made fo great^as alfo the Number 
of the Sides of the Polygon, as to be great* r than any 
given Number, or to be infinite ; and every Side of the 
Polygon fo lefiened, as to become left than any given 
Right Line ; and confccjucntly the Polygon will be 
changed into a curve- lined Figure ; for any curve-lined 
Figure may be conceived as a Polygon, whofc Sides 
are infinitely final], and infinite in Number. 

A Curve defer ibcd afte? this manner is Culled Loga- 
rithmiad j in which, if Numbers be lepiefeoted by 
Right Lines flanding at Right Angles to the Axis AN, 
the Portion of the Axis intercepted between any Num- 
ber and Unity (hews the Place or Order, which that 
Number obtains in the Series of Geometrical Propor- 
tionals, diilaut from each other by equal Intervals, 
lor Example ; il AL be five Times greater than AC, 
and theic aie a thoufand Terms in continual Propor- 
tion, from Unity to LM ; then will there be two hun- 
dred Terms of the fame Series from Unity to CD, or 
CD (lull be the two hundredth Term of the Series 
from Unity; and let the Number cf Terms from AB 
to LM be fuppefed what it will, then the Number of 
T ernis from AB to CD will be one fifth Part of that 
Number. 


The 
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M^K^ogaJrthmTcal Curve may alfo be conceived fo 
be de&i^fd Cy two Motions, one of which is equable, 
ifld^thcfcA^rfecceleratcd, or retarded, according to a 
riven'KatiaVFor Example, if the Right Line AB 
gloves uniforml^dong the Line AN, fo that the End 
Ihthere of defcriberequql Spaces in equal Times ; and, 
%th‘^me'S\Time, thg faid Line AB fo increafes^that 
:he liirc^nenVj thereof, generated in equal Times, be 
>ropc#ioitt* to the whole incrCafmg Line, that is, if 
^B, in goiniforward # to cd y he increafcd by the Incre- 
ment o d 9 ?jt|l in an # equal Time when it is come to 
3D, the Increment theieof is D p 9 and D p to dc is as 
io is to AB; tnat is, if the Increments generated in 
rqual Times are always proportional to the Wholes; 
*r, if the Line AB, moving the contrary Way, dimi- 
nifhes in a conftant Ratio, fo that while it goes thro' 
the equal Spaces, the Decrements AB — rA, TA — 
FIE, are proportional to AB, rA; then the End of the 
Line, incrcafing or decreafing in the faid manner, de- 
feribes the Logaritfimical Curve. For fince AB : do 
. : dc : D p : : DC it (hall be (by Compofition 
of Ratio), as AB : dc : : d c : DC : : DC \fe % and 
fo on. 

By thefe two Motions, viz. the one equable, and the 
other proportionally accelerated or retarded, the Lord 
Neper laid down the Origin of Logarithms, and called 
the Logarithm of the Sine of any Arc, That Number 
which nearejl defines a Line that equally increafes 9 while % 
in the mean Time * the Line exprejjing the whole Sine pro- 
portionally decreajes to that Sine . « 

It is manifcft, from this Defcription of the Logarith- 
mic Curve, that all Numbers at equal Diftanccs are 
continually proportional. It is alfo plain, that if there 
be four Numbers AB, CD, IK, LM, fuch, that the 
Diftance between the firft and fccond be jqual to the 
Diftance between the third and the fourth : Let the 
Diftance from the fecond to the third be what it will, 
thefe Numbers will be ptoportional. For, becaufe 
the Diftanqes AC, IL, are equal, AB (hall be to the 
Increment Dr, as IK is to the Increment MT. 

. Wherefore (by Compofition) AB : DC : IK : ML. 
And contrariwfe, if four Numbers be proportional, 
the Diftance between the firft and the fecond (hall 

be 
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be equal to the Difiance between tfes thirdi 
fourth. r* /*- V 

The Defiance between any two Nilp'fc’eri is caily 
the Logarithm of the Ratio of thofe^Num-Sers, an' 
indeed doth not meafure the Ratio>*elf, but the Nir 
her of Terms in a given Series of geometrical Fro ; 
tionals proceeding from one f^umber to smother*; a 
defines the Number of equal Ratios thg^oinpoL 
lion whereof the Ratios of Numbersiirej'moiifr;. 

If the Difiarice between an/two Numbers be dou- 
ble to the Difiance between twp other^umbers, then 
the Ratio of the two former Numbers fhall be the 
Duplicate of that Ratio of the two letter. For let the 
Diftance IL between the Numbers IK, LM, be double 
to the Difiance A c> between the Numbers AB, cd\ 
and fince IL is bifedted in /, we have A c ~ I /, IL j 
and the Ratio of IK to Im is equal to the Ratio of AB 
to cd'y and (o the Ratio of IK to LM, the Duplicate 
of the Ratio of IK to Im (by Def. io. El. 5.), fhall be 
the Duplicate of the Ratio of AB f to cd. 

In like manner, if the Difiance EL be triple of the 
Diftance AC, then will the Ratio of EF to LM be 
triplicate of the Ratio of AB to CD : For, becaufe 
the Difiar.ce is triple, there (hall be three Times more 
Proportionals from EF to LM, than there are Terms 
of the fame Ratio from AB to CD ; and the Ratio of 
EF to LM, as alfo of AB to CD, is compounded of 
the equal intermediate Ratios (by Dcf \ 5. EL 6.) And 
lo the Ratio of EF to LM, compounded of three Times 
a greater Number of Ratios, fhall be triplicate of the 
Ratio of AB to CD. So, likewife, if the Diftance 
GL be quadruple of the Diftance Ac, then fhall the 
Ratio of GH to LM be quadruplicate of the Ratio of 
AB to cd . 

The Logarithm of any Number is the Logarithm 
of the Ratio of Unity to that Number j or it is the 
Difiance between Unity and that Number. And fo 
Logarithms exprefs the rower. Place, or Order, which 
every Number, in a Series of Geometrical Progref- 
fu.nals, obtains from Unity. For Example, if there be 
• Joooocoo proportional Numbers from Unity to the. 
Number 10, that is, if the Number 10 be in the 
iccccocoth Place from U.iity ; then it will be found 

by 
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jftd i^nputat^n, that in the fame Series from Unity, 
|o 2, TO e afe 3010300 proportional Terms ; that is, 

J he fland in the 3010300^ Place. In 

Jke nfeaner^from Unity to 3, there .will be found 
4,771213 propoHbnal Terms, which Number defines 
the Place of the Nifcnber 3. The Numbers 10000000, 
3©10200^>^7712I3, {hall be the Logarithms of the 
Number loyto, and 3. • 

If : ; ie fir 'l Twin of the Series from Unity be called 
y, the feconc Term vfill be y% the third y 3 , And 
fince the Nifoiber 10 is the 10, coo, oooth Term of 
the Series, the^a willy* 1 000 0000 =: 10; alfoy 3040 a®* 
rr2 ; a Ifo y 4 7 'V a 1 3 =r 3 ; and fo on. 

Wherefore all Numbers fhall be fome Powers of 
*hat Number which is the firft from Unity; and the 
Indices of the Powers are the Logarithms of the 
Numbers. 

Since Logarithms are the Difiances of Numbers 
from Unity, as has been (hewn, the Logarithm of 
Unity fhall be o; Tor Unity is not difiant Horn itfelf: 
But the Logarithms of Fractions are negative, orde- 
feendmg below nothing 5 for they go on the contrary 
Way. And fo if Numbers, increasing proportionally 
from Unity, have pofitive Logarithms, orfuch as are 
att't&ed with the Sign +, then Fra&ionsor Numbers, 
in like manner decreafing, will have negative Loga- 
rithms, or fuch as are afte&ed with the Sign — ; which 
is true when Logarithms are confidered as the Dis- 
tances of Numbers from Unity. 

But if Logarithms take their Beginning, not ffbm 
an integral Unit, but from an Unit that is in fome 
Place ol decimal Fractions ; for Example, from the 
Fraction rmz-M-mvi then all Fractions greater 
than this, will have pofitive Logarithms ; and thofc 
that are lets, will have negative Logarithms. But 
more lhall be faid of this hereafter. 

Since in the Numbers continually proportional, 
CD, EF, GH, IK, bfc. the Diftances CE, EG, GI, 
£jfc. are cqpal, the Logarithms AC, AE, AG, AI, 
iffc. of thole Numbers fhall be equidifierent, or the 
Differences of them fhall be equal : And fo the Lo- 
garithms of proportional Numbers are all in an Arith- 
metical Progreffion ; and from hence proceeds that 
common Definition of Logarithms, viz. that Loga- 
rithms- 
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rithms are Numbers , wbich % being ndjoiqei to Jfcf Jyj^ 
tionS) have equal Differences . \ * 7 * ^ 

In the §rll Kind of Logarithms thj/f Jfefer |»}ifa~ 
lifted, the firft Term of the continuaj^f roj^stfonalr 
was placed only fo far diftant from Upfcy, as that Term' 
exceeded Unity. For Example, ifdw be the firft Terniy 
of the Series from Unity AB, the Logari thrr^t hereof, a 
the Diftance A w, or By, was, fccordingfcohim,*cqual^ 
to vy, or the Increment of the N timber above Unity* 
As fuppofe vn be 1,0000001, he placed 0,0000001 
for its Logarithm A n 5 and from hence , £>y Computa- 
tion, the Number 10 (hall be tife £30Y.5850 th Term 
of the Series ; which Number therefyre is the Loga- 
rithm of 10 in this Form of Logarithms, and expreues 
its Diftance from Unity in fuch Parts whereof vy or 
A n is one. 

But this Pofition is entirely at Pleafure ; for the Di- 
ftance of the firft Term may have any given Ratio to 
the Excefs thereof above Unity ; and according to that 
various Ratio (which may be fuppofed at Pleafure,) 
that is, between vy and By, the Increment of the firft 
Tcun above Unity, and the Diftance of the fame from 
Unity, there will be produced different Forms of Lo- 
garithms, 

This firft Kind of Logarithms was afterwards 
changed by Nepcr> into another more convenient one, 
wherein he put the Number 10 not as the 23025850 th 
Term of the Series, but the 10000000 th ; and in this 
Form of Logarithms, thefirft Increment vy (hall be to 
thcftDiftance By, or Aw, as Unity, or AB, is to the 
Decimal Fraction 0,4342994, which therefore ex- 
prefics the Le ngth of the Subtangent AT, Fig, 4. 

After Neper's Death, the excellent Mr. Henry Briggs , 
by great Pains, made and publi(hcd Tables of Loga- 
rithms according to this Form. Now lince in thefe 
Tables, the Logarithm of 10, or the Diftance thereof 
from Unity, is 1, 0000000, and 1,10, 100,1000,10000, 
&V. are continual Proportionals, they (hall be cqui- 
diftant. Wherefore the Logarithm of the Number 100 
(hall be 2,0000000 ; of icoo, 3,0000000; and the 
Logarithm of 10000 (hall be 4,0000000; and fo on. 

Hence the Logarithms of all Number* between 1 ' 
and 10 mitt begin with 0, 'or o mult (land in the 

fiift 
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V nq »|kce to die Ceft-hand ; for they are lcflcr than 
the Number io, whofe Beginning is 
flne LoBtnd tflfe Logarithms of the Numbed between 
b?jkn with Unity ; fol they arc greater than 
j ,6000060, ahd %(g th an 2,0000000. Alfo the Lo- 
garithms between JoiTand 1000 begin witfi 25 for they 
an* greater than the Logarithm of 100 which begins 
with 2* and lefe^hsyi the Logarithm of 1000 that be- 
gins with 3. Iinthe fame maniter it is demonftrated, 
that the firft Figure to &e Left-hand of the Logarithms 
between 1000 and lopoo muft be 3 ; and the fiift Fi- 
gure to the Left-Viand of the Logarithms between 1 0000 


and ioooco will* be 4; and fo on. 

The firft Figure of every Logarithm to the Left- 
hand is called the Chara&eriftic, or Index, bccau:e it 


Ihews the higheft or moft remote Place of the Num- 
■ ber from the Place of Units. For Example, if the 
Index of a Logarithm be j, then the higheft or nioft 
remote Place from Unity of the correspondent Num- 
ber, to the Left-hand, will be the Place of Tens., if 
the Index be 2; the moft remote Figure of the corre- 
fpondent Number (hall be in the (econd Place from 


Unity, that is, it (hall be in the Place of Hundreds; 
and if the Index of a Logarithm be 3, the lull Figure 
of the Number anlwering to it, (hall be in the Place 
of Thoufands. The Logaiithms of all Numbers that 
are in decuple orfubdecuple Progreffion, only differ in 
their Chara&eriftics, or Indices, they being written in 
all other Places with the fame Figures. For Example, 
the Logarithms of the Numbers 17, 170, 1 700, 17028, 
are the fame, unlcfs in their Indices ; for fince 1 is to 


17, as 10 to 170, and as 100 to 1700, and as icoo to 
17000; therefore the Diftances between 1 and 17, be- 
tween io and 170, between 100 and 1700, and be- 
tween 1000 and 17000, (hall be all equal. And fo, 
fince the Diftance between 1 and 17, or the Logarithm 
of the Number 17 is 1.2304489, ; the Logarithm of the 
Number 170 will be =2. 2304489, and the Loga- 
rithm of the Numbe* 1700 (hall be 3.2304489, because 
the Logr-jthtn of the Number 100=52.0000000. 
In like manner, fince the Logarithm of the Number 
1000=30000006, the Logarithm of the Number 
17000 (hall be 4*2394489. 


So 



CO 


Of LOGARITHM^ 

So alfo the Numbers, 6741. 67^,8. ^7,48^' 
0,6748. 0,06748, are continual Pirop^riiotf 


Ratio of 40 to 1 ; and fo 
their Diftanccs from each 6 7 a <3 
other lhall be equal to the 6 ^%^ 
Diflai.cc or Logarithm of *^7,4 8 
the Number to, or equal 6,7 ' r 8l 
to # i,occocco. Arid lb, 0,6 / 4^04 
iiiice the Logarithm of 0,0 6 7^ 8 
is 


t 

,^829175, 
2,8*9175, 
1 ,029175^ 
*>829175'' 
—1,8591751 
—2,8291751 


the Number 6748 
3,829 1751, the Logarithms of the other Numbers (hall 
be as in tne Margin ; where you may oblerve, that the 
Indices of the laft two Logarithms are only negative, 
and the other Figures pofitive; and fo, when thofc 
other Figures are to be added, the Indices muflbe fub- 
tiadted, auu cumrariwile. 


C H A P. II. 

c* 

Of fie Arithmetic of Logarithms in whole 
. Numbers , or whole Numbers adjoined to 
Decimal FraSlions. Fig. 2. 


T) Ecaufe, in Multiplication, Unity is to the Multi- 
plier; as the Multiplicand is to the Product; the 
Diftance between Unity and the Multiplier fliall be 
equal to the Diftance between the Multiplicand and 
lie Product. If therefore the Number GH be to be 
multiplied by the Number EF, the Diftance between 
GII and the Piodudt muft be equal to the Diftance 
AE, or to the Logarithm of the Multiplier; and fo* 
if GL be taken equal to AE, the Number LM (hall be 
the Product ; that is, if the Logarithm of the Multi- 
plicand AG be added to the Logarithm of the Multi- 
plier AE, the Sum (hall be the Logarithm of the Pro- 
duct. 

In Dlvifion, the Divifor is to Unity, as the Divi- 
dend is 10 the Quotient ; and fo the Diftance betweer 
the Divifor and Unity {hall be equal to the Diftance 
between the Dividend and the Quotient. So if LM 
be to be divided by EF, the Diftance EA (hall be 
equal to the Diltance between LM and the Quotient \ 

anc 
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' and ft,* if LG be taken equal to EA, the Quotient 
JLill be\t Gi - that is, if from AL, the Logarithm of 
Kfic Dividend,' ]>e taken GL, or AE, the Logarithm 

* cf (he Divifor v< ther,e will remain AG, the Logarithm 
of the*QuotientS^ 4 

And frt^n hcnce*fe^ppears, that whatfoever Ope- 
rations iiKQfnqjcn Arithmetic ate performed by mul- 
tiplying or diAfinfcof great Numbers, may be ctene 

* iiiech eafier, an J^rore expediticyifly, by the Addition 
or Subtraction of Aogariihms. 

For Example, Let the Number 7589 be to be mul- 
tiplied by 6757. Now? if the Lo- 
gaiithms of thpfe Numbers be Log. 3.S801846 
’ added together, as in the Margin, Lojx. 3 8297^9 
their Sum will, be the Logarithm Lo^. 7.7000*8 « 
of the Produft, whofe Index 7 & * / d 

ihews, that there are (even Places of Figures, befides 
* Unity, in the Produ&j and in feeking this Loga- 
rithm in Tables, or the ncareft equal to it, I find that 
the Number anfwermg thereto, which is leffler than the 
Product, is 51278000 ; and the Number gi carer than 
the Prcdudl is 5 12.79000 ; and if the adjoined Dilfcr- 
ences, and proportional Parts, be taken, the Nuin- 
bets that mull be i^dcd tr the Place of Hundreds and 
'Fens in the Piodudt are 87 ; and that which muft be 
added in the Place o: Unity, will neceiEirily be 3, fince 
feven Times 9—63; and fo the true Product ihall be 
51278873. If the Index of the Logarithm had been 
8 or 9, then the Numbers to be added in the Place of 
'Fens or Hundreds’ could not be had from, thofc Tables 
of Logarithms which confift of btit 7 Places of fi- 
gures, befides the Characteriftic ; and 10, in this Cafe, 
the Valacquian or Briggian Tables (houid be ufed ; in 
the former of which, the Login ithms are ail to ten 
Places of Figures, and in the latter to fourteen. 

If the Number 78596 be to be 
divided by 276, by fubtra&ing the Log. 4.8954004 
Logarithm of the Divifor from the Log. 2.4440448 
Logarithm of the Dividend, the Log 2.4513556 
Logarithm of the Quotient willl be & 
had. And to this Logarithm, the Number 282, 719 
anfwers ; which therefore fhall be the Quotient. 

Becaufe Unity, any afliimed Number, the Square 
thereof, the Cube, the B ; quadrate, Wc, are di con- 
2/2 tir.ual 
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tinual Proportionals, their Diftances from eac^other 
fhall be equal to one another. And fo i t is manifeft, 
that the Diftance of the Square from Unity H doubles 
of the Diftance of its Root from the^^ne : Alfothe 
Diftance of the Cube is tripfe oftl A Diftanoc of its 
Root $ and the Diftance of theTWquadrate % quadru- 
ple of the Diftance of its Root^rom Kfiitfy, fcfr. A^id 
fo, ft the Logarithm of any Nuttier doublid^we 
lhall have the Logarithm of its Squsp*e f ; if it be tripled, 
we lhall have the Logarithm of"its^Cube$ and if it be 
quadrupled, the Logarithm of ^its Biquadrate. And 
rontrariwife, if the Logarithm of any Number be bi- 
ll ded, we (hall have the Logarithm of the Square Root 
thereof: Moreover, a tiilid Part of the faid Loga- 
rithm will be the Logarithm of the Cube Root of.the 
Number ; and a fourth Part, the Logarithm of the Bi- 
quadrate Root of that Number. 

Hence, the Extractions of all Roots are eafily per- 
formed, by dividing a Logarithm into as many Parts 
as there are Units in the Index of the Power. So if 
you want the Square Root of 5, the Half of 0,6989700 
muft be taken, and then that Half 0,3494850 will be 
the Logarithm of the Square Root of 5, or the Lo- 
garithm of */ 5, to which the Number 2,236068 
neai ly anhvers. 


C H A P. III. 

Of the Arithmetic of Logarithms, when the 
Numbers are FraSiions. Fig. 3. 

HEN Fractions are to be worked by Loga- 
rithms, it is neccflary, for avoiding the Trou- 
ble of adding one Part of a Logarithm, and fubtraA-, 
ing the ether, that Logarithms do not begin from an 
integral Unit, but fromfome Unit that is in the Tenth 
or Hundredth Place of Decimal Fractions: For 
Example, let PO be rwvtivsme* and from this 
let the Logarithm begin. Now this Fra&ion is 
ten Times more diftant from Unity to the Left-hand,, 
than the Number 10 is diftant therefrom to the Right; 
for there are 10 proportional Terms in the Ratio of 
10 to 1, from Unity to PO. And lb, if AB be Unity, 
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Mht Logarithm thereof, according to this SuppofitJon, 
^ill not be o, but QA=sio.6o©oooo, Now the 
- IMance % of Ten from Unity is i.oooooo®, whence 
the* pittance the fyitober to from PO will be 
n.coSfcooo. IW cx itre Diftance of the Number 
lOofroinJPQ^jr itlxogarithm, beginning from PO, 
flifll be 12.0008(000*, the Logarithm of 1000, or 
ji ib^iftancefrbmT|P, will be 13.6000000. And thus, 
the Indices of alVLogarithms *are augmented by the 
plumber 10 ; andxhofe Fradions whofe Indices are 
— 1, or — 2, or-*- 3, tfc. are now made 9, 8, or 7, 

But if Logarithms begin from the Place of a Fi ac- 
tion, whofe Numerator is Unity* and Denominator 
Unity with 100 Cyphers added to it (which they muft 
do when Fradions occiir that are lefs than PO), then 
that Fradion will be 100 Times more diftant from 
Unity, than 10 is diftant from it; and fo the Loga- 
rithm of Unity will have 10 0 for the Index thereof. 
And the Logarithm of any Tens will have 10 1 for the 
Index, that of any Hundreds 102, and lo on; all the 
Indices being augmented by the Number 100. 

The Logarithms of all Fractions that are greater 
than PO (whereat they begin) will be pofitive. And 
fincc the Numbers 10, f, -A*, -roao* in 

a continual Geometrical Progreffion, they will be 
equally diftant from each other; and accordingly their 
Logarithms will be equidifferent : Ar.d fo, when tin* 
Logarithm of 10 is 11. 0000000, and the Logaiiihm 
of Unity is 10.0000000; then the Logarithm of the 
Fradion T x ^ will be 9.0000000, and the Logarithm 
of the Fraction will be 8.0000000 ; and, in like 
manner, the Index of the Logarithm of v -’ JO will 
be 7. Alfo, for the fame Reafon, if the Index of the 
Logarithm of Unity be 100, and of 10 be 101, then 
will the Index of the Logarithm of the Fradion . ; ' w be 
99, and the Index of the Logarithm of T J-* will be 98, 
and the Index of the Logarithm of the Fradion Tt) *y C 
(hall be 97, &c. And thefe Indices (hew in what Piace 
from Unity the firft Figure of the Fradion, not be- 
ing a Cypher, muft be put. For Example, if the Index 
.be 4, the Diftance thereof from the Index o i Unit y 
(which is 10), viz. 6, (hews that the firft fignifica-r 
tive Figure of the Decimal is in the fixth Place from 
Unity j and therefore five Cyphers are to be perfixed 
Z 3 thereto 
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thereto towards the Left-hand* So, alfo, if th^Inde^ 
of Unity be.joo, and the Indrx of the Fra&iun be 8 <}, 
the firft Figure thereof (hall in the 20th Pface from' 
Unity, and 19' Cyphers are to be prefixed thereto?' 

Now* let it bo required muj^ ly thcyFraflion 
GH by the Fra&ion DC. {SeZSufe UqfoMs to the 
Multiplier as the Multiplicands torfS^noSuia; ?he 
Diftancc between Unity and thq^Muftiplier {fiaW^e 
equal to the Diftanccf between th&'Mulciplicand and 
the Piodud. Therefore, if therc'oe taken 4 GI=V\C... 
the Produdl IK thall be at I. 0 And, ad^dingly, if 
from OG, the Logarithm of the Multiplicand, there 
be taken GI or AC, there will remain Ol, the Loga- 
rithm of the Produd. But ACrzOA — OC, winch 
taken from OG, there will remain OG+OC — 
OAnOI; that is, if the Logarithm of the Multiplier 
and Multiplicand be added together, and from the • 
Sum be taken the Logarithm of Unity (which is 
always exprefled by 10 or 100 with Cyphers), the Lo- 
garithm of the Produft will be had. For Example, 
let the Decimal Fraction 0,00734 be to be multiplied 
by the Fra&ion 0,000876. Set down 100 for the 
Index of the Logarithm of Unity, and then the Lo- 
garithms of the Fra&iona will be as in the Margin ; 
which being added together, and the 
Logarithm of Unity being taken away 97,8656961 
from the Sum, the Remainder is the 96,94250*1 
Logarithm of the Produdt, whofe In- 94,8062^02 
dex 94 fhews, that the firft Figure, of 
tlfttProthici is in the fixth Place from Unity ; and fo 
there muft be five Ciphers prefixed, and then thePio- 
ducl will be 0,00000642984. 

In Diviaon, the DiviU r ss to Unity, as the Divi- 
dend vs to the Quotient ; and fo the DiRance between 
the Divifcr aifd Unity fhall be equal to’ the Diftance 
between the Dividend and Quotient. And fo, if 
the Fraction IK be to be divided by DC, you muft 
take G— CA,*andthc Place of the Quotient fhall 
be G. But CA-OAr-OC, which being added 
to OI, we hare OA + OI — OC— OG; that is, 
if the Logarithm of Unity be added to the Logarithm 
of the Dividend, and from the Sum betaken the Lo- 
garithm of the Divifor, there will remain the Loga- 
rithm of the Quotient; fo if the Number CD be to 

be 
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^bc’dii ided by IK, yoAmuft take the Diftance CS= 
yA, and than ST will W the Quotient, whofc Loga- 
rithm fe t)A+OC— pL Let' CD=o # 347, ll£, 
=Voo 478. 'Oien addlhe Logarithm 
of tJniiv to tnly LogJ ithm of GD; *9*5403295 
that is, put x or iMsFore the Index 7.6794279 
thereof, ant^feaa thatjlubtrafl: the Lo~ 1 

g^UHm ofthe»D\pr, and the Remain 1 1.8609016 
tier will be the bqgarithm of the Quo- 
^tijnf, whofe Inde\i f Ihews, that the Quotient is be- 
tween the Numbers 10 and 100; and I feck the Num- 
ber anfwering the Eogarithm, which I find to be 
j£,594- If the Logarithm of a Vulgar Fraction, for 
Example-?, be required, the Logarithm 
of Unity mull be addcV to the Loga- 10.8450980 
rithm of the Numerator 7 ; or, which 0.9030900 

is all one, you muft put jlo or 100 be- — 7 

fore the Index thereof, andfubduft from 9.947.0080 
it the Logarithm of the Denominator 
8; and there will femain the Logarithm of the Vul- 
gar Frafiion or the Decimal .875. 

If the Powers of any Fraction DC be required, you 
muft aflurne EC, EG, Gf, IL, each equal to AC ; 
and then EF will be the Square, GH the Cube, arid 
IK the Riquadratc of the Number DC; for they are 
continually proportional from Unity. BefiJes, AEr^ 

2 ACrr 2 AO — 2 OC ; whence OE=OA — AH 
~2 OC — OA ; that is, the Logarithm of the Square 
is the Double of. the Logarithm of the Root, lefs tbs 
Logarithm of Unitv. In like manner, fmee AG™ 

3 AC = 3 OA— 3 OC, we (hall have 0 G= 0 &— 

AG r: 3 OC— 2 0 A~ the Logatithm of the Cube, 
■n triple the Logarithm of the Root, — the Double 
of the Logarithm of Unity. For the fame Reafnn, 
becaufe A I = 4 AC == 4 OA — 4 OC, we have OI 
:= 4 OC — 3 OA, which is the Logarithm of the Bi- 
quaduie. And, univcrfally, if the Power of a Frac- 
tion be », and the Logarithm L, then (hall the Loga- 
rithm of the Power L — »OA+OA; that i3, 

if the Logarithm of a Fradion be multiplied by n , and 
from the rrodudt be taken the Logarithm of Unity, 
multiplied by «— 1, the Logarithm of the Power n of 
that Fraction will be had. 

z 4 


For 
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For Examples if it is required to find, the 6th Powe* 
of the Fra&itin -^c;,05, the, logarithm of this Frao/ 
11008.69807009 which, beiig multiplied b]^6, giy/M!> 
the NumHer 52.1938200 ; a|d if froip 52 thcfNlin- 
ber 50, which is the Index oithe Logarithm r£ 5 Jnky 
drawn' into 5, be taken away^ate^maipf’trwill be 
the Logarithm of the fob Power, 9 38 200 ^.o 

whifh the Number ,0000006156^5 tfnjfwers. J£or 
the index 2 (hews, th$t 7 Cypher^ muft be put befoiV 
the firft Figure, • ji v 

If the 8th Power of the Fradion ,05 be required 
by multiplying the Logarithm* by 8, there will bi 
produced 69.5917600; and fince 70, which is feve n 
Times the Index of the Logarithm of Unify, cannot 
taken from 69, unlefs we run /.nto negative Numbers* 
the Index of the logarithm of Unity muft be fappofed 
100, and then the Index of the Logarithm of the 
Fradon will be 98. Now this Logarithm drawn into 
8, gives 789,5917600 ; and if 70c, which is 7 Times 
the Iqdex of the Logarithm of Unity, be taken from 
780, there will remain 89.5917600, the Logarithm 
of the 8th Power of the Fradion Wbofe correfpond- 

ent Number is ,000000000039062. For fince the In- 
dex is 89, and the Difference thereof from 100 to 11 ; 
the firft fignificative Figure of the Fradion (hall be in 
the 1 ith Place from Unity; andfo there muft be 10 
Cyphers placed before it. 

If the Roots of the Powers of Fradions be defired, 
for Example, the Square Root of the Fradion EF ; be- 
came the Root is a mean Proportional between the 
Fradion and Unity, you muft bifed AE in C, and 
then CD will be the Square Root of the Fradion EF. 

OA— OE 

But AC = ^ AE = ; and fo the Loga- 

OA+OE 

jithm of the Root =5 OA— AC — And 

if the Cube Root of the Fradion GH be fought, this 
(ball be the firft of two mean Proportionals between 
Unity and GH ; and fo, if AG be divided into three 
equal Parts, the firft of which is AC, then CD (ball 
be the Root fought : Arid becaufe AC = {■ AG — 

Pft P& , if this be taken from QA, there will 

remain 
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« ofjtRe Fraftion G 1 
lratrjfcoot of the Frj 
aiding § four ML 
irft of tWJtmea 

md the FraiSSt^and^confequently, if AC ss \ Af, 
Jjjpwwill CD be tn^Piquadrate Root of the Fraffion 

IKy But AC =^I*= ? A r iQI . } and fo OC = 


of the Cube 

•So, likewife, theBiqua- 
|on IK will be had, by di- 
1 Parts ; Jor the Root is the 
P{oportionals between Unity 


DA— AC = 32 * 12 *. 


And univerfally, ! if the Root of any Power n of the 
Fra&ion LM be requirelL the Logarithm of the Root 


hereof will he »OA-b\+QL 


that is, if the 


STumber n — i be prefixed t\the Index of the Loga- 
ithm, and the Logjrithm thus augmented be divided 
)y n y the Quotient will give the Logarithm of the 
Root fought. So if the CubeRootof theFraftion £ or 
5 be fought, you muft place 2=n — i (fince the Cube 
Root is required) before the Logarithm thereof, and 
there will be had 29.6989700, a third Part of which is 
5,8996566, which is equal to the Logarithm of the 
Cube Root of the Fraction and the Number *7937, 
anfvvcring to this Lqgarithm, is the Root fought. 


CHAP. IV. 

Of the Rule of Proportion by Logarithms . 

'T'HE Rule of Proportion (hews how, by having 
three Numbers given, a fourth Proportional to 
them may be found ; viz. if the fecond and third 
Terms be multiplied by one another; and the Product 
divided by the (irft Term, then will the Quotient be the 
fourth proportona) Term fought. But this fourth Term 
is much eaficr found by Logarithms ; for if the Loga- 
rithm of the fitft.Term be taken from the Sum of the 
Logarithms of the fecond and third Term, the Num- 
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ber remaining will be the logarithm of the fdurfc, 
fought. ‘ • •; v \ y 

Or this may be donefonltthing eafieryef, if inflwid - 
of the Logarithm of the fir# Term be. taken its 1 Com- 
plement Arithmetical, or t ^Di fterence 0$ 'tfiatlio- 

5 arithm, and the NumberiS.oooog^ which is 
one by fetting down the Dlffercnar^^Ween eadrFi- 
gifre of the Logarithm, and tile jj&gurcg; for tb*n,jf 
that Arithmetical Complement \fc added to the £>um 
of the other two Logarithms a/d if Unity, wlftqh is 
the firft Figure to the Left-hand, be taken from the 
Sum, the Remainder will be the Logarithm of the 
fourth Term fought ; and fo, by this Way, the Loga- 
rithm of the fourth Term is found by only one Addition 
of three N umbers. The Rea/lon of this will be mantfeft 
from hence: Let there be tlirce Numbers A, B, C, 
the firft of which is to b # s taken from the Sum of the- 
iecond and third. Now this may not only be done 
by tbe common Way,* but, likewife, if there be any 
other Number E taken, and from this there be taken 
A, there will remain E— A ; and if the Numbers 
B, C, and E — A, be all added together, and from 
their Sum he taken E, there will remain B+C — A. 
So, if the Number 15 be to be taken from 23, 
take the Complement of the Number 15 to 100 %5 

which is 85, and add this Number to 23, and 
the Sum will be icS, from which 100 being ic8 
taken, there remains the Number* 8. 


Here follow fome Trigonometrical Examples of the 
Bide of Proportion folved by Logarithms. 

Let ABC be a Right-lined Triangle, wherein are 
given the Angle A 36 Degrees 46', \he Angle B 98 
Degrees 32', and the Side BC 3478 ; the Side AC ft 
required* Say (by Cafe 1. of Plane Trig.), as the Sine 
of the Angle A» 

Arith. Comp. S, A. 

Log. Sin. B. 

Log. BC. 

Log. AC. 


0.2228938 

9.9951656 

3.5413296 

3 - 7593*90 


to the Sine of the 
Angle B, fo is BC 
toAC, Andbe- 
caufe the Loga- 
rithm Sine of The 
Angle A is the firft Term of the Analogy, I fubftitute 
its Complement Arithmetical for, the w fame, and add 
the Logarithm of BC, the Logarithm of S, B, and 
the faid Complement, all three together, and reject 
4 Unity, 



tfnit'y, % whichis inthe 
al^j then the Logarithm 
aadAe^Nhmber anfweri: 
4q tra^SiSSiought AC. 

^ LerVtwe be i Spheri 
are' given\»U_the SitiSs, 
AB=24 ftej 


if^^Jattfo the Left-hand ; 
f'the Sile AC will be given, 
jtheretbk 5746, 3p6, equal 

Trial 
viz. 


Agg ie B is require 
thatBM=:] 


AJplG % in which 
• =,3D. Degrees, 
ap 3 AC =4,2 Degrees'# j the 
^ Let BA he produced to M/ fo 
BC j ti^n will AM, the Difference pf the 
Sid^BC, BA, be\cqual to 5 Degrees yy. Now 
(# Cafe ii. in obJiqke-angled Spherical Triangles) 
fay ; As the Redapglaainder the Sines of the Legs is 
to the Square of Radius! fo is the Redangle under the 

Sines of the Arcs to the Square 


of the Sine of one half tti 


2 

j Angle B.' 

But — = 24 D^ecs 2', and — 

= 18 Degrees 6 # ; and because Ae firft Term of the 
Analogy is the Redangle undfcr the Sines of AB, BC, 
5 nd the fecond Term is ihe Square of Radius, the Sum 
of the Logarithm Sines of AB, BC, muft be taken from 
double the Logarithm of Radius, and what remains 
muft be added to the $um of the Logarithm S, of 
AC+AM ] an g AC— AM t which is thc fame as if 
2 

the 

tSed from S > nC £ om P- Arith. 
thc L<»?. of Lng-Sj AB Comp. Arith. 

Radius j or if L ocr § AC-f AM 

0 ’ 2 

» c AC— AM 
Log. S, 


Logarithm 
fub- 


Sines of each of the Arcs AB, BC, 


0.3010299 

^4 


0.38983 
9.6098803 

94923083 


2 Log. S £ Angle B j 97930549 


the Comple-r 
ments Arith- 
metical of 
thefe Sines 
be taken, and 

thole Complements and the faid Sines be all added to- 
gether, then (hall thc Sum be the Logarithm of the 
Square of the Sine of half the Angle B. And fo the 
Half thereof, viz^ the Logarithm 9*8965274, is the 
Logarithm.Sjite of haif the Angle B=5i Degrees 59' 
56'', and the Dfouble of this Angle (hall be 103 De- 
grees 59' 52" liB^which was fought. 


CHAP. 
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c h a(?. V. 

Of the continual Itkrffflents ofspfoftor? 
tional Quantities, end btm.-r'jo' Jind jy 
(Logarithms, any ’terfn itkftSeries of firo-, 
fortionals, titter increcfrg or decreasing . 
Fig* 3. * • ‘ r ' 

. '* 

T F any where in the Axjp of the Logartthmical 
^ Curve, there be taken any Number of equal Parts 
SV, VY, YQ;, tic. and ut the Points S, V, Y, 
Q_, tic. be raifed the Perpendiculars ST, VX, YZ, 
Qn, £ ic. then, from the feature of the Curve, {hall all 
thefe Perpendiculars be Continually proportional ; and 
therefore, alfo, the continual Increments X** Zz, n*r, 
lhall be proportionaRotibeir Wholes. Fpr fince ST : 
VX : : s YZ : * YZ : Qn, it (hall be (by Divifio- 

of Proportion) ST : X* : : VX,: 5 Z* .fr : YZ : n* ; 
and (byCocripofition of Proportion) VX : Xx : : YZ : 
Zz : : Qn : n*. Hence if X* be ajny Part of any 
Right Line ST, then will Zzbe th^Tame Part of the 
Right Line VX, and alfo Tlv the fame' Part of the 
Right Line YZ. For Exampfc, if Xx be the 
Part of ST, then will Zzr:-^ VJt, and nir=^ YZ ; 
or, which comes to the fame, we (ball have VX== 

s Vy 1 ST> yz==vx+ ^ VX » = YZ 

Now make, as ST is to VX, fo is Unity AB to 
NR j then (hall AN rsSV $ and fo each of tffe 
Right Lines SV, VY, YQ_, tic. fliall bee^fifal to 
the Logarithm of RN 5 and AV, the jtrtgarithm of 
the Term VX, (hall be equal to AS +AN= Loga- 
rithm of ST-f Logarithm of NR. Alfo AY, the 
Logarithm of the Term YZ, (hall be equal to AS+ 
2 AN == Logarithm ST + 2 Logarithm NR ; and 
AQ, the Logarithm of the Term Qn, (hall be equal to 
AS -J- 3 AN = Logarithm ST + 3 Logarithm NR. 
And univerfally, if the Logarithm or t#fe;N&mber NR 
be multiplied by a Number, expVe&ng the- Diftance 
of any, Term from the firft, and t hi ftroduft be added 

to 
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VSfthtf Logarithm of the ArftTerro* then will the Lo- 
gMthm' or that Term bejudf: 8^%* Series of Pro- 
pgraaqalsj bedecreafing, tlatis, if|$eTermtdiminifh 
ilTirVorMttJtgl Ratio, anl Qjfi %e" the lirft Term ; 
aljen'ttfejLmarftftnvcf anJother^lWje^aid, by multi- 
plying the j^warithin ofme NumbSif J 4 R^By a Num- 
ber* that- «epiv*jSi^ the Diflanceof its Termed® the 
irft^and fubtra&i &*, the Produdl from theXogai^hm 
oYXne iirft. -And i£tbe faid Product be greater than 
the Logarithm of thelfirft Term, thw| the Logarithms 
rnult begin from a \nil in fome Place of Decimal 
Fra£Uons, as fromXtl\ and then the Logarithm of 
the Number Q.n trill b|OQi 
> Now, let LM rtprernt any Money, or Sum of 
Money, put out to InteraO, fo that the Intcreft there- 
of be accounted but at me End of every Year, and 
jet K k be the Gain or lntereft “thereof at .thjt End of 
the fifft Year ; then willll^be.the Sumqfthe In- 
tereft and Principal. And agWlK, bfqpming the 
Principal at the End V thefitJ^Sfear, {$$£ which is 
proportional toIK,or in a committ Rati4 will he the 
Gain at the Endofthe fecond Year ; aS#.fo HG, at 
the End of the' feeon4Year,'will become the Princi- 
pal; and ait t^e End*: of the third Year F/, propor- 
tional to GHy the Gain. Now let us fuppofe 

the Principaltobe augCqiented every Year ^ Part there- 
of, fo that IK sLM+^LM, GH=IK + ^K, 
EF = GH + ^W^Gff, and f<> on. And accordingly, 
the TcrmsLMjJ,Kr> GH, EF, &c. are continual Pro- 
portionaljjaftdfesrequireiJ to find the A mount of 
Money at the Efia of any Number of Years. . 

Let LM be a Farthing. Becaufe LM is to IE as 
i to i + or as i to 1.05, as AB is to NR, then 
will NR^!i.b5, whofe Logarithm AN, is 0.021 1893, 
or, mote accurately, 0.021892991, it is required to 
find the Amount of a Farthing, put out at Compound 
Intereft, .atflhe End of 600 Years. Multiply AN by 
6oo, and the Product will be 12.7135794, and to this 
Product add the Logarithm of the Fraction ^£7, viz. 
97.0177288 (for a Farthing is Part of a Pound), 
and the Sum 209.7313082 (hall be the Logarithm of 
the Numbein&iight.} and fince the Index 109 exceeds 
the Index of $fcafty by 9, there {hall be nine Places 
of Figures above .Unity in the correfpondent Num- 
ber} 


$40 
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ber; and that Number, beitfg fought in the liable 9 
will be found greater than 5/86500000, and hfs thr, .1 
5386600000. And theref<//re a Farthing put out, 
intereft Upon Intereft, at 5 i ’t Cent, per Anriuysf'&x .A 
End of 600 Years, will amo! nt to above 53865^000 
Pounds ; which Sum could V*jr<% be bv a U ' 

the Gold and Silver that has been dug^'j^f /he Bow- ^ 
els<of the E^rth, from the Beginning of tfie World to 
this Time. f $ ' ' 

Let Qn expound any Sum pf Jrioney due to./ome 
Perfon at the End of a full Year Now it is certain, 
that if the Debtor fhould pay, jown, at prefent, the 
whole Sum of Money, he wottfd lofc the yearly Ufory 
or Intereft that his Money wJhild gain him; and fo a 
lefier Sum, being put out to iAtttreft, will, at the End 
of one Year, together with thtflntereft thereof, be equal 
to the Sum of Money Qn. fi Now this prefent Sum of 
Money , which, together won the Intereft thereof,is equal * 
to the Sum of Money Qj»i, is called the prefent Worth 
of the Money Qjl. Let AN be ^he Logarithm of the 
Ratio which the Principal has to the Sum of the Princi- 
pal and Imereft, that is, if the Principal be twenty Time^ 
the yearly Intereft, let AN be the Logarithm of the 
Number x + ^ or 1 .05, and take QY equal to AN ; 
then will AY be the Logarithm of the prefent Worth 
of the Money Qn. For it is manlfeft, that the Mo- 
ney YZ put out to Intereft, vftll, at the End of one 
Year, amount to the Money Qn; and fo, to have the 
Logarithm of the prefent Worth -thereof, or YZ, 
the Logarithm AN muft be taken from the Loga- 
rithm AQ, and there will remain the/Logarithm AY 
of the prelent Worth, or YZ. But if the Sum Qn 
be not due till the End of two Years, then the Loga- 
rithm 2 AN muft be fubtraded from the. Logarithm 
AQ., and theic will remain AV, the Logarithm of 
the prefent Worth, or of the Sum that jjriuft be paid 
at prefent for the Monty Qjl due at the End of 
two Years. For it is nrunfteft, that the Money VX 
being put cu: to Intereft, will, at the. End of two 
Years amount to the Sum of Money Qfl. By the 
fame Rtafon, if the Sum Qn be not due until She 
End of three Year, the Logarithm 3AN,muft be fob- 
tradted from the Logarithm of Qn, and the Remainder 
AS (hall be the Logarithm of the Number ST, or 

ST 
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T ihall be the prefentfaVorth of the Sum Qji due 
.the Aree Years End.\\ And univerfally* if the Lo- 
JiHihm AN be multiplier! by the^Number of Years* 
which thll Sum Qn is du?, and the 

* 1 *V cr takRn from the Logarithm AQ^* 

t '■jhe LogarKha/of the prefent Worth of the 

'i* . And*from hence it is manifeft, if 

^386500000 Vou n ds be due to fomc Society at«thc 

Tjiid of 600 Years, *then wouldjthe prelent Worth of 
that vaft Sum of M oney be fcarcely a Farthing. * 

If the proportion«iiUElight Lines HG, EF, AB, CD* 
Kg. 4. are Ordinates lb the Axis ofthe Logarithmical 
Ciicve, and if their Endl FH, DB, be joined by Right 
Lines, which, products!, meet the Axis in the Points 
P and K, then the Right Lines GP, AK, will he always 
equal. For iince GH : i£F : : AB : CD; it will be, as 
GH : F 1 : : AB : DR, nbt becaufe of the equiangular 
Triangles PGH, H 1 F, asWoKAB, BRt), we have 
PG : Hr : : (GH : Fr : : A3 : DR : :) KA : BR. 
And fince the Confluents H r, BR, arc equal, the An- 
tecedents PG,KA, (hall b’ealfo equal. , W. W. D. 

* If the Right Lines CD, EF*. equally accede to AB* 
GH, fo that the Point D atlaft may coincide with B, 
and the Point F with H, then the Right Lines DBK, 
FHP, whicltdidcutthe Curve before, will be changed 
into the Tangents BT, HV. And the Right Lines 
AT, GV, will be always equal to each other ; that 
is, the Portion bf the Axis AT, or GV, intercepted 
between tbeOrdinate and the Tangent, which is called 
the SubtaAgfenj^will every- where be of a conftant 
and giveri Length. And this is one of the chief Pro- 
perties of the Logarithmical Curve ; for the different 
Species or Forms of thofe Curves are determined by 
the Subtangents. 

The Logarithms, or the Diftanccs from Unity of 
the fame Number, in two Logarithmical Curves of 
different Species, will be proportional to the Subtan- 
gents of their Curves. For let HBD, SN Y, Fig. 4, 5. 
be Curves, whofe Subtangents are AT, MX. and let 
AB = MN Unity ; alfo, DC = QY * then (hall 
AC, the Logarithm of the Number CD, in the Loga- 
jithmical Curve HD, be to MQ^ the Logarithm of 
the Number QY (or of the faid CD), in the Curve 
SY, as the Subtangent AT is to the Subtamrcnt 

MX. 
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MX. For let there be fupiofed an infinite NumP r 
of mean Proportional Terms between AB, *CD, * 5 * 
MN, QY, in the Ratio oil AB to ab, or MI**' 
mn\ and 11 fince AB = MN 1 then will <0 ‘s' 

alfo be — no* And becauK the briber of -^r r 

tional Terms in each Figures tfq’ual, the*. ;V‘ 
the Lines AC, MQ^, into equal NunA**^-? 0 ^ 0 _ w £ 
thofirft of which are A a 9 M ?m, and (o the faid Par^ 
lhall be proportional to their Whiles ; that is, it wilt ttsT 
as A a : Mm : : AC : MQ. *^id becaufe the Tri- 
angles TAB, Mcb , are fimilan^for the Part of the 
Curve B b nearly Coincides wph the Portion of the 
Tangent), as alfo the Trian/les XMN, N.«»/ f wc 
have A *, or B c : be : : TA T: AB. 

Alfo, as no , or be : N o l : jf M M, or AB : MX. 

Where (by Equality of Pr/>portion) it will be, Br : 
No:: TA : MX : : A a m : : AC : MQ_; which t 
was to be demonjtrated. /’ll AT be called a, fince 

AB : AT : j be : Be, then will Bc = i? ,,c . 

Hence, if the Lpgaritbrn of a Number extremely 
near Unity, or butafmall Matter exceeding it, be 
given, then will the Subtangent of the Logarithmical 
Curve be had. For the Excefs Sc is to the Logarithm 
Be, as Unity AB is to the ‘Subtangent AT. Or even 
if there are any two Numbers nearly equal, tbeir Dif- 
ference (hall be to the Difference, of the Logarithms, 
as one of the Numbers is to the Subtarrgent. For 
Example, if the Increment b c fye ,00000 oooco- 
cc*por 02255 31945 60259, anc * Ail the Loga- 
rithm of the Number ab be ,00060 00000 oocoo- 
44408 92098 50062. Now if a fourth Proportional 
be found to the faid two Numbers and. Unity, viz. 
434294481903251, this Number will give .the Length 
of the Subtangent AT, which is the §i)biangent of 
the Curve exprefling Briggs's Logarithms: 

If a Sum of Money be put out to Intereft on this 
Condition, that a proportional Part of die yearly Rate 
of Interelt thereof be accounted every Moment of 
Time, viz . fo that at the End of the fifrft Moment 
of Time, or indefinitely fmall Particle <6f.X ; Year, the 
Intereft gotten thereby be proportional to that Time $ 
which being added to the Principal, again begets I11- 
ureft at the End of the fecond Moment of Time, 

and 
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vnd then the Principal’ and this Intereft become a 
Principal, and fo on ; it i< required to find the Amount 
Sum at the Year 9 ' End. Let a be nearly the 
^ ar'Vqity, or of pne Pound. Then, if one 
*V v f*ar, or ii ^ives rAe Intereft a , the indefinitely 
of a Year # Mm will give the Intereft 
1 v* ..*■ srr prqportional toMwj and, accordingly^ if 
Unity be expounded by MN, the firft Increment 
thereof fhall be n o ~ *M m X a. ‘•This being granted, 
let a Logarithmical C-urve be fuppofed to be deferibed 
through the Points N «, whofe Axis is O M Q^. 
Then, in this Curve, iMie Proportion of the Axis MQ S 
„ exi&effes the Time, thel Ordinate QY will reprefent 
the Money proportionally increafmg every Moment, 
to that Time. For if the Ae be taken m /, &c. = M tn y 
the Ordinates / p, &c. fi\all be a Series of continual 
.Proportionals in the Ratic\of MN to mn\ that is, 
they increafe in the fame Rati\as the Money doth. 

Again, Let the Right Line'NX touch the Loga- 
jithmical Curve in N, and the Subtangcnt thereof 
MX lhall be conftant and invariable, and the fmall 
Triangle N on (hall be fimilar to the Triangle XMN. 
But it has been proved, that the Increment n o = M m 
X fl = N«.x a; and fo»* : N o : : N o x a : N o :: a : 
i. But as n o is to N *, fo (hall M N be to MX. 
Wherefore it (hall be, as a is to 1, fo is MN, or 1, 
to MX= Subtangent. 

Now if the yearly Rate of Intereft be ^ Part of the 
Principal, or if * = .05, then will MX x * 

— 20. 

Becaufe in different Forms of Logarithms, the 
Logarithms of the Line Number are proportional to 
the Subtangents of their Curves : If MQ^ expreffes 
the Time of a whole Year, or Unity, then (hall QY 
be the Amount of the Money at the Year’s End. And 
to find QY, fay, As MX, or 20, is to c.4342944 
(which Number expounds the Subtangenc of the 
Logarithmical Curve expreffing Briggs’s Logarithms), 
fo is one Year, or Unity, to a Br'tggian Logarithm? 
anfwering to the Number QY. This Logarithm will 
be found 0.0217147, and the Number anfwering to 
the fame is 1.05127 = QY, whofe Increment above 
A a Unity, 
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Unity, or the Principal, exceeds the yearly Inlerefc * 
,05 but a (mall Matter. And fo if the yearly In- 
tcieft of «oo Pounds, be 5Pounds, the propo^nnyl 
yearly Intereft, which is aided to the*?fi!fcip^ * 
at the End of each ParticleW ttys Year, wilL 
only at the Year’s End to 5 founds 2 Shill^r 
Pence. # # ^ 

And if fuch a Rate of intereft be required, that 
every Moment a P&rt of it continually proportional 
to the increafing Principal be* added to the Principal, 
fo that at the Year’s End an increment be produced 
that (hall be any given Pacjfof the. Principal 5 ^for 
Example, the Part * fay, Iks the Logarithm ot the 
Number 1.05 is to that as 0.0211893 is to 1 ; 
fo is the Subtangent 0,43^*2944 to J 20.49, an< * 

then will a =: — rs ^488. For if fuch a Part of* 
20.49 / 

the Rate of Intereft .0488 be fuppofed, as anfwers to 
a Moment, that is, having the fame Ratio to .0488 as 
a Moment has to a Year, and it be made, as Unity ly 
to that Part of the Rate of Intereft, fo is the Principal 
to the momentaneous Increment thereof; then will 
the Money, continually increafing in that Manner, be 
augmented, at the Year’s End, the Part thereof. 


CHAP. VI. 

Qf the Method by which Mr. Briggs com- 
puted his Logarithms , and the Demon - 
Jlration thereof . 

A Lthough Mr. litiggs has no-where deferibed 
^ the Logarithmical Curve, yet it is very certain, 
that, from the Ufe anJ Contemplation thereof, the 
Manner and Reafon of his Calculations will appear. 
In any Logarithmical Curve HBD, let there be three 
Ordinates AB, ab , qs 9 neatly equal to one another; 
that is, let their Differences have a very fmall Ratio 
to the faid Ordinates ; and then the Differences of 
their Logarithms will be proportional to the Differ- 
ences of the Oidinatcs. For ftnee the Ordinates are 
neatly equal to one* another, they will be very nigh 



is i 


O/lipGARITH M*S. 

;r» eju^i other ; and fo the Part of the Curve B s, in* 
terceptea by thcfty willUlmoft coincide with a ftrait 
Life. for.it is certain, tPat the Ordinates 9>ay be fo 
r - other, that, the Difference between the 

the Cuit^. and tile Right Line fubtending it, 
that Swbfenfe a Ratio lefs than any 
gi\ ^ ■«.- Therefore ‘the Triangles B cb % Brs> 

may be taken tor Right-lined; and will be equiangu- 
lar. Wherefore, as*ir 2 be : Rr : Br : : Ay : A a\ 
that is, the Excefies of the Ordinates, or Lines above 
the leaft, (hall be proportional to the Differences of 
their Logarithms. An\from hence appears the Rea- 
son *bf the Correction tf Numbers and Logarithms 
* by Differences" and proportional Parts. But if AB 
be Unity, the Logarithms of Numbers (hall be pro- 
portional to the Differences of the Numbers. 

. If a mean Porportional oe found between 1 and 10, 
or, which is the fame Thing, the Square Root of 10 
be extracted, this Root or Number will be in the mid- 
dle Place between Uhity and the Number 10, and the 
Logarithm thereof lhall be i of the Logarithm of io, 
and fo will be given. If, again, between the Number 
before found, and Unity, there be found a mean Pro- 
portional, which may be done by extracting the Square 
Root of the faid Number, this Number or Root, will 
be twice nearer to Unity than the former, and its Lo- 
garithm will be one Half of the Logarithm of that, or 
one Fourth of the Logarithm of 10. And if in this 
manner the Square Rout be continually extracted, and 
the Logarithms bifeCted, you will at laft get a Nunjp- 
ber, whofe Diftance from Unity (hall be lefs than the 
Too o*'0‘‘q'5o' ‘S' crtf P^rt ofthc Logarithm of 1 o. And 
alter Mr. Briggs had made 54 Extractions of the Square 
Root, he found the Number i.ocooo 00000 00000- 
12781 91493 20032 3442; and its Logarithm was, 
o. ocooo 00000 00000 05551 1 1512 31257 82702. 
Suppofe this Logarithm to be equal to Ay, or B r, and 
let y s be the Number found by extracting the Square 
Root ; then will the Excefs of this Number above 
Unity, viz. rszz ,00000 00006 ooooo 12781 91493- 
20032 3442. 

Now, by means of thefe Numbers, the Logarithms 
of all other Numbers may be found in the following 
manner : Between the given Number (whofe Loga- 
A a 2 ritnm 
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rithm is to be found) and Unity, hnd fo many «m eyr/ 
Proportionals (as above), til# at laft a Number begot* 
ten fo little exceeding Un«t>( that there be *5 C^prs 
next after it, and a like Number of fignifi^atotfSTi/: V* 
after thou. Let this Numtar be^H'and let tbr- , 
ficative Figures, with the Cypher/perfixed bl v . £*+ 1 •; 

denote the Difference be. Then fay,. A<* 3 ° 3 !£ ;r- 

ence r s is to the Different b c, lo ‘is Br a given 
Logarithm, to Br, wA a, the Lbgaritnm of the Num- 
ber ah 5 which therefore is given. And if this Lo- 
garithm be continually double^? the fame Number of 
Times as there were £xtra£t£ns of the Square Root, 
you will at laft: have the Logarithm of the NuJiber^ 
fought. Alfo, by this WaJ may the' Subtangent of* 
the Logarithmicai Orve bt/found, viz. by faying. As 
r s : Br : : AB, or Unity : AT, the Subtangent, which 
therefore will be found ^/be 0.434294482903251 5 
by which may be found/fae Logarithms of other Num- 
bers; to wit, if any Nfimber NM be given afterwards, 
as alfo its Logarithm, and the logarithm of another 
Number, fufficicntly near to NM, be fought, fay. As 
NM is to the Subtangent XM, fo is no , the Diftance 
of the Numbers, to N 0, the Diftance of the Loga- 
rithms. Now, if NM be Unity =r AB, the Loga- 
rithms will be had by multiplying the fmall Differences 
be by the conftant Subtangent AT. 

By this Way may he found the Logarithms of 2, 3, 
and 7; and by thefe the Logarithms of 4, 8, 16, 32, 

64 v&c. 9 > 2 7 > 8l > 2 43 » & a,fo 7 * 49 > 343 * 

k$c. And if fiom the Logarithm of 10 be taken the 
Logarithm of 2, there will remain the Logarithm of 
5 ; fo there will be given the Logarithms of 25, 125, 
625, fcfr. 

The Logarithms of Numbers compounded of the 
. aforefaid Numbers, viz . 6, 12, 14, 15, 18, 20, 21, 
24, 28, &c. are eafily had by adding together the Lo- 
garithms of the component Numbers. 

But fince it was very tedious and laborious to find # 
the Logarithn\? of the prime Numbers, and not eafy 
to compute Logarithms by Interpolation, by firft, 
fecond, and third, faV. Differences ; therefore the 
great Men, Sir lfiac Newton , Mercator , Gregory , 
lVallis % and, laftly, Dr, HalUy % have publiihed infinite 
converging Series, by which the Logarithms of 

Numbers 
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Numbers to^any Number of Places may be had more' 
expeditioully, and truer : Concerning which heiies 
D ri. Halley has written a learned Traft, in tfle Philofo - 
jaSliom j wherein he has demonfiratni thofe 


Seriefcafter a new Way, and (hews how to compute 
the Logarithms by thcnv But 1 think vt may be more 
proper here to*add » new Series., by Means of Wfcich 
may be found, eafilyVnd cxpedit|>ufly, the Logarithms 
of large Numbers, 

Let z be an odd Number, whofe Logarithm is 
fought ; then fhall tha Numbers z — i and z + i be 
even, and accordingly their Logarithms, and the 
Difftfteqcgof the Logarithms, will be had, which let 
be called y. Therefore, alfo, the Logarithm of a 
Number, which is a Geometrical Mean between 
z — i and z+ i, will be given, viz , equal to the 
Half Sum of the Logarithms. Now the Series 

v x - + -L. + _ Z_ 4 181 J 12. 

4z 24Z 3 • j 6 cz s 15J20Z 7 25220a 9 * 
tffr. fhall be equal to the Logarithm of the Rafio, 
which the Geometrical Mean between the Nurnbets 
z — 1 and z + I has to the Arithmetical Mean, viz, to 
the Number z. 

If the Number exceeds ioco, the firft Term of the 


Series— is fufficient for producing the Logarithm to 
4z 

13 or 14 Places of Figures, and the fecond Term 
will give the Logarithm to 20 Places of Figures. 
But, if z be greater than 10000, the firft Term jpill 
exhibit the Logarithm to 18 Places of Figuies; and 
fo this Series is of great (Jfe in filling up the Loga- 
rithms of the Chiliads omitted by Briggs, For Ex- 
ample, it is required to 4 find the Logarithm of 20001. 
The Logarithm of 20000 is the fame as the Loga- 
rithm of 2 with the Index 4 prefixed to it ; and 
the Difference of the Logarithms of 20000 and 
20002 is the fame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 
viz, 0.00004 34272 7687. And if this Differ- 
ence be divided by 4Z, or 80004, the Quotient JL 
A a 3 fhall 
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' /hall be--------- o.ooooo CW005 48814 

And if the Logarithm of the 4.30105 17093*02410 
Geometrical Mean be added .,«],» 17008 aciao 
to the Quotient, the Sum will 4J 579 45 ^ 
be the Logarithm of 2000 X. Wherefore it is n\>ni- 
feft, that to have the Logarithm to 14 Placey'of Fi- 
gures, there is noNeceflity of continuing out the Quo- 
tient beyond fix Places of Figure But if you have a 
mind to have the Logarithm to J 0 Places of Figures 
only, as they are in Vlaq'% T abES, the two firft Figures 
of the Quotient are enough. And if the Logarithms 
of the Numbers above 20000 are to be found by this 
Way, the Labour of doing them will moftly con Win 
fetting down the Numbers. 

Hole, This Se'its is eafi'y deduced from that /bund 
out by Dr. Halley ; and thofc who have a mind 
to be informed more in this Matter, let them con- 
fult his above-named Treadle, 
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J T is needlefs here to write a Prefatory Difcourfe, 
""fefttajg forth the Uleand Invention of Logarithms, 
fince the Author has fupplied that, in his Pre- 
face to the Treatifeof the Nature and Arithmetic 
of Logarithms annexed to thefe Elements : It is 
enough to inform the Reader, that my chief DTigti 
in writing this Appendix was, to render their Con- 
ftruftion eafy, inverting various Theorems for 
that Purpofe, a ul iiluftrating them by proper Ex- 
amples; all which is performed in the aftual Opera- 
tion of making the Logarithms of the fiift 10 Num- 
bers, arid ofthepiime Number 101, which is more than 
fufficient to inform the meaneft Capacity how to exa- 
mine or conftrufl; the whole T able. I have alfo (hewn 
how, from the Logarithm given, to find its correfpowl- 
ing Number ; and the Inveftigation of the Series omit- 
ted by the Author in Page 357, for expeditioufly find- 
ing the Logarithms of large Numbeis. As to thofe Sc- 
ries exhibited by him in his Trigonometrical I'r&tifc, 
Page 287, for making the Sines and Cofincs ; I muft 
declare, that 1 have exceeded my fuft Intentions, which 
were to give their Inveftigation only ; but confidcriog, 
that as they depended upon the Newtonian Series with- 
out the Inveftigation of which our Author’s Series could 
never be thoroughly underftood ; I thought it would 
therefore prove acceptable, if 1 (hewed their Invcfti- 
gationstoo, from which thofe of our Author cafily flow. 
In order to 'which, and to keep the Reader no longer in 
Sufpenfe, let rbe put for the Radius KE of the Circle 
ABCD; a for the Arc BE, whole Length is to be in- 
veftigated; and r.equal to the Sine EG: 7 V.n w 
FE =za, and IF =zs. 

Then* 
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Then, the Triangles KGE, KHL, are fimilar, be- 
taufc LH is parallel to EG; the Triangles KLH, 
FLE, are fimilar, becaufe the Angles KLH, FLE, are 
equal, and the Angles KHL, FEL, are both Right 
Angles; and the Triangles FLE, FEI, are fimilar, 
becaufe the Angles FEL, FIE, are both Right 
Angles, and the Angle F is common : Therefore 
the Triangles FIE and KGE are fimilar, whence 

KG(or^/?r — jj) : KE(or r ) : : FI (or j) : FE (or a); 


that is> a—- 


V rt — j . 


Now s/rr s>~) Tr ~^p~ J&, - ^ 

(sfc. by extracting the Square Root: 

And if rt be divided by that Scries, the Quotient, 

s's 5 *®* 35i®i .. ... , , 

, + (- - r-i + &c. will be the 

1 irr 8r 4 i6r* T ia8,» 

Fluxion of the Arc; therefore the Fluent thereof, viz. 

(r-f — — — \ — ; — — — . q — t&e. or) 

' 2.3 rr 2.4.5^ z .+. z .’/ r 6 2.4.2.8.9s* • 

t I 3 -y f . 3 - 3 - 5 - S' 7 . 3 - 3 -SS- 7 - 7 ' 

2.3.4.s»*' t '2.3.4.5.fc.7r‘ 2.3.4 5.6.7.89** 

4 
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brequal to the Arc of a Circle whofe Radius 
is r, and Sine t. “But if r be put equal to Unity, then 

s + JLj* +-JiL.r s + JL2±L- 1% (Sc. Will ex- 
‘ ** 2 -3 2 -3*4*S 2.34.5.6.7 • 

prelb the Length of the Arc a . 

1 MAMPL E. 

Let it be requireVtfo find the Length of the Arc of 
30 Degrees to 6 Pizcfes of Decimals, the Radius be- 


ing Unity. 

• 



Here s~ 

:f, and « = whence the Operation 

follows : 



s = 

,5000000 

s = 

,500000c 

ti 

,1250000 

s* 

6“ “ 

208333 

J 5 = 

312500 

40 _ 

23437 

J 7 = 

7S125 

5 £_ _ 
112 

3487 

J 3 = 

19531 

1 VL = 

1152 

553 

i" =: 

4882 

2816 

109 


1220 

23U 13 __ 
T33T2 "" 

21 

J ,s = 

305 

* 43 «’ 5 s 
10240 

• 4 


> 5 2 35984 


Hence the Length of the Arc of 30 Degrees is 
,523598+* Now if this Arc be multiplied by 6, we 
(hall have the Length of the Arc of the Semicircle in 
fuch Parts as the Radius is 1, or of the whole Circumfer- 
ence in fuclt Parts as the Diameter is 1, viz. 3*14159+. 

But there is no Series fo eafy to be retained in the 
Memory, and fo readily put in Praflice, for obtaining 
the Ratio of the Diameter of the Circle to its Circum- 
ference, as that which is derived from the Tangent. 
For if t be put equal to the Tangent of any Arc, then 
2 = t — v t* + t + i* 9 , 

Now 
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Now the Radius being Unity tbeji&ffVDf ?o De- 
grees = and consequently the Coline = \Z|s and 
becaufe tfyp Cofine is to the Right §ine, as the Radius 
to the Tangent; it will be sf \ • V?- J : : I : f »" ^? c 
Tangent of 30° oo 1 = f, whence = 3 . Wherefore, 
if the Root of * be divided continually by 3, and the 
feveral Quotients by the ocfd Numbers futceffiu*iy. 
viz f the firft by 3, the fecond 6y tp&fr. the Sum of the 
affirmativeQuotients&adelefs fcgndl the negative on**, 
will be the Arc of 30 Degrees./ 

And becaufe the Arc of 30 Degrees is £ Part of the 
Semicircumference, if inftcad oV */ ~ be taken 6 \- 

rr v' 12, we fhall have the Semicircumfcrenre in Cuch 
Parts as the Radius is Unity ; or the whole Circumfe- 
rence, the Diameter being Unity. 


The Operation ftands thus : 


i/ 12 

-3,464102 

+ 

3,464x02 

3) 

, » I S 47 OI ( 


— 

5) 

j 3 ^ 49 00 ( 

+ 

76980 

7) 

,i2830o( 


— 

9) 

42767c 

+ 

4752 

11) 

14256^ 


— 

*3) 

4752 ( 

+ 

366 

15) 

i 5 8 4 ( 


— 

17) 

528 C 

+ 

3 r 

* 9 ) 

i 7 6 { 




106 


+ 3>54^ 2 Ji — ,404640 


Whence 3,546231 — ,404640=3,141591 the fame 
ns Before. The Impoflibility of exprefling the exaft 
Proportion of the Diameter of a Circle to its Circum- * 
ferencc, by any received W ay of Notation, has put the 
meft celebrated Men, in all Ages, upon appioximatiog 
the T ruth as near as pofliblc ; there bring a Neceftity of 
a near Quadrature, * nafmuch as it is the Bafts upon which 
the molt ufeful Branches of the Mathematics are built. 
And afeer the famous Van Ceulen , who carried it to 36 
Places of Decimals ( which he order’d to 6e engraven on 
his Tomb-Hone, thinking he had fet Bounds to far- 
ther Improvements), the firft that attempted it with 
Succefs was the moft indefatigable Mr. Abraham Sharp , 
who, by a double Computation, viz. from the Sine of 
6 Decrees one Wav. and from the Sine and Cofine of 

12 De- 


.1 
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1 2 S||rcW«ggther Way, carried it to twice the Num- 
ber of Places tlh* Van Ceulen had done, viz. 72. 

* And iince that time Mr. Macbin , late rofeflor of 
Aftronomy in drejham College , and Secretary to the 
Society^ by a different Method of Computation, 
has carried it to 100 Places, almoft triple the Num- 
Jher that Vay Ceulen Itad done, which not only con- 
firms Mr. Sharp\ Quadrature, but /hews us, «that, 

'■if the Diameter be\i,opooo, frc. the Circumference 
will be 3, 141 59. 265X5. 89793. 238+6. 26433. ?3 2 79* 

50288. 4197 1. 69399, 37510. 58209. 74944- 59 2 3°- 
78164. 06286. 20899. 86280. 34825. 3421 1. 70680 
-hnof the fame Parts. 

vJnfCh is a Degree of Exa&nefs far I'urpafling all 
Imagination; being, by Eftimation, more than futiicient 
to calculate the Number of Grains of Sand that may be 
comprehended within the Sphere of the Fixed Stars. 

The late Mr. Cunn’s Series for determining the Pe- 
riphery of an Ellipfis (who was mv Predcceflor in the 
Mathematical Schftol, erected by Frederic Slave , M. IX 
^nd eftablifhed by a Decree of the High Court of 
Chancery for qualifying Boys for the Sea- Service) 
being new and curious, this Opportunity is taken of 
making in public. 

Let A be equal to a Quadrant of the Circle circum- 
lcribingtheEHiplis,wholePeripheryi.srequired.Then>fx 
x LL:\ _ i - 3 * i £ 4 _.. 1 -^ 5-1 ,6 *- 3 W-S- 

2.2 2.4.8 2.4.6.16 2.4.6.8.128 

1 -3 57‘9 7 _ _ ;»o ij 3 ± 2 ±l±ll e'\ Vc. Is 

2.+.6.8. 1 0.256 2.4-6.8. 10. 1 2. 1 024 • 

the Periphery of a Quadrant of the Ellipfis, where 

^rriiZLif, t being the Semi-tranfverfc Diameter, 

1 1 

and c the Semi-conjugate. 

When this Series came to hand, it was imperfect, in- 
afmuch as there were only the firft five Terms without 
the Law of Continuation : But, being defirous of ren- 
dering it compleat, after feme Confutation, I found the 
Law to be’ as follows : It is plain by Infpeftion, that 
the Numerators and Denominators of each Term arc 
compos’d of Numbers that run in arithmetical Progief- 
fion, except the laft in each Term, viz. -J, [, T g, 

&c. and thofe being found by the continual Multiplica- 
tion 
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tion 6f thefe Fra&ions, 4 x £ xi xf 
the Law of continuing the whole Series as above, is 
evident. Whence, by a well known Method of fub- 
Aituting Capital Letters for each Term rcfpeflively, the 

i^‘B 


following Series is deduced, viz, A X I — \tt. 


-|f*C 

6.6 


57,* r> -7 9 
"8.8 ° 


r ro.ro 


FEc 


9.! i 


44 . 

F,f*. 


jt 12.12' 

where the Law of Continuation is evident alfo, fine© 
each Capital Letter is equal to its precedent Term, 

viz. B= C=Ill<* B, &c. and without doubt 
4*4 * m ** 

in Praftice is preferable to the former Series { Bat the 
Inveftigation of that, on which this laft depends, is 
omitted ; purely on account of its being foreign to the 
prefcr.t Subject. 

But to return j if the Series exprefling the Length of 
the A i Cj uiZt s tsfr. be reverfed, we 

(hall have the Value of s in the Terms of a y and con- 
fequently a direct Method for finding the Sine of any 
Arc from its Length given. Thus, 


Ifa=5 + -Jr 3 +,V 
Then j — a — + 

Or j = a — 


(1* 


+ Tf x 
T^* S - 

a s 


&C. 

m * . 
JV-fTS * 






■l- 

c. 3 


2.3 2-3 4-5 2-3 4-5* 6 -7 

Jor put r=Afl+ B a 3 + C a*, fcfc. ” 

Theni; 3 = £ A 3 a 3 isfr. 

And j 5 = A 5 «5, fcfc. 

And«.on(equently h a— a', whence A = i: 

Alfo, B4-4 A l -o; or B— (—-j A 3 — ^ ; 

A?a,nC+ JA 1 B4 5 l-A 3 =o ; or C=— JA X B—^-A 3 : 
That is C =K xixj- & = T ” - t!, =) T -U 
Wherefore A— I, B — — C = T ^, and 

confequcntly, J = a — — 4- f3V. From 
6 120 

which three Terms the Law of Continuation is 

eafily difeovered : Therefore s — a, — 1— 

a* as a 9 . . 

4- : — &(. 


2.34.5 a.34.5.6.7 2.34.5.6.7.8.9 


Whence, 
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Vv ^ncejtftMUuting A for a, and we ihall have A — 
A» ' A 7 Ao 

£H + ,«.a.3-4-S-6.7 + **-3*-S*-1 »-9 

err. for the Newtonian Senes, according to our Au- 
thor's Form, for finding the Sine of any Arc, its Length 
being given. Q. E. L \ 

r i. Again, begiaufe the Square of the Radius, made lefs 
by the Square of t^ Sfrie, is oqual to the Square df the 
Saline, by the fecc\<l Propofition of our Author’s Ele- 
ments of Plane Trigiyometry; it follows, that if from 
the Square of the Radius = i be taken the Square of 
the Sine ~a — £ n 3 4* tts fl5 > the Square Root 


e&the Remainder will be the Cofine = X 
«*• Thus, 


a* + 




ia’+rtv 0 '* &• 

W+rlv**> &t. 

>♦ + 


“is* + 


TTl 

TS C 


+ U V 


. b’c. 

*. i*e. 


Si— a 1 4 + Tr o'f. which, licin,' 
•taken from the Squares of ine Radius i , leaves i —oa+ 
‘at— fra* , (St. the Square Root of which will be the 
Ccfine. 


x—aa + 



*»*+iV»* 


2—loe) —aa+io* 

-oa+la* 

2 —aa, (St.) T W — & «* Wf* 
2—M, (Sc.) — Trr° 6 > iSe - 

*“ TTr<s fl *» 


Wherefore putting A for <7, we (hall have the Cufit:e 

A 4 A 4 A 6 T A 4 A 4 

i — — — — — , CSV. or x — l 

2 24 720 1.2 1 . 2 . 34 

A* . A* .. 

— .. 1 — q. , off. according to 

1.2.3.4.5.6 1.2.34.5.6.7.0 

the Author’s Form. Q. £. I. 

But becaufe thofe Series, as our Author observes, 
converge very flowly, efpecially when the Arc is nearly 

eaual 
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equal to the Radius ; he therefore devifed^Pnge 2 ; 8.) 
other Series, whofe Inveftigation ma^/Je as follows: .. 

Let the £rc, whofe Sine is fought^ be the Sum or 
Difference of two Arcs, viz. A +z, or A — z; and let 
the Sine of the Arc A be called a y and the Cofinc b. • 
Now, if the Arc DF=PE, Prop. $th of the Ele- 
ments of Trigonometry , be called z, then its Sine FCL. 

will, by the Newtonird Series, jit = z — * _ — 4. „ 

( '* I.2.t 

A r * 

Gfr. and its Cofine CO 
&c. and be* 




1 . 2 . 34 . 5 , 6.7 

Z 4 


J.2.3.4.5 

— Z* 

-I— — + 

1.2 I.2.3.4 J. 2.34.5.6 . 

caufe CD : DK : : CO : OPj therefore OP = a — • 


azr 


az* 


4 

1.2 1.2.34 


az° 




1.2.34.5.6 

Again, becaufe the Triangles CDK, FOM, are fi- 
milar, it will be, as CD : CK : : FO : FM $ whence 
_ Iz hz z hz 5 ,j hz 1 e - 

— — ' ' -J" —mm — — ■■■ ■■ ■ , &C* 

1 ll 2 3 _*; 2 - 3 ‘ 4 - 5 .. 1.2.34.5.6.7 . 


FM 


But OP + FM + IF, the Sine of the Arc BF, 
viz. A + z; confcquently the Sum of thofe Series, 

. bz 07? bz? az* bz * c . 

viz. I- + , , CSff. 

i 1.2 1.2.3. 1*2.34 1.2.34.5 

is the Sine of the Arc A+z. And becaufe FM = 


MG, therefore their Difference a — if — —+ ■ 

1 1.2 1.2.3 

-j — — — , Wf. « the Sine of the Arc 

1. 2.3.4 1.2.3.4.5 » 

A — z, viz. EL. 

And again, becaufe CD : CK : : CO : CPj 
thoefoTt CP = t- '-£ + j£_ _ + 


bz 3 


bz 8 


1.2 j.2.3.4 i.2«3"4*5*6 

, £3V. and by reafon of the fimilar Tri- 


angles^CDK, FMO, it will be, as CD ; DK ; : FO : 
MO. Whence MO=«s — -£1 az * 


1.2.3 1.2.3.4.5 


az' 


1.2.34.5.&.7 


6V. 


But 
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Bat C^^OrrCI, the Cofine of the Arc A+z. 
Wherefore the^ofine of the Arc A + z is 
a£ bz % ^ az 3 ^ az 4 az 5 . ^ 

T 1.2.3 T IX34’ 1.2.34.5 "*1.2.34.5.6 

tsfr. * ' «. 

And becaufe MO =: PN therefore CP + MO r= 
GL, and consequently Jhe (Wine of the Arc A — z= 
. az ^z* \ az 3 \ | 6z 4 az i# 

^E.^ _ V 5 + ’• 2M ' , Z - 3 - 4 ' 


4*5 

Q.T * / ~ 

Now the Arc A i&an Arithmetical Mean between 
,{he Arcs A— z and A+z, and the Difference of their 
bz z az* bz* 

:+-rrr-+ 


slUes TaRrff-2L 
1 1.2 


az * 


1.2.34.5.6 

bz* 

4 


I.2.3 


1.2.34 

te 3 


1.2.34.5 
az* 


1 

az* 


1.2.34.5 ’ i.2*3.^.5.b 


Jhe Differences, or fecond Difference, is 


i*2 1.2.3 1.2.34 

,{$V. Whence the Difference of 
2az* 


2aZ 4 

1.2 1. 2.3.4. 


2 az 6 


or 2 a X- 


z° 


1.2.34.5.6 1.2 1.2.34 1 1.2.34.5.6' 

fcfr. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verfed Sine of the Arc z, 
and converges very foon ; fo that if z be the Arc of 
the firft Minute of the Quadrant, our Author fays the 
firft Term of the Series gives the fecond Difference to 15 
Places of Figures, and the fecond Term to 25 Plages. 

Whence the following Rule is derived for finding 
the Sine of the Art A+z, or A — z. 


i 6 ? 


RULE. 


From double the Sine of the mean or middle Arc, 
fubtrad the fecond Difference found by the Theorem, 
and from the Remainder fubtra& the Sine of the given 
Extreme, whether it be the greater or leaft : and the 
Remainder will be the Sine of the other Extreme. 


EXAMPLE. 

Let it be required to find the Sine of 30° ov ; the 
Sines of 30° oo', and 29 0 59', being both given. 

Here 


CO 
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Here 30° 00' is the mean Arc* whofe S'y* is 
,500000 000005 and the Sine of iiflrsy, the givgn - 
Extreme, is ,49974806226, and the Length of the 
Arc 2, viz. one Minute, is ,000290888200 5 which 
fquared and multiplied by the Sine of the mean* Arc 
50000, fsfc. according to the Direction of the Theo- 
rem, the Product will be^&e fecond Difference, equal 
to ,0000000423075 w'.iich - fubt j#i£ted from dou 1 c 
the Sine of the mean ^rc, equal Jp 1, the Rerr^ 
will be >999999957693 i fro^Twhich fubtt 
Sine of the given Extreme (which in this Cap 
leaft), and there will remain ,50025189543^ ^ 

Sine of 30° 01', the greater Extreme. ^ qpr 

This "Method of making the Sines, howevtof may 
appear at firft Sight, is fo far from being tedious or 
troublefome, that I look upon it to be^the mod eligi- 
ble of any other whatfoever : For the Square of z being 
once determined, and the feveral Multiples of it by the 
nine Digits made, and fet down in a Table orderly, all 
the Sines may be made by Addition and Subtraction 
only 5 as indeed our Author hints they may by the Me-* 
thod demonftrated in the tenth Propofition of the Ele- 
ments of Trigonometry; but this is evidently prefer- 
able to that, tho’ a good Method too 5 and by which 
all the Sines of the Quadrant, I prefume, were wont to 
be made, at leaft as far as 30, or 60 Degrees; for af- 
ter the Sines as far as 60 Degrees are obtained, all the 
others may be had by Addition only ; and notwith- 
ftanding there are other excellent Theorems, which 
contribute very much towards finifhing and confirm- 
ing file Truth of the whole Canon ; yet this deduced 
from our Author’s Series, I deem the moft elegant and 
fit for Pra&ice, becaufe the Difference of the Differ- 
ences of the Sines being what is always required to be 
found, thpre will be feven Cyphers, at leaft, before the 
fignificant Figures of the faid Difference; which is the 
Produ£t made by the Square of z, into the Sine of the 
mean Arc ; So that to have the Sine true to ten Places, 
there will not be occaiion to find above four or five 
Figures in the Produ&, which, according to the com- 
, mon Method of contra&ed Multiplication, may be ob- 
tained with very few Figures. Thus, for Inftance, the 
Sine of 30° 02' may be had to ten Places by a wonder- 
ful cafy Opeartion ; the Sines of 30° 01/ and 30° 00' 
being both given* E X* 
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EXAMPLE. 

.'ITi^Sine of 30^ oi' is >50025189543* 
. The Square ofa .'nverted % 26480000000 





42331 

Whence the Produ& is ,000000042331 true to eleven 
Places at leaft. Wherefore if, according totheRule,from 
double the Sine of the middle Arc = 1,00050379086 
we fubtra# the faid Product, ,00000004233 


And from the Remainder 1,00050374853 

the Sine of 30° oo # the given Extreme ,50000000000 

1% fubtrafled ,50050374853 

There will remain ,50050374853 for the Sine of 30° 
02* the other Extreme 5 than which, nothing of this 
Nature can be defired more eafy* 

SCHOLIUM. 

Becaufe the Difference of the Differences of the 
Sines, or fecond Difference, has always 7 Cypher$*be- 
forc the fignificant Figures ; it follows, that the whole 
Canon, where the Sines conlift but of 6 Places, which 
is as far as our Tables for common Pra&ice need ex- 
tend, may be performed chiefly by Addition arid Sub- 
traction only, without forming Multiples of the Square 
of z by the nine Digits j tho’ perhaps it may be ne- 
ceffary to uk the Method of contra&cd Multiplication 
every 5th Minute, to confirm the Truth, left, in con- 
tinual doubling and fubtra&ing, an Error fliould arife 
in the Right* hand Figure: However, as it m§y be 
fafely ufed for 5 Minutes together, and fometimes 
more, it will render the Whole very eafy. 

Note, The Square of z in this Cafe, viz . the Arc 
of 5 Minutes, is ,000002115-, 

B b Thus 
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Thus having inveftigatcd the ancb'our 

Author’s Series, and exemplified the fatter, by making 
the Sines of 30° oi'and 30° 02 f ,. anl withal (hewn 
how, from the Sine of the Arc given, to hnd the Length 
of that Arc, and confcquentjy fj w> GgcumferoAtte of 
the whole Circle j 1 (hall l£g Leave, before I treat of 
theConftruftionof Loga^ ums^to (hew how, from the' 
Lnovifn Ratio of the IOmeter to U&e Circumference, 
or any other Ratio. wWatfoever, that a Set of int^»*l 
Numbers may be found, wboftyRatios (hall he the 
neared poffible to the Ratio jgiven j for which I hope 
to be cxcufed, and. the rather, ,£ecayfe I believe this 
Method of determining them was never before jmfc- 
lifted. 


RULE. 

Divide the (Jonfequentby the Antecedent, and the 
Divifor by the Remainder, and the laft Divifor by the 
laft Remainder, and fb on till nothing remains. 

Then for the Terms of the firft Ratio, Unity will 
always be the Antecedent, and the firft Quotient the 
firft Confequcnt. 


For the Terms of the fecond Ratio. 

Multiply the laft { ConfeqS } b ? the 2<J Q- uotifcU » 

and to theProdud add| Unity"^* J an<i * ®* w *^ tbe 

Refuk be the fecond i Antecedent. 

I Confcquent. 


For all the following Ratios : 

Multiply the laft { Consent J b J the °* xt ^ otl ' 
ent, and to the Product add the laft | Consequent } but 
one* and fo will theSum be the prefentj Confeqwnt! 


E X- 
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. . EXAMPLE. 

~ Let it be pqt Sred to find a Rank of Ratios, whofe 
Ttrro are in tegra l^ujd the neareft poflible to. the fol- 
lowingRatibj^ftof^oSSB to 31416, which expreflea 
nearly the Proportion of thetaiameter of the Circle to 
its CucumfercBce.'^ • 

:rms of tne ' 


leaft Terms, 
Whence J 


51416 3927 

by 1250, and 1250 by the Remainder, &c. will be at 
follows : 

1250 ) 3927 ( 3 

177 ) 1250 ( 7 

. *1 ) *77 ( 16 

* ) »i C “ 


37 * 


Bpt becaufe, the Terms of tUe Ratio are not prime 
to eadh other, they ntuft therefore be reduced to thcic 

Ueft TT* prn]^ » * 

.10000 ,"*2 50 anc j t j^ n yyvj divided 


So the firft Antecedent is i, and the firft Confequent 3. 

i Antcced. * 1 _ \ 7 l = 5 7 4. 01:7 the fccond Antec. 

•3 \ Conlecj. 3 J * 7 I21 J ^ £ 11 + i=fc2 thefrcondConf. 

Which 7 and 22 i s Archimedes** Proportion. 
m C Antered. 7 1 112 5 S 13 the 3d A at. 

•3 ( Coiifrq. 2z J ^ | 35 * t 1 35*“l*3~3S5thc3dConf. 

Which Terms 1 1 3 and 355 i a Mitius's Proportion. 

« { Anracedent 113 1 ^ „ = C 12+3 ? % C Il4 H 7 =,1 S£> 

•3 \ Confequent 355 J \ 3905 ) < \ 3905 + 22=3027 

Producing the fame Antecedent and Confequent as at 
firft ; which, as it is ever the Property of the Rule fo 
to do, proves, at the fame Time, that no Error has 
been committed thro’ the whole Operation. 

C I: 3 } Portlier 1 1 j*j 

Whence, as 1250 : 3927 7:22 » Terms < 2 > g. 

tii. 3-355 3 ° fth e (3 J 9 

But it muft beobferved, that 1 to 3 does not exprefs the 
Ratio fo near as 7 to 22 ; nor 7 to 22 fo near as 113 
* B b 2 to 
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to 355 ; that is, the larger the Terms of the Ratio»are, 
the nearer they approach the Ratio gitfen. 

Mr. Molypeux , in his Treatifc of Dioptrics, infos ms 
us, that when Sir Ifaac Newton fet abouty.by Experi- 
ments, to determine the Ratib of^thee .Angle ofohjci- 
dence, to the refra£ted by the means of their 

refpeftive Sines ; he foundpt to be, from Air toGlafs, 
as 30O to 193, or, in the^raft roubd Numbers, as 14 to 9. 
Now, if it be as 300 is* to 193, it tirill readily appear, 
by the Rule, whether thev are fiafch integral 1 Numbers, 
whofe Ratio is the neareft poffime to the given Ratio. 


*93 ) 300 ( 1 

*07 ) *93 ( * 

86 ) 107 
21 



2 


4 

21 

1 


10 
l ( 


For, dividing the great Number bv the lefs, and# 
the lefs by the Remainder, &c. the Operation will 
fliew that the Numbers 193 and 300 are prime to each 
other ; and that the firft Antecedent is z, as alfo the 
firft Confeauent. 


»«* U|x'={ ;*-<{ 


Hence, the ft urth Antecedent and Confequent make 
the Ratio to be as 9 to 14, or, inverfiy, as 14 to 9 ; 
which not only agrees with Mr. Molyneux, but at the 
fame Time diicovers, that they are nearer to the given 
Ratio, than any other integral Numbers lefs than 92 
and 143 ; which are the neareft of all to the given 
Ratio, as will appear by repeating the Procefs, ac- 
cording to the Direction of the Rule. 

Sir ifaac Neivtcn himfclf determines the Ratio out 
cf Air into Glafe to be as 17 to 1 1 \ but then he fpeaks 
of the red Light. For that great Philosopher, in his 

Differ- 
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Difiertalionf^oncerning Light and Colours, publifhed 
•in the PhilofopAi^al Tranfa£iiom % has at large demon* 
Jilted, as alft^m his Optics, that thefcysof Light 
are not.all/ffiSnogeneG^s, or of the fame Sort, but of 
difjfeftuit fo that fome are more re* 

fraftecTthan others, tho^tfiey have the fame or equal 
Inclinationa on the Glafs l^whence there can be no 
cbnftant Proportion Iettled\ptween the Sines t>f the 
Angles o(Inciderite, and of the refrafted Angles. 

BA^herroportior^that comes neareft Truth, for the 
middle or green- making Rays of Light, it feems, is 
nearly as 300 to 193, or 14 to 9. In Light of other Co- 
lours the Sines have other Proportions. But the Diffe- 
rence is fo little, that it need feldom to he regarded, and 
either of thofe mentioned for the molt Part is fufficient 
for Pra&ice. However, I mult obferve, that the Notice 
here taken either of the one or the other, is more to 
illuftrate the Rule, and (hew, as Occafion requires, 
how to exprefs an^ given Ratio in fmallcr Terms, and 
the neareft: poffible, with more Eafe and Certainty, 
Ithan any Defign in the Icaft of touching upon Optics. 

Wherefore, left thi* (mail Digreffion from the Sub- 
ject in hand, and indeed even from my firft Intentions, 
ihou'd tire che Reader's Patience, I dial I not prefume 
more, but immediately proceed to the Conftruftion of 
Logarithms. 

Of the Conflru&ion of Logarithms. 

'"p H E Nature of which, tho* our Author has fuf- 
ficicntly explained in the Defcription of the Lo- 
garithmical Curve; yet, before we attempt their Con- 
ltruftion, it will be necelfary to premife : 

That the Logarithm of any Number is the Expo- 
nent or Value of the Ratio of Unity to that Number ; 
wherein we confider Ratio, quite different from that 
laid down in the fifth Definition of the 5th Book of 
thefe Elements ; for, beginning with the Ratio of Equa- 
lity, we fay 1 to 1=0 ; whereas, according to the faid 
Definition, the Ratio of 1 to 1 = 1 ; and confequently 
the Ratio here mentioned is of a peculiar Nature, 
being affirmative when incrcafing, as of Unity to a 
greyer Number ; but negative when decreafing. And 
B b 3 a* 


#3 
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1 

' as the Value of the Ratio of Unity to uy Number Is 
the Logarithm of the Ratio of Unity to that Number, 
fo each Ra£io is fuppoferi to be rneafared by the Nr.fiv* 
ber of equal Ratiuncula? contained thr tw 5 " 

Terms thereof : Whence, if^Sn a continued Scnle of 
mean Proportionals, infini^uT n be af- 

’ fumed an infinite Kumb^f of *fuch Ratiunculae, be- 
tween any two Terms JR the feme Scale ; then th,it 
infinite Number of R^tiunculas is* to another infinite 
Number of the like and equa} RatiuncuiSe be' ween 
any other two Terms, as the Logarithm' of *&ie one 
Ratio is to the Logarithm of tbc?other. 

But if, inftead of fuppofing the Logar thins com- < 
pofed of a Number of^qual Rati unculae proportionable 
to each Ratio, we {hall take the Ratio of Unity to any 
Number to confift always of the fame infinite Number 
ofRatiunculx, their Magnitudes id this Cafe will be 
as their Number in the former. Wherefore,* if between 
Unity, and any two Numbers propofed, there be taken 
any Infinity of mean Proportionals** the infinitely little 
Augments or Decrements of the fir ft of thofe Means, 
in each from Unity will be Ratiunculae ; that is, they 
will be the Fluxions of the Ratio of Unity to the faid 
Numbers ; and beraufe the Number of Ratiunculae in 
both are equal, their refpeflive Sums*, or whole Ratios, 
Will be to each other as their Moment® or Fluxions ; 
that is, the Logarithm of each Ratio will be as the 
Fluxion thereof.. Confequently, if the Root of any in- 
finite Power be extracted oi*t of any Number, the Dif- 
ference r»f the fisid R'vtt from Unify (ball be as the 
Logarithm of th?t Number. So v that\Lr»'.«ar.ithms, thus 
produced, may be of as many Form., as we pleafe to 
aflume infinite Indices of the Power whofe Root we * 
letk. As, if the Index be fuppofid jccoco, c ffc. wo 
fhall have the Logarithms invented by Ntper \ but if 
the uid Index be 230258, &V. thofe of Mr. Briggs 
will or produced. 

Wht reiore, if 1 +xbc zry Number whatfoever, and 

. 

11 infinite, then itsLoga nthm will be as i+jt ~~ 1 zz 

I Jcx x* x A X* r. , . r . 

— X -f — — — f — 1 w r or the infinite 

n ’lyre 

Root of 2 x without irs Uric** or prefixed Num- 
bers, 
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b(F<i) is xxx+xxxx, &c. and the celebrated 

.binomial Theorem invented by Sir Ifaac Ninpton for 

^ l—t±. - 1 

i<|themis 

2 


>r * 
Sr 


t 3 

n ° 


&€• or 


£froiinidgth< 

. nr C 23 4 

ip thisCafe rather 1 X # -X^X"7 X — ^ X^£sfV.f or ~ 
C fl 2% 3 + 5 •*% 

beingsan Infinitefimal, *• rejected ; whence the infinite 


x % ** 
+ 


tfr. and the 


Root^T +7 si+r 

. « 2« 3« 4* 

Exccfs th^eof abovc*Unity, viz. !L f! + Hi 

n 2 n 3 n 471 
£ *. is the Augment of the firft of the mean Propor- 
tionals between Unity and I+Xy which therefore will 
be as the Logarithm of the Ratio of itoi+x, or as the 

x 

Logarithm of i+*. But asx+x — 1 is a Ration- 
cula, it muft be ijiultiplicd by 10000, £sTr. infinitely, 
which will reduce it to Terms fit for Pia&ice, make- 
* ing the L ogarithm of the Ratio of 1 to I + x z= 

iooo, fcfr* * x* ** - - . . r . 

1 x— — — + «fr. whence if the 

n 1234 

(nJex n be taken 1000* tff. as in Neper’s Form, the 
Logarithms will be fimply a* — ^ + "" + ~, 

fcfr. But as n may be taken at PIcafure, the feveral Scales 

of Logarithms to fuch In Jices will be as I 2 £ 2 ii£fl, or 

n * 

reciprocally as their Indices. 

Again, it tiie Logarithm of a decreafing Ratio be 

furght, the infinite Root of 1 — x r= 1 — x will be 

found by the Lke Method to be i—-f — — 

n 2ti 3« 

A _, 6fc. which fubtraft from Unity, and the Deere- 
4* 

ment of the fiift of the in finite Number of Proportion 
nals will appear to be *i x — + — + — + — > 

" 1 2 3 4 .. t 

B b 4 wmch 
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END I^C. ( 

• . * r . i * 


tyhich exprefles the Logarithm of the/yatio of ,i to 
f — *, or the Logarithm of i — *, according to Neper’s 
Form, if the Index n be put = ioocg* fsfa. as before-** 
And to ftnd the Logarithm <>f the k' f \o of any tush 
Terms, a the leffer, and b the greater^ it wfcl be^(jj? : b 

; : i : i + * j whence i -f *^j£J ; and* == ( jr ) 

A a . v a . f 

the difference divided ter the Wler Term when ’tis. r.n 

jncreafing Ratio, and H— when ’tis decreaf ug. 

b a 

Wherefore, putting ^Difference betwee.i the two 
Terms a and b y the Logarithms of the ame Ratio 
may b e doubly expreffed, and accordingly is either 

id d x d* d* cj 

— X ; + — T— — V ^ Cm ° r 

•» n 2 a* 3 < 3 3 An * 


A*r 


i-X ~ j. — 4. — + —i b’<\ both producing 
n b * 2 b* ^ 3^ T 4^ * b 

the fame Thing. 

But if the Ratio of a to b be fuppofed to be divided 
into two Parts, viz. into the Ratio of a to the arith- 
metical Mean between the two Terms, and the Ratio 
of the faid arithmetical Mean to the other Term b 9 
then will the Sum of the Logarithms of thofe two Ra- 
tios be the Logarithm of the Ratio of a to b . Where- 
fore fubftituting \ j for *- a+ J -b 9 and it will be, ~ s ; 

* : : r : i-w } whence * = li=f = (1=21 -)±. 


Is 


b Z ± 
is 


and again, as -J- s : b : : i : i + * $ * = 

i 1 : Therefore fubftituting for*, we 

inall have the Logarithms of thofe Ratios ; viz. 
d* 


r a 

— X — + 
n s 

I 


2 s 


J L 


IL, b>. and 


T x 


bV. 


d a* t d* 

— — — : -{- — — — i 

i 3i 3 4i 4 

Th^Sunwrf which two Logarithms, viz. ' 

2 X _ + — -j. — - + fcr. 


Lx 


is 



377 


ratitlnt at 
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the Logatitla> at the Ratio of a to b, whole Differ- 
ence is d, and Sums s j which Series, without the In- 
dex », is, by-thc^bpe the Fluent of the F^ixion of the 

aifc;ming d, to be the flowing 

ntity, for the Fluxion* <jf the Logarithm of 

* «- — V i. - d 

I A . • 


_ d c d 

is H^-' 2 x ~T + ~? + “ + ~4» **• whole 

Fluent -f 4. — 4- ' is Neper's 

\* 3 i } T s fi 7* 1 

Logarithm of and the fame .is above, abating 

s — d 


the Index w. This Series, either Way obtained, con- 
verges twice as fwift as the former, and conlcquently 
is more proper for the Practice of making Logarithms : 
Thus put <2=1, and b any Number at Pleafure ; then 

— rr^IZL £, which aflume == e 9 and then b zz JLtf • 
J b+L I — e 

and becaufe — zze 9 therefore have we for 


THEOREM I. 

The Log. of^= ~ + -]«’ + -f * 5 , bV*. 

To illuftrate this Theorem: Let it be required to 
find the Logarithm of 2 true to 7 Places. 

Note y That the Index muft be affirmed of a Fi- 
gure or two more than the intended Logarithm 
is to have. 


EXAMPLE. 

_’ji +* 

1 — e 

2— 2*; and 3 czz (2— 1=) 1 5 whence *=4, and 

The 


Here (in)iZL.~2; therefore 1+*= (i^r X2 rr) 
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w* 

The Operation f , ^ C ° 


tw 


<* 


«' ~ 

e* ~ 
<•«=: 
*»* — 


,33333333 
37037 0 4 
4 * * 5*3 
457 »i 
508# 

s ! s 

63 


■y the I 

Greater., it vviil bcr.^/ ^ 'b 

■TTr.r.-* .i'i. 


4 ' s = 



-v 


« tL 


xi 
5 * 

— ^ i 

,34657359 

* 


=v- 
=_ y. 


Whence Ntptr's ^Logarithm of 2 is ’ ,69314718 

But ,69314718, multiplied by 3, will give 2,07944154 
ior the* Logarithm of 8j inalmuch as 8 is the Cube or 
third Power of 2 ; and the Logarithm of 8 + Log. of 
i-J. is equal to the Logarithm of 1#, becaufcS X 1 IO; 
wherefore to find the Logarithm o t i~ we have b~ 

Ltlzz 1 1 -*} whence * = and **= v T . 


The Operation ftandfs thus : 


r=zt = 9 iinilll 

*' = 13; 1 74 

= 1693 

t'=Z 2 1 


§ =,11131111 

4 ** = 457*5 

r ^ = 339 

4 - S ~ * 

,11137170 


Whence Neper’s Logarithm of i.J is ,22314350 
To which add the Logarithm of 8, 2,070441 54 

The Sum, viz. '<*,.$0258510 

js Neper’s Logarithm of 10. But if the Logarithm of 
to be made 1,000000, &c, as it ts for Convcniency 

2302585 

done in mod of the Tables extant, then— — *= 

n 

t,ooo, fs fc. Whence 11=2302585, &c. is the Index 
for Briggs’s Scale of Logarithms ; and, if the above 
Work had been carried on to Places fufEcient, the Index 
n would have been 2,30258, 50929, 94045, 68401, 

799*4> 
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jijS'J-.-Ztt. afid its Reciprocal, viz.JL — 0,43429, 


» • 

r,becatffe_I = 04342944,**. v *=, . . 

^ ‘t ^ 

?f>3 8 » (&<^which ptit=/?r, and then the Logarithm 

* = i±U.*, + i2f! +^1 . fl T . * 

T=\ .3 5^79 


EXAMPLE. 

Let it be required to find Briggs’ a Logarithm of 2. 
Here b zz Lil — 1 t~i, and it — i. 

I —e * 


3*9 


4^819, 03251,5^5, 11289, which, by the 
‘^Jth'. Subtad|ent of the Curve exprefling 

PCmOrS tkm> . iL. T^«..LIai of ...Li.L *l 

faid 


gfU|yni|.from the Double of which the 
may be uad directly. 


me 

me* 

me 1 

me 1 

Vh' } 

me x< 


w *3 

me ~ 


The Operation Hand) thus ; 

,868588963 

,28952196^5 

me 

321 6996?, 

\ in?* — 

' 357 WO 

4 -rr 

39/i6o 

4 - 

■ 44129 

1 - — 

49^3 

T~f VU 1 1 ~ 

S 4 S • 

tW 3 ==_ 


714888 
5 6 73 8 
4903 
446 

jj- 

Whence Briggs's Logarithm of 2 is o,3or.o2$9<;3 


AGAIN: 

Let it be required to find Briggs’s Logarithm of 5, 
Now becaufe the Logarithm of 3 is equal to the Loga- 
rithm of 2 plus the Logarithm of j.J. (for 2Xi'~ 
3), therefore find the Logarithm of i£, and add i’t to 
tne Logarithm of 2 already found, the Sum will be the 
Logarithm ’of 3, which is better than finding the Lo- 
garithm of 3 by thp Theorem diredtly, inafmuch as 
it will not converge fo faft as the Logarithm of J-£; for 
the ftnaller the rra&ion reprefented by e, which is 

deduced 
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deduced from the Number whofe LogBrithu-ilfh*- 
the fwifter does the Series conv erge. 

Here i h I±t= \ v 2 ej/TB, 3— 
and it =. 


The OrERyicm is as follows: 


m = ,868588963 
me — , 1737 I 779 2 

me 

= »i^ 37 I 7792 

me rz 

me rr 
me 9 zz 

6948712 

277948 

mis 

me' 

= 0 2316237 
=- 55590 
= 1588 

me 9 zz 

445 

me 9 

s= 50 

me " 

18 

*mt xx 

— 2 

1 x 


Briggs's Logarithm of l\- ,176091259 

To which add the Logarithm of 2 = ,301029993 

The Sum is the Logarithm of 3= 0 * 4-77 


Again, to find the Logarithm of 4, becaufe 2 x 2=4, 
therefore the Logarithm of 2 added to itfelf, or multi • 
plied by 2, the Product 0,602059986 is the Loga- 
rithm of 4. 

To find the Logarithm of 5, becaufe \ —5, 
therefore from the Logarithm of to 1,000000000 
tiibtradi the Logarithm of 2 ,301029993 

There remains the Logarithm of 5 — ,698970007 

And becaufe 2X3=6; therefore 

To find the Logarithm oT 6, 

To foe Logarithm of 3 ,477121252 

Add the Logarithm of 2 , ,301029993 

The Sum will be the Logarithm of 6= ,778151245 

Which being known, the Logarithm of 7, the next 
prime Number, may be eafily found by the Theorem ; 
tor becaufe 6 x£=7, therefore to the Logarithm of 
6 add the Lo garithm of £, and the Sum will be the 
Logarithm ot 7. 

EXAMPL E. 

Here b — lil =. J v t — i'j, and it = t*t. 

7 .M g 


Vi = 



9 


■ n { app 

'tr ~. y ,86^588963 
•me — .0b68iAC?6 

As** = 39 ^* 

- — * -/ 2 339 

Briws's Logarithm of.4 
T<j 4 ifhich add the Log. ol 
TImTSu?? is the Logt. of 7; 


NDIX. 

*» S ,066814535 
!«**=• 131784 

4 aw* = 468 

T <w7 = 2 

,066946789 

,778151245 

, ,845098034 


Again, becaufe 4x2 = 85 therefore 
.To the Ltf/prithm qf 4 ,60205998 

Add the Logarithm of 2 ,30102999 

The Sum is the Logarithm of 8 ,90308997 

And becaufe 3x3 = 9; therefore 
To the Logarithm of 3 ,47712125 

Add the Logarithm of 3 ,47712125 

The Sum is the Logarithm of 9 =r ,95424250 


And the Logarithm of 10 having been determined to 
be 1,00000000, we have therefore obtained the Lo- 
garithms of the fiift ten Numbers. 

After the fame manner the whole Table may be 
copftrudtcJ 5 and as the prime Numbers increafe, Tq 
fewer T . i ms of the Theorem are required to form their 
Logarithms; for in the common Tables, which extend 
but to feven Places, the firft Term is fufficient to pro- 
duce the Logarithm of 101, which is compofcd of the 
Sum ol the Logarithms of 100 and becaufe 100 

s - 10 1, in which Cafe 4 == 2 + 1 = v/ = 

1 — e 

- *- r ; whence, in making of Logarithms according to 
the preceding Method, it may bcobfervcd, that the Sum 
and Difference cf the Numerator and Denominator of 
(he Fraction whofc Logarithm is fought, is ever equal 
to the Numeiator and Denominator of the F radii on re- 
prefented by e\ that is, the Sum of the Denominator, 
and the Difference, which is always Uni-y, is the Nu- 
merator; confcquently, the Logarithm of any prime 
Number may be readily had by the Theorem, having 
vm Logarithm either next above or below given. 


3 ^ 


Tbo’ 
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Tho’ if the Logarithms next above fad tori'"? *Sat 
Prime are both given, then its Logarithm will be ob- 
tained (omewhat eafter. For hrif^he D.fieren«iyf 
the R atios which conftitutes tjre firft i heorpih»ys.4w.* 

” »s + & +£ + «?' H -M- 

of the Ratio of the arithmetical Mean to the geome- 
trical Mean, which being added to the half Sujp< 5 r tne 
Logarithms, next above and below the Prime fought, 
will"ive the Logarithm of that prime Number, which 
for 5iftin<aion-fakc, may be called Thnrerfthtfcctnd , 
ar.d is of good Difpatch, as will appear hertafterbyim 

E But P the beft for this Purpofe is the following one, 
which istikewife derived from the fame Ratios as The©- 
rem the firft. For the Difference of die Terms be- 
tween ab and- ‘ s s, or ^ a a + 4 a b + -J- b b, is ^as 
j- « ab + ■ bb=z *« — .;.4*= * dds: i, and the Sum 
of the Terms ab and % ss being put -y, therefore 
rfince y in this Ca e := s, and </= l) it follows, that 

1 „ 2 4. JL + JL + £*. is the Logarithm 

» 7 & 7 ? 

of t he Ratio ofabto^ss: Whence 

«« + i + JL + i.* *3 the Loga- 

« * y 3S sy s Tf 

rithm of the Ratio of ✓ ab to \ r, which convenes 
exceeding quick, and is of excellent U fe for finding the 
Logarithms of prime Numbers, having the Logarithms 
of thi Numbers next above ar.d below given, as in 
Theorem the fecond. 


EXAMPLE. 

Let it bs required to find the Logarithm of the prime 
Number idi ; then a = loo, and b = 102 ; whence 

y = 204.01} put-L~jn = , 4342944819, Then 

.the Series will ftand thus,— +— + Ti r * Sc ' 

y 3 *» 57 * V 

And 
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,0000212879017 


Ani ^3429, &c. divided by ? 

•7=20401, quotes 5 

Therefore to the h Jf Sum of the > 2 0043aoo8 g8lo 
. ^..^aivthms of 100 ai.d 102 =? ) 3 * 

Add ilfr iSdLQuote 0,0000212879017 

AncjJthcSum, viz. * 2,. 00432 13737^27 

is tjie Logarithm of ioj true to 12 Place* ut Figures, 
anu^oKained by the. firft Term of the Series only ; 
whence it i- eafy to perceive what a vait Advantage the 
fecond Term would have, were it put in Practice, fince. 
m is to bc"divided by 3 multiplied into the Cube of 
20401. 

This Theorem, which wc'JI call Theorem the third , 
was firft (bund out by Dr. Halley , and a notable Inftance 
of its Ufc given by him in the Philofophical Transitions 
for making the Logarithm of 23 to 32 Places, by five 
D.’vifions pei formed with final! Divifors; which could 
not be obtained according to the Methods firft made 
ufe of, without indefatigable Pains and Labour, if at 
all ; on account of the great Difficulty that would at- 
tend the managing luch laige Numbers. 

Our Author’s Series for this Purpofe is (Page 357) 


y x —4 — — | ? , bV. the Invefligation of which 

42; 24a 3 3602 s 

as he was pleafed to conceal, induced me to inquire 
into it, as well to know th? Truth of the Series, ss to 
know whether this or that had the Advantage ; hecaufe 
Dr. Halley informs us, when his was firft publifhed, that 
it converged quicker than any Theorem then made pub- 
lic, and in all Probability does lo ftill. However\hat 
be, *tis certain our Author’s converges no fatter than 
the fccond Theorem, as I found by the Inveftigation 
thereof, which may be as follows : 

From the foregoing Dodtrine, the Difference of the 
L ogarithms of zi — and 2+1 is 
22 22 

rtiX — 4.— + — j tfr. which put equai 

* 3* 3 5 ** 7» 7 

toy, and the. Logarithm of the Ratio of the Arithme- 
tical Mean z, to the Geometrical Mean V as — 1 is 


m X . 


2 ZZ 




+ 



£s tc* per Theo- 


rem 
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rem the fecond j for 2=4 x; whence^— - 

2 st 222 

• Let A an 4 B.be the Logarith ms/to r and 2+ 1 re~ 

fpe&ively ; then is^iS + m K -i- + _Ly^. 

2 •*^22* 

the Logarithm of z j and if thejatter Part e> 

ries ejcprefling the faid Logarithm of 2 b% divi 

* the Series reprefenting^ the Difference of the, ja- 
rithms of 2— 1 and z+i, the Quotient wilfexhfbit 

the Series required, viz. -L 4. — L. 4. #<■ 

42 *242* gooz 5 

as appears by the following Operation : f 

Z+ J.+ a, 

% T 3&* 5Z S /2z* T 4a 4 6a 6 \^ z ^24^^3602* 


1 1 


2Z l T 62s 4 10^ 


•1 Wc. 


I2Z 4 15Z 6 
122* 362 s 


1802" 




Now, becaufe the Dividend is ever equal to the Divi- 
for draw n into the Quotient of the Divif ion j it follows, 

that # X -L + _L_ 4 is equal to 

4 Z 24.2. 1 760*5 * 


3602 s 


JB X. + — - 4. , faff. 

222 4Z* 6z 6 


But + « x -L + 

. 2 222 42* 

Logarithm of z ; wherefore 
A+B 


fifr. is the 


+ j x -L + _L_ 4 
a 42 242* 3602 5 

garithm of z. Q. E. I. 


6z*‘ 

— , is’r. is the Lo* 


M/r, 
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■Ncte. 1 make the Anther’s 5th Term — ’ 

• 252.0 '-■* 

'to be--ri“'— 

22-iSr.a * v 

To riiuilra^ this Thcojxm by an Kx&mpL* : 

Let it he required to lii*l the Lop.ar.lhm of 101 . # 
t *1 o the half Sum of jl;c Logarithms of 100 anti 10?“:: 

2, 0430001 50 

*dd the D'ffercnreoftlie faid Lng.i- ) 
rithrns ci’vidH bv upial to J 
And the Sun, vL. - 2,00432 1 $7 35 

is the Logarithm ol ici line to <; Places oi Figuics : 
Whence it appeals, that on: Authoih; Sc lies hills fliort 
of Dr. Hal/ry’S) in finding the Lng.iiitluii oi the pume 
Nunilx r in, thier Placvsi»f Figures, by tain;: only the 
firft Terms oi the Si nc;> ; whirea^, ll two Terms in 
each weie uii.il, pohaps the D.ilcrcnce would have 
been cunialcrably 

A*.V, ' i 'his Seitr ofnur Author, dt dared fiuin The- 
01cm ifu* iecoml. i-» m F.fhc! Dr. /;. ' tw., hut d*i*- 
guisM by being tin € vn mn> a tailed in h or m ; \ •« 
however, has ito Die, asbein^ vc;v ready in T/aJicc. 


Having thus invefti . ted Lvcr a V Theorem when by 
Tables oi Logarithms, of my Form, may he o.n- 
ftru&ted j it remains to (hew how, fiom the Logaiithm 
given, to iincl what Ratio it exprcHr;. 

The Logarithm of the K.itio of r to 1 -f-.v has been 


proved to be a* 1 + a* — j rr n / aW.\' i — \T, 
&c. n being any infinite Index whatfoevc: *, whence, it 

1 

L be put for the faid Seiics, then 1 -l-*" — 1 ~ L ; ct m- 

fequcntly 1 [ a’ ; 1 + L, and r -|- x : 1 J- 1." 

i | «L } ! rr L* /■ ,* >r L 5 -f / L*, L\. 


A G A I N : 

'The Logarithm oi the Ratio of 1 to 1 — sc lu.- 

w i. 

like wile been proved to lw as 1 1 — a ' 1 

“ X ’■ 1 ■ 1 + ' I' c L > vAn-rorc 

c: r. 


CO 



3*6 


The APPENDIX.’ 






— i — x* — [, ; and t — x 
f«*L i ,I ! L' + i’j 

Whence i x—i +»L + 


= i — L* = i — n .L 
» 4 . I A tfc. 
i»* L*+ 


is a general Theorem for finding the-Nuinfcfcr from 
the Logarithm given of any .Species or Form what- 
foever \ but in the Application of it to Practice we 
labour under a great Inconvenience, efpecially if the 
Numbers are large j Ithat is to fay, it converges fo very 
flow, that it were much to be wifhed it could be con- 
traded, • 

However, if L be the Logarithm of the Ratio of a 
the letter Term, to b the greater, and either of them 
are given ; then the other will be eafily had, and ex- 
peditioufly enough too : 


For^or^zz I + u L + \n x L*Hh 


n 3 LS fSc. 


Wherefore it follows, by the Help of a Table of Lo- 
garithms, that the correfponding Number to any Lo- 
garithm may be found, to as many Places of Figures 
as thofe Logarithms cor.fift of : For, putting d equal 
to the Difference between the given Logarithm and 
the next lefs in t he Table, then w ill the Number 

fought, viz. N n a X i + nd -f \ n % d * + £ n * d 3 , bY. 
But if d be put equal to the Difference between 
the given Logarithm, an d the next greater, then 

N ~ h X 1 — nd + i n M d i — \ n 1 U S tS'c. both 
which Scries converge tatter, as d is’fmaller. 

But the fii ft three Terms in each may be contra&ed 
into two, which is very ufefu), iiiafmuch as it fav es 
the Trouble of railing n and d in the third Term to 
the fecond Power : Fox letting the firft Term remain 
as it is, the other two are reduced to one, thus $ malm 
the fecond Term the Numerator of a Fradion, and 
Unity minus the third Term divided by the fecond is 
the Denominator. 

Whence N = a x i + nd 4- £ n % cl* 
a d 

becomes N = a + — — . 

" ““ 3f “ 

And NsIXi — na + {n 
bd 

becomes N = b T~r~i~7 < 


tthctc- 



3*7 


• f Tie APPENDIX. 

wherefore a + — fl™, or b — , will be the 

• m ~i < * m+\d * 

Number anfwerihg to the given Logarithm ; which, 
tho' u differs a little from the Truth, is fufficient to find 
the Numbers, exalt to as many Places as Briggs's Lo- 
garithms confiftof, viz* 14, which are the largeft Ta- 
bles extant. * Much after the fame* Method majathe 
whole Series be contracted ; by which Means each al- 
ternate Power of d will be exterminated ; or, which is 
the fame Thing, every two Terms in the Series will be 
reduced to one, making the Whole fhorter by Half. 

To illuftrate thefe Conftrudiions by an Example: 

Let it be required to find the Number anfwering to 
the Logarithm 7,5713740282 in Briggs's Form. 


From the given Logarithm - 7,5713740282 

The Remainder equal to dzz ,0000029829 


And becaufe the Number 3727KOOOO is lefs chan 
the Number fought, call it a 9 which, multiplied by 
,0000029829, and the Product 1,111756659, &c. di- 
vided by m — ,4342929, &c. quotes 2559,92; 
which, added to 372710000, gives 372712559,92 for 
the Number fought. 

Thus, I prefume, the Do&rine of Logarithms has 
been fufficiently exemplified, whether we confider the 
Conftrudion of them for any given Numbers ; or, on 
the contrary, the finding of the Numbers from the Lo- 
garithms given. * 

But, before I conclude, I (hall give an Inftance or 
two of the great Ufe of Logarithms in Arithmetical 
Calculations, and firft in the purchafing of Annuities. 

If a be put for any Annuity, p for the prefent V a- 
lue, r the Amount of One Pound for One Year at any 
Rate of Intcrcft, and t for the Time or Number of 


Yean the Annuity is to continue; then p ~ r x 
the Value of the Annuity. 


C c 2 


E X- 
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EXAMPLE. 

Let it be required to find the prefent Value of in 
Annuity <flf 60 /. per Annum , to continue 75 Years, at 
the Rate of 4 per Cent . per Annum. # " '• 

Here r/=6o, / .-75, and /‘=:i,04. Now, in order 
to obtain the Anfwer, we muff find the feventy-fifth 
Po ( wcr ofr, or of 1,04 ; that i^ we muft*multiply 1,04 • 
feventy-five Times into itfelf, wlych is exceeding tedi- J 
ous by the common W ay, as any one may judge ; but by 
the Logarithms ’ti$ done with the greateft Eafe ; for if 
0,0170333 the Logarithm of 1,04 be multiplied by 75, 
the Product 1,2774975 will be the Logarithm of the 
feventy-fifth Power of 1,04; which being fubtralted 
from 1,7781512 , the Logarithm of a equal to 60, will 
leave 0,5006537 the Logarithm of 3,167641, which 
being fubtraderi from 60, and the Remainder divided 
by r — 1=1,04 will give 142.0,824 - 1420/. i6r. 5 
for the Value of the Annuity j and if 1420,824 be di- 
vided by 60, the Quotient will e^iibit the Number of 
Years Purchafe requifiteto be given for any Annuity to 
continue 75 Years upon a good Security free of all In- 
cumbrances, the Purchafe being made at 4 perCent. 

Hence we fee the Rcafon why the long Annuities 
purchafed in the Year 1708, having about 75 Years 
to come, are valued in Caflain's Bill of Exchanges at 
24 x or 25 Years Purchafe: For, tho’ according to this 
Calculation, they are worth but a little more than 23 
Years and a Half ; yet, becaufe in the public Funds 4 
perCent . is fcarccly ever made of ' Money, and the 
Contingencies it is there fubjicl to, which thofc Annui- 
ties, and other Government Securities, arc not, makes 
them very juflly worth 24 l or 25 Years’ Purchafe. 

Likewife Queftions relating to Annuities upon 
Lives, whether for one, two, or three, fJc. are almoft 
as eafily eftimated. For lnftance ; it rnay readily be 
found by Logarithms, that an Annuity for a Man of 
Thirty, to continue during his Life, is worth 11,61 
Years Purchafe, Intereft 6 per Cent, but at 4 per 
Cent. 14,68. And as the Probabilities of Life’s Con- 
tinuance, and the Value thereof, are determined by 
an algebraical Procefs grounded upon the Rudiments 
of the Doctrine of Chances, and five Years Obfer- 
vaiions upon the Bills of Mortality of Breflaiv % the 
Capital of Silefta - t fo there refults that Truth and 

Equity 
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Equity from the Operations, as ought to prefidc in all 
Contra&s of this Nature. Whence it follows, that all 
ether Mcthrds, whofe Refolution differs* from this 
(efpceially if the Difference be much), may juftly be 
deemed erroneous, and confequenlly prejudicial to one 
of the Parties concerned. Wherefore* to prevent Im- 
pomions thro’ Ignorance, great Care (hould be taken ; 
which Precaution, however unncceffary it may appear, 
’tis prefumed, it wilf beregarded, inafmuch as no one is 
willing to pay more Yeai s Purchafe than he hasChances 
for living; as, on thefoutrary, the Seller to receive lefs 
than his Due ; which may poflibly be by following the 
common Methods (wheic, for the moil part. Regard 
is had neither to Age nor into eft) founded upon Ca- 
price, Humour, or, if you plcale, Cuftom, the Contrail 
being made, as they can agree, right or wrong ; which 
Method of Procedure ought to be exploded, fince fo 
liable to Error, and the Confcqucnces drawn there- 
from fo often wide of the Truth. 

The other Inttance which I fhall give of the great 
Ufe of Logarithms is in the Cafe of Seffa 9 as related 
by Dr. TVdlU in his Opus Aritbmcticum from Alfephad 
(an Arabian Writer), in his Commentaries upon To - 
grains 9 s Verfcs; namely, that one SrJJa, an Indian , 
having fiifl found out the Game at Cbcffe^ and fhewed 
it to his Prince Shebram , the King, who was highly 
pleafed with it, bid him alk what he would for the Re- 
ward of his Invention ; whereupon he afkcd, That for 
the firft little Square of the Cbejjh Hoard, he might have 
on Grain of Wheat given, for the fecond two, iind fo 
on, doubling continually, accoiding to the Nurnoer of 
the Squaics in the Cbtjp Board, which was 64. And 
when the King, who intended to give a very noble 
Reward, was much difplealVd, that he had atked fo tri- 
lling an one, Sejja declared, that he would be contented 
with this fmall one. So the Re ward he had fixed upon 
was ordered to be given him. Cut the King was quickly 
aftonifli'd, when he found, that this would rife to fov aft 
a Quantity, that 'the wh.de Earth itfelf could not fur- 
nifh out to much Wheat. But how great the Number 
of thefe Grains is, may be found by doubling one con- 
tinually 63 Times, fo that we may get the Number that 
comes in the lafl Place, an! then one Time more tohave 
the Sum of all ; for the Double of the latl Term lefs 
C c 3 by 
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by one is the Sum of all. Now this will be moft cx* 
peditioufly done by Logarithms, and accurately enough 
too for this Purpofe : For if to the Logarithm of I* 
which is < 5 , wc add the Logarithm of 2 (whiph* is 
0,3010330) multiplied by 64, that is, 19,2659206, the 
ahlolutc Number agreeing to this will be greater than 
18446, 00000, oooco, 00000, % and lefs than 18447, t 

OOCQO, 00000 , 00000 . • 

As i have had the reviling of thefr Sheets, fo it may 
be expe&ed that 1 fhould give my Opinion concerning 
Mr. Gunn and our Author, in regard to Spherical Tri- 
gonometry ; wherein the former accufcs the latter, and 
Several other eminent Authors, of having committed 
many Faults, and, in fome Cafes, of being miftaken, 
efpccially in the Solution of the 12th Cafe of Oblique 
Spherics ; in which Mr. Gunn has iutirely miftaken the 
Author's Meaning, as plainly appears by his Remark, 
where he conftitutcs a Triangle whofe Sides are equal 
to the given Angles ; whereas the Author means, that 
each Angle fhould firft be changed into its Supple- 
ment, and then with the faid Supplements another Tri- 
angle conflicted, whofe Angles, by the very Text of 
the 14th Propofition of his own Spherical Trigono- 
metry, will be the Supplements of the Sides fought in 
the given Triangle ; to which Propofition I refer the 
Reader. That this is the Scnfeof the Author, is very 
evident, if impartially attended to, and which I think 
could poflibly have no other Meaning; and accord- 
ingly aver what is here advanced to. be univerfally 
true ; but, becaufel would not be niifunderftood, (hall 
illuftrite the Truth thereof by a numerical Operation ; 
which, to thofe who care not to trouble themfelves 
with the Demonftration, may be fufficient ; anJ, to 
others, fome Satisfaction, 

EXAMPLE. 

Suppofc, in the Oblique-angled Spherical Triangle 
ADE, there are given tt.e Angles A, D, E,. as per Fi- 
gure, and the Side DE required. 

Note % Write down the Supplements of the two 
Angles next the Side required iirft ; and then the Ope- 
ration my Hand thus ; 


The 
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The Supple- f E = 50°Sine Co. Ar. 0,115746 
#nent of the<D=i50 Sine Co. Ar. 0,301030 
Angle. t A =^40 Sine 220 0 9 > 93753 U 

Sum = 340 Sine 20 9,534052 

2 \ 

Sum = 170 19*888358 


1-Sum, minus fE = 120 
tiie Supple- I - 

ment of the ]D= 20 - - - - - 9,944179 
Angle. L * 

Which laft Figures 9,944179 give the Sideef 6i° 34'; 
and the Double thereof, viz. 123*08', fubtrafled from 
180 Degrees, leaves for the Supplement 56*52', which 
is the Side of DE required. 

The Rule which Mr.6'u»m fubftifutes in the Room 
of our Author's, is alfo univerfal (but not new) ; and, 
confequently, when he fays, Change oneof the Angles 
adjacent to the Side fought into ita Supplement, it is 
very juft; though, by the way, i affirm, it is equally 
true, if the Angle oppofite to the Side fought were 
changed into its Supplement (which pet haps is’what 
has not yet been taken Notice of) ; only then, inltead 
of having the Side fought direflly, we ftiould have its 
Complement to 180 Degree?, as in the preceding Ex- 
ample ; but there is a Neceffity of changing either one 
or all the Angles into their Supplements, though it is 
beft to change only one, which let be either of thofe 
next the Side fought, no matter which ; and the Side 
will be had direffiy without any Subduftion, as will 
appear by the fubfequent Operation. 


EXAMPLE. 

Let the Angle E be changed into its Supplement, 
and the Side DE fought 3 which Supplement, and the 
C c 4 other 
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other Angle adjacent to the Side fought, being written 
down iirii, the Operation may be as follows: 

Sine Co. Ar. — 0,115746 
Sine Co. Ar. — 0,301030 
Sine 1 0° - 9,239670 

Sine 30 - 9,698970 


Sun. of the Anale K=50 
Tl?c CD.-30 
Angle ( Art 40 
Sum 120 


V Sum 
minus 


i 


Sum 60 

Sup. Angle E =: 10 
Angle D ~ 30 


Sum I 9 , 3554 i 6 ^ 
l~ Sum 9,677708 


Which half Sum 9,6777^:3 gives the Sine of 28° 26', 
and the Double thereof 56° 52' is the Side DE fought, 
the fame as before, when all the Angles were changed 
into their Supplement.*. 

Whence it is abundantly manifeft, that thofe two 
Methods of Operation, notvuthftanding their Manner 
is fo different, agree pn cifely in Practice j and, confe- 
quently, we may conclude our Author’s Rule to be 
light. Wht'icfoie 1 wonder Mr . Cunn did not attend 
better to the Wo ds of pur Author’s Rule, before he 
ventured to attack the Charafleis of fo many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of the Chaipe againft thofe Authors who have 
deferved fo well of the Mathematics, and to juttify 
them to the World (for Jufticc ought to have Place), 
it is, that I have ventu.cd to give my Op nion, and 
point out where Ms*. Cmm was mi flake 11 : TheReafon 
of wnich L no: e.ifily aiTi>ned, fince, to give him his 
Due, it o»uld not hr lot want of Knowledge, tho’, in 
thu* I can't thmk u intnely owing to Inadvert- 
ence, h as it was a premeditated Thing ; and 

i am Join to impute it to any contentious Inclinations 
ot his, m difputM’g the Veracity of our Author’s 
Rule, her vpe u did iv»r appear with all that Plainnefs 
rcquifnc to prevent carping by the Litigious: Where- 
fo.e, as I am in Stilpenfe how to deteiminc, llhall leave 
th*’ IVciiton thereof to better Judgments. 

Indeed, Mr. Ileynes's Rule, which directs with the 
t thrcc Angles givn to project a Triangle, as if they 
were Sides, is deficient, were it only on that very 
Account : Ear with the given Angles, in the preceding 

Example, 
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Example, it will be impoflible toconftrudt a Triangle, 
becaufe *tis requiftte, that two Sides together, however 
taken, be greater than the third ; whereas, in this Cafe, 
they will be lefs : But the Rule is not only deficient 
in tlftt Refpeft, but really wrong : For tho* what Mr. 
Heynes aflerts is juft, viz . that the greeted Side in the 
fupplemental Trianglfi is the Supplement of thegreatcii 
Angle in 'the other Triangle ; yet, notwithftandingflhat, 
he Confequence dtawn therefrom is falfe, and fo the 
olution only imaginary : For, with Submiflion, neither 
the Sides,* nor their gufpkmrnts, in Mr. Heynes * s fup- 
plcmental Triangle, ate the MeJures of the Sides 
fought. ’Tis true, when one of the Angles is a Right 
one, and the others both acute, then the faid fupple- 
mental Triangle is that wanted to be conftruded, as 
containing all the given Angles ; and,co»fequently, the 
Sides appertaining thereto are the very Sides required ; 
But then this is only one Inftance out of the infinite 
Number of other Triangles that may be conftru&ed, 
and which is notYblvcd dire&ly by the Triangle firft 
proje&ed neither ; for the greateft Angle thereof muft 
be changed into its Supplement, when the Side oppo- 
fite to the Right Angle is required ; and if the Right An - 
gle Bill remains, and cither one or both of the other 
given Angles are obtufe, the Solution is render'd more 
perplex'd : Wherefore there can be no general Solution 
given to any Triangle, by conftituting a Triangle whofe 
Sides are equal to the given Angles, except to that parti- 
cular one which Mr. takes Notice of in hisRemark, 

where each given Angle is the Meafurc of its oapofite 
Side fought, and which therefore needs no Operation. 

This I thought myfelf obliged toobferve, in Juftice 
to Mr. Cunn^ who, we fee, is not intirely to blame ; 
as having juft Reafon to objedl againft the Veracity of 
Mr. Heyncs’s Rule, tho' not againft the Rules of the 
other Authors by him nominated. 

And here I can't but take Notice of fome Gentle- 
men, who are fo very fond of finding Faulr, that, ra- 
ther than you (hall not be in the Wrong, they will wrcll 
your own Meaning from you, and will not fuffer an 
Error, tho’ ever fo minute, to pafs, ^without proclaiming 
it to the Public, under Pretence of preventing their be- 
ing impos'd upon; whereas, if the Truth were known, 
I fear it would appear to be the Vanity of their Hearn, 

an 
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an Over-fond nefs of being thought wifer and more 
knowing than the reft of Mankind; nay, I think, ft 
appears ply nly fo, bv their oppofing the Works of Men 
greater than themfelves: But # if, inftead of cornering 
how far their finite Knowledge extend, or exceeded 
another Perfon’s, they confider’d how much there was 
they knew nothing of ; as it w f ould conduce to make^ 
thc-ih humble, fo, I am of Opinion, it would contribute ^ 
very much to wad i heir leaving off that Manner of Wri- 
ting. Befidcs, as I take it, the Bufinefs of Writing is not 
fnmiirhtoft r c0v , * .tunas committed the moft Faults, 
in avoid them, and make greater Improvements. 

But, what is the moft to be wonder’d at, thofe who 
■cry ready in finding Fault, not without great 
buipicion, receive the beft Part of their Knowledge 
fiom the Woiks of thofe very Authors againft whom 
they excla m. Th Reafon that induces me to think fo 
is this : Wh Ulthey ;*re ftudying an Author, in order to 
undriftand him, then it is, perhaps, ^hey difeover fome- 
Ching which he was pleafed to omit, or thought fit to 
conceal, for which S tis more than probable they take 
Care not to omit paying a profound Refpeft to their 
vainly-imagined luprrior Geniufes: And if, by Acci- 
dent, an Error (hould crc-’p in (which is very pofiiblc, 
nofie being infallible), then, to be fure, he muft be 
egregioufly miftaken, and not underftand what he was 
about : But, I fay, this Difquifition into the Demerits 
of an Author would never have been made, had ihcy 
under flood the Subject beforeliand ; for, if othmvife, 
they jnuft be of a fad Cynira! Temper, as well as 
have little elfe to do, to make it their Bufinefs to dif- 
eover Faults, and at the fame Time acknowledge not 
one fir.gle Beauty ; a very ungrateful Return for the 
Advantage they receive in the Perufal. 

Nor do they do the Public that Service they pretend 
to: For thofe that are capable, and will beat the Trou- 
ble, of reading a Treatife upon a Subjeft without a 
Matter, are as well able as themfelves to reflify what 
is ainifs ; and as for thofe who will not* be at that 
Trouble, there is no Danger of their being led aftray ; 
fince it is the fame Thing to them, whether there be 
any Miftakes, or not. 

However, if, after all, ther^fhould be aNeceflityfor 
an Admonition, why can’t it be done with Candour and 

Humanity ? 
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Humanity? And then, without doubt, an Author, out of 
Regard to T ruth, which of all Things ought to be pre- 
ferred, would be thankful : And to reprovc^othcrwife, 
is to be ungenerous ; becaufe, whenever thofe Mif- 
takes'happen, as they are for the moil part owing 
more tp Inadvertency, than Want of Knowledge; fo 
they Ihpuld Jherefore'be attributed to the Frailty of 
‘'human Nature (to which we are all more or Ids hib- 
JMI), nothing being more common amongft all Pro- 
rfeiHons, than the writing of one Thing for another* 

If any think, by my interfering between our Author 
and Mr* Cunn y that 1 have run into the fame Error, 
of which 1 accufe others in general of being guilty, let 
them pleafe to confider that I have only writ in the 
Vindication of Gentlemen, who were firft wrongfully 
accus’d, and in one Particular juftify’d Mr. Cunn : For 
fuch an Occafion as this offering, I thought the Dif- 
ference between them lay upon me to decide, left I 
fhould be taxed with Partiality for not doing Jufticc, 
or with Ignorance hi not detei mining an Affair which 
held fome in Sufpenfe to know who was in he right 
or wrong ; for theie could be no Poflibiltty of making a 
Merit in adjufting a Thing of fo uify a Nature ; tho’, 
pn haps, to conceive thorough!* thcReafonofaJlthcdif- 
fere.nt Methods of Solution, may not be focafy neither 
But, to proceed : As for the Omifiions our Author 
has made in not determining accurately when fome of 
the Cafes are ambiguous, and when not, I fhall not 
quarrel vtith thole who think him to blame ; but, if I 
may be allowed to give my Opinion, 1 think *hcj arc 
determined for the molt part, as well, or, at lead, with 
moreEafe, from the Conftrudtion of the Triangles, be- 
cause it fixes an Idea of what one is about, by exhibit- 
ing a kind of an ocular Demonftration ; and, confe- 
qucntly, prevents the laying of that Strcfs upon the 
Memory, as all thefe are obliged to who depend intirely 
upon Mr. Cunns Rules, which to Beginners is not very 
agreeable : Hence, who knows but that whatour Author 
wrote relating to the ambiguous Cafes, he thought fuffi- 
cient ? That is, that the Reader would nor flop, for want 
of farther Explications, but with more Eafe fupply him- 
felf with what was wanting when he came to the Prac- 
tice thereof, I moan the Conftru&ion of Triangles (for, 
after all, without the Knowledge of that, a Pcrfon will 

have 
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have but a mean Notion of this ufeful Branch of the 
Mathematics) 3 and, if fo, he ought in fome mcafure 
to be excused, efpccially if to this vve join the follow- 
ing Confideration, viz. that few or none ever learn 
Spherical Trigonometry, purely for the Sake of <&lcu~ 
lating Sides and Angles, to determine their Ambigui- 
ties ; befidcs, what is ambiguous in Trigonontr-try, is 
ver> often not fo in Geography and Aitronon.y, &V. 
for which the other is chiefly learnt. 1 ~ 

For I.iftance : If we know the Latitude of London , 
and the Ddlancc and Difference of Longitude between 
thefaid Place and Rowe, notwithilanding there are two 
Sides, and the Angle oppofitc to one or them, given, 
the Cafe is not doubtful when we undertake to find the 
Latitude of Rome ; unlefs it be not known whether it 
lies to the Northward or Southward of London ; which 
however could not be determined by any Principles of 
Trigo'nmetry. Like wife, inAitonomy, if the Lati- 
tude of 1 lie Place, the Sun’s Decimation and Azimuth, 
were given, the Quecfitum is net doubtful neither, un- 
Ldi the Sun’s Declination exceeds the Latitude of the 
Place, and both are of the fame Denomination, that is, 
both Nv th or both South; in which Cafes, becanfe it is 
poilible for the Sun to be upon the fame Azimuth Cir- 
cV*, twice in the Forenoon, and upon another Azi- 
muth Circle, twice m the Afternoon; it is doubtful, if 
ov Circumftanccs, during the ObiCi vation, we can’t dif- 
o \es which of the Tunes, whether the firlt, or lall ; 
bn: if th du Times tall near each other, it will he ijn.te 
impoifible to difimgu’fli which, and there h.ie ambi- 
guous. Otliei IidiAnces might be produced, but I be- 
lieve thefe arc fiiifieicnt to evince, that thofe n;cc Dif- 
tin&icns arc not 1b r.ecclfiuy m Piaclicc: If there he 
thole who think etJu rwifc, I lhall not difpucc it, but 
leave them to their Opinion without Imcnupsion. 

However, what with Mr, Gunns Rules for deter- 
mining the ambiguous C ifea (which are juJicioufiy 
drawn up, as including all the Varieties poilible), and 
the Coi re&ions now made by lettering what was h.*l 
and corrupted, our Author’s Trcutile of Tngonon.c • 
try, in reflect to Theory, may perhaps appear coni- 
pleat, even to the mod fcrupulous, And, 

< Here I thought to conclude; but,* for the Sake of 
Novelty, and to ilfuftrate the vanous Methods for iolv- 
4 mg 
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ing the 12 th Cafe of Oblique Spherics, where the three 
fugles are given to find either of the Sides, 1 (hall beg 
Leave to give one Inftance more, in order t« (hew how 
it may be perform’d after a new Manner, by the Help 
of th*e natural and logarithm ical Vcrfcd Sines; which, 
if no* intirely new, is not fo publickly known as the 
preceding Methods ;*at lead, I never faw any-where 
the Metnod of Operation, and therefore (hall delfter a 
Htule for that Purpbfe, in the following Woids: 

.RULE, 

Having, according to the former Direction?, chang'd 
one of the Angles next the Side fought into its Supple- 
ment; take the natural Vcrfcd Sine of the Difference 
of the faid Supplement and the other adjacent Angle, 
and fubtradt it from the natural Vc:fed Sine of the An- 
gle oppofitc to the Side fought, and to the Logarithm 
of the Remainder add the Square of the Radius; then 
from the Sum I'ubrradt the logaiithmical Sines of the 
above Supplement, and the fame adjacent Angle ; and 
the Remainder is the Logarithm o! 1 Number, which 
will be the Vcrfcd Sine of the Side lougJit. 


EXAMPLE. 


Supplement < E = 50° 

Angle 

D = 30 

Natural 

C Dift. — 20=-, 06030 

V. Sine 

tr 

O 

c* 

ll 

O 

11 

< 

V 


. »* 7 i 6 S 

The Log. 

of which DifF. ,17 365 J 

with the Square of Radius, is $ 


Sine of the Sup. of the < E 50° = 
Add the Sine of the < D 30 = 
Sum fubtradt 


29,239674 

9,884254 

9,698,70 

19,583224 


Remains 9)65645© 

Which Remainder 9)656450 gives the Logarithm 
Verfed Sine of DE 56° 52', agreeing exactly with the 
former Computations. 

Note^ If the faid Remainder exceeds io,ooooco, it 
implies that the Side fought is greater than a Quadrant 5 
wherefore cancelling the Charadteriftic 10, look out 
for the Number anfwering the remaining Logarithm, 
9 from 
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from which cut off (he Left-hand Figure, or, which 
is the fame Thing, abate the Radius ( viz . Unity);; 
and the Remainder will be the natural Sine of the 
Excefs of the Side fought above a Quadrant. 

, : As the natural and logarifhmical Verfed Sinfcs are 
not lo frequently met with in Books as the artificial 
Sines, ’cis pofiible, on that Account, this Rule meet 
wfrfr&meObje&ion ; for which Reafon, and rfbrknow- 
ing whether it may be thought preferable to the fort 
going Methods (tho’ undoubtedly very eafy in Prac- 
tice), I have omitted its Demonftiption ; but have pub- 
lished^ the Rule, with fome V iew of introducing the Ufe 
of the former Sines, which fometimes are preferable to 
the latter : For by the Help of the faid Verfed Sines, 
and the Reafoning ufed in obtaining this Rule, we ne- 
ceflarily come to the Knowledge of folving that Pro- 
blem, where two Sides and the contained Angle are 
given, and the third Side required, at one Operation, 
very ufeful in Aftronomy and Geography, efpecially in 
the latter ; when the Latitudes ana Longitudes of two 
Places are given to find their Diftance afunder : But 
the Rule for performing it, and the Demonftration 
thereof, is alfo omitted for the Sake of Brevity. 

However, 'tis eafy to perceive, fince Angles may be 
turned into Sides, that the prelent Rule includes the 
Solution of that ufeful Problem in Aftronomy for 
finding the Sun’s Azimuth, having the Latitude of the 
Place, the Sun’s Altitude and Diftance from the ele- 
vated Pole given ; by which means the Variation of 
the Qpmpafs, of fuch Importance to Navigators, may 
be readily determined in any Part of the World. 

An Example of which, comprehending the latter 
Part of the Rule {viz. when the Remainder exceeds 
20,000000) is exhibited. 

EXAMPLE. 

Suppofe on June the 30th,* 173a, at London, in the 
Latitude of 51° 5a 1 N. it were required to find the 
Sun’s true Azimuth, when his Altitude was 50° oo*, 
in the Afternoon. Firft> 

1 


From 
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399 


o • 

'From the Com. of the Altitude - 40 00 
Sub. the Com. of the Latitude - 38^8 


Nat Aral ( of the Diffefence - 13* *00035 

V. Sine {of the Sun’sDift. from the Pole 67 54 *62377 


X 


^PtseXag. of which Difference >62342 1 
with the Square of the Radius* is J 


,6*342 

a9>79478o 


Cofine of the 


Latitude 51° 32' 
Altitude 50 co 


- 9 » 79383 * 

- 9,808097 


Sum fubtradt 19,601898 


Remains 10*192882 


Here the Remainder exceeds 10,000000$ wherefore 
caned the Charadteriftic 10, and the Number anfwer~ 
tng the remaining Logarithm is 1,5591 i the Excefs of 
which above Unity, viz. ,5591* gives the natural Sine 
of 34° 00' ; whence the Sun’s true Azimuth is North 
124* 00' Weft : At which Time, if the Sun’s Mag- 
netical Azimuth were North 1 1 o° 30 ' Weft, the 
tioo of the Compafs would be 13 0 30' Weft, as.appears 
by the following Subtra&ion. 

True Azimuth North, 124° oo' Weft 
Mag. Azimuth North, no 30 Weft 

Variation 13 20 # Wcft 


N. B. If the Sun’s Declination had been Sotith, 
then the Verfed Sine of the Sun’s Diftance from the 
elevated Pole would have been equal to Unity plus the 
natural Sine of the Sun’s Declination ; which in Prac- 
tice creates no more Trouble than when the Decli- 
nation is North, if fo much ; lince it is at leaft as eafy 
to take the natural Sine of an Arc, as to take the 
Verfed Sine of its Complement to 90 Degrees # which 
Sines, and others, with their refpe&ive Logarithms, 
&c. may readily be had out of Sbtrwin’s Mathema- 
tical Tables. 


FINIS . 



BOOKS printed for A.Millar, J. F. 

I^ivincton, R. Baldwin, W. Johnston, 
T. Longman, and T. Becket. ^ 

TfUC LID’s Elements,.VoI. N. Contain- 
^ ing the Seventh, Eighth, Ninth, Tenth, Thir- 
teenth, Fouitecnth, and Fifteenth Books ; with the 
Data: Being the remaining Part of that Work, 
which were not publifhed by the late Dr. Kei/l, now 
firft tranflated fiom Dr. Gregory's Edition. To which 
is prefix’d. An Account of the Life and Writings of 
Euclid; with a Defence of his Elements againft 
the modern Objections. By Edmun^S tone 7 F. R. S. 

An Appendix to the Englijh Tranflation of Com - 
mandine s Euclid; wherein the Eleventh and 
Twelfth Books of the Elements are made cafy to the 
mean?!): Capacity, by exhibiting the Solids themfelves 
to^Pfe Eye, inftead of their feveral Pictures or Pro- 
jections laid down by the feveral Writer of Elements 
of Geometry. A TraCt ufeful and ncceffary for 
Painters, Builders, Gardeners, and all Perfons who 
would inform themfelves demonftrativtly in Perfpec- 
tive, tylenfuration, Spherics, feV. or quality them- 
fclves to read the Works of thole who have written 
farther on folid Geometry. With an Introduction ex- * 
plaining the Projection ufed by the Antients, and 
(hewing its Excellency to any other for this Purpofe, 
By Samuel Cunn. 






